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Chapter 1: Introduction

This chapter introduce a brief review of some basic definitions and statistical
distributions.

1.1 Definition and Basic Concept
In this chapter, we give some basic definitions and concepts.
Data:

Data is facts or numbers about something collected to be examined and
considered and used to help decision-making.

Experiment:
Experiment is a process that generates a set of data.
Sample Space:

In an experiment, the sample space, (), is the set of all possible outcomes of the
experiment.

Event:

A subset of sample space is known as event.

Equally Likely Outcomes:

Equally likely outcomes always have the same chance of occurrence.
Probability:

If A be an event, the probability of event A is denoted by

#(elements in A)

P(4) =

#(elements in Q)’
where 0 < P(A) < 1 for each event A.
Sure and impossible Events:

Any subset of (), including () itself is called sure event and the empty set ¢ is
called impossible event, where P(Q) = 1 and P(¢p) = 0.
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Some Set-Theoretic Notions in Terms of Events:

Concept Notation Meaning
Union AUB Either A occurs or B occurs or both occur
Intersection ANB A and B both occur
Complement A€ A does not occur
Difference | A — B or A N B¢ | A occurs but B does not

Additive Rule:
P(AUB) =P(A) + (B) —P(ANB).
Disjoint Event:

Two events called disjoint or mutually exclusive events if they have empty
intersectioni.e. ANB =¢orP(ANB) =0.

Independent Events:

Two events A and B are said to be independent events if one of the following
satisfied:

P(ANnB) =P(A)P(B) or P(A|B) = P(A) or P(B|A) = P(B).
Conditional Probability:
Conditional probability of A, given B, denoted by P(A|B), is defined by

P(ANB)

P(A|B) = )

, P(B) > 0.

Example 1.1:

Suppose the experiment is the toss of a dice. The six numbers that can appear face
up, from 1 to 6, are the 6 possible outcomes of the experiment. Hence, the sample
space is:

Q =1{1,2,3,4,5,6}.
Define events A, B and C as following:

A=even numbers, B=odd numbers, C=numbers less than 5.

1. FindA4,B,C,ANnB,BUC,C*,A—-C.
2. P(A),P(C°),P(A—C),P(C|A).
3. Are A and B disjoint events?
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Solution:
1. A={2,4,6}, B={1,3,5}, C={1,2,3,4}.
ANB=@¢, BUC=1{12345}, Cc={56}, A—C=ANC°={6}.

2. P(A) = Z P(C) = % P(A-C) = %
P(CNA) _ 2

2
CnA={4, PCnA) =2, PCIA) = P(a) 3

3. Yes, they are disjoint, since A N B = ¢.

Population:

e A population is the largest collection of elements or individuals in which
we are interested in a particular time and about which we want to make
some statement or conclusion.

e The population values usually denoted by X = (X3, X, ..., Xy), where N is
the number of elements in the population, called the population size.

Sample:

e A sample is a subset of a population on which we collect data.
e The sample values usually denoted by x = (x4, x5, ..., x;,), where n is the
number of elements in the sample, called the sample size.

Parameter:

e A parameter is a measure (or number) obtained from the population values.
e Values of the parameters are unknown in general.

Statistic:

e A statistic is a measure (or number) obtained from the sample values.
e Values of the statistic are known in general.

Random Variable:

e A random variable X is a function that associates a real number with each
element in the sample space.

e Most of the time, statisticians deal with two special kinds of random
variables, that are discrete and continuous random variables.

Discrete Random Variable:
A random variable X is discrete if:

1. It can take on values from finite or countable values.
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2. It has a discrete distribution, called the probability mass function (pmf)
of X if, for each possible outcome x

fX(-x) 2 0!
fo(x) =1,
X
and fx(x) =P(X = x).
Continuous Random Variable:
A random variable X is continuous if:

1. It can take on values from an interval or not countable values.
2. It has a continuous distribution, called the probability density function
(pdf) for X, defined over the set of real numbers, if
fx(x) =0 forallx €R,

joofx(x)dx =1,
and  P(a<X<b)=[ fi(x)dx .

Cumulative Distribution Function:

Let X be a random variable. The cumulative distribution function (distribution
function or cdf) of X is a function such that

Fy(x) = P(X < x), for —0 < x < o,
Random Sample:

A random sample is a sample that is chosen randomly. Random sample are used
to avoid bias and other unwanted effects.

Joint Probability distribution:

The function f(x,y) is a joint probability distribution of the random variables X
and Y if:

1. f(x,y) =0, forall (x,y).
2. Yy2yf(x,y) =1if Xand Y are discrete

) . fy f(x,y)dydx =1 if X and Y are continuous.

Independent Random Variables:

Let X, X5, ..., X, be a n random variables, discrete or continuous, with joint
probability distribution f (x4, X5, ..., X, ). The random variables X;, X,, ..., X,, are
said to be mutually statistically independent if and only if

7
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[y, %z, %) = f1(e) f2(x2) oo fu (3n).
For all (x4, x5, ..., x,) within their range.
Expectations and Moments:

The rth moment about the origin of the random variable X is given by

z x" fx(x), If X is discrete,

ur=EX") =
fxr fx(x)dx, If X is continuous.

The first moment (mean or expected value) and the second moment are given
by fi; = u = E(X) and ji, = E(X?), respectively.

The variance is defined as
, , 2
Var(X) = 0 = fi, — 4f = E[(X —w)?] = EX*) — (E())".

The standard deviation is the square root of the variance denoted as

o =Vo? = \/E(XZ) ~(E)”.
The rth central moment of X is defined as

Z(x — w7 fx(x), If X is discrete,

E[X -w'] =
f(x —w" fxy(x)dx, IfX iscontinuous.

Remark:
IfY = aX + b, then the mean and the variance of Y are given by

E(Y)=aEX)+b and Var(Y) = a?Var(X)

Examplel.2:
Consider the following distribution:

X -2 0 1 2 | Total
f(x)[0.33]0.24]0.15|0.28 1
Find: 1.P(X =0),P(X < 1),P(X = 2).

2. The cdf of X.
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3. The mean and the variance.

Solution:

1. P(X=0)=0.24, P(X<1)=0.57, P(X>=2)=0.28.
2. The cdf of X is

X -2 0 1
F(x)[0.33]0.57/0.72| 1
3. The mean and the variance are given as

X | 210 1] 2 [Totl
f(x) | 033]024]0.15/028] 1
EX) |-066] 0 [0.15]0.56| 0.05
Ex® | 132] 0 [015]1.12] 259

Then,
E(X) = 0.05.

Var(X) = E(X?) — (E(X))” = 2.59 — 0.05% = 2.5875.
Example 1.3:
Let X be a continuous random variable whose probability density function is
f(x) =3x% for0<x<1.
Find:

1. Prove f(x) is a pdf.
2. P(0.5 <X <1).
3. The cdf of X.

4. E(X) and Var(X).

Solution:

1. Since f(x) =0 forallx € (0,1) and
folf(x)dx = fol 3x2dx = x3]} = 1.Thus, f(x)is a pdf.

2. P(05<X<1)=[ 3x%dx = x%]}5=1-053=0.875.

3. F(x) = [) 3x%dx = x°]§ =«°

4. EQX) = f; 3x3dx = 2x*]} =
1

3 3
E(X?) = f 3xtdx = —x°15 ==.
. 5 5

Slw =
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2

Var(X) = EX?) — (E(X))” = % - (Z) — 0.0375.

Moment-Generation Function:

The moment-generation function (mgf) of a random variable X is given by
E(e'¥) and is denoted by, My (t). Hence,
Y.e™f(x), ifXisdiscrete,
My(t) = E™) =1 ™ o
J. e®™ f(x)dx, if X is continuous

Some properties of the mgf:

1. My,q(t) = e®My(t).
2. Mgx(t) = My(at).

1.2 Discrete Probability Distributions

In this section, we present some commonly used distributions for the discrete
random variable.

1.2.1 Bernoulli and Binomial Distribution

A Bernoulli trial can result in a success with probability p and a failure with
probability ¢ = 1 — p. Then the probability of the binomial random variable X,
the number of successes in n independent trials, is

fsnp) = ™™, x=0,1,2,..,n.

n!

where (Z) = oo

The mean, variance and mgf of the binomial distribution, Binomial(n, p), are
p=np, 0> =npq and M(t) = (pe* + Q"
Example 1.4:

The probability that a certain kind of component will survive a shock test is
0.75. Find:

1. The probability that exactly 2 of the next 4 components tested survive.
2. The probability that more than 2 of the next 4 components tested survive.
3. The mean and the standard deviation.

10
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Solution:

Assuming that the tests are independent and p = 0.75 for each of the n = 4
tests, we obtain:

4
£(x; 4,0.75) = (x) (0.75)%(0.25)**%, x = 0,1,2,3, 4.

1. £(2;4,0.75) = (3)0.75%0.25% = 0.2109
2. P(X >2) = f(3;4,0.75) + f(4;4,0.75)

4 4
= <3) 0.7530.251 + (4) 0.75%0.25° = 0.7383

3. u=np =(4)(0.75) =3 ando = ,/npq = \/4(0.75)(0.25) = 0.866.

1.2.2 Poisson Distribution

The probability distribution of the Poisson random variable X with parameter A,
Poisson(A), representing the number of outcomes occurring in a given time
interval or specified region denoted by t, is

e —At (ﬂt)x
|

flAt) = , x=0,1,2,..

where A > 0 is the average number of outcomes per unit time, distance or area.
The mean and the variance of the Poisson distribution are

u=oc?=2Mt.
Example 1.5:

Births in a hospital occur randomly at an average rate of 1.6 births per hour.
Calculate:

1. The probability of observing 4 births in a given hour.

2. The probability of observing more than or equal to 2 births in a given hour.
3. The mean of births per hour.

4. The probability of observing 1 birth per 2 hours.

5. The variance of births per 30 minutes.

Solution:
Let X be the number of births in a given hour and At = 1.6 per hour. The pdf of

Xis given as

11
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6_1'6(1.6)x

f(x; 16) = T, X = 0, 1,2,
1. f(4;1.6) = % = 0.0551
2. P(X=22)=1-P(X <2) =1-[f(1;1.6) + f(0; 1.6)] = 0.4751
3. u=At=16
4. At = (1.6)(2) = 3.2

8_3'2 3.2 X
f(x; 3.2) = %), X = 0, 1, 2,
6’_3'2(3.2)1
f(1;,3.2) = ————= 01304

5. 0% = At = (1.6)(0.5) = 0.8.

1.3 Continuous Probability Distributions

1.3.1 Uniform Distribution

The density function of the continuous uniform random variable X on the interval
[a, b] is

1
f(x,a,b)—ﬁ, a<x<h.

The mean and the variance of the uniform distribution, Uniform(a, b), are

‘u — a_+b and 0'2 — (b_a)z
2 12

Example 1.6:

Suppose that a large conference room at a certain company can be reserved for
no more than 4 hours. In fact, it can be assumed that the length X of a conference
has a uniform distribution on interval [0, 4].

(a) What 1s the probability density function?
(b) What is the probability that any given conference lasts at least 3 hours?

Solution:

(a) The appropriate density function for the uniformly distributed random
variable X in the situation is

f(x)z%, 0<x<4
(B)P[X 23] = [} dx =1

12
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1.3.2 Exponential Distribution

The pdf of the exponential distribution for a continuous random variable X with

parameter 8 > 0, denoted as Expnential (3), 1s given as

f(x;0) =0e 0%, x>0

The mean and the variance of this distribution are
1 1
EX) = 5 and V(x)= o

The cdf and mgf obtained as

-1
F(xX)=1—e7% and M(t)=£=(1—§) ,t<8.

1.3.3 Gamma Distribution

The continuous random variable X has a gamma distribution with parameters

a and %, Gamma (a, %) if its density function is given by
g L) = £L a-1,-px
f(x,a,ﬁ)—l_(a)x e P, x=0

where a > 0,8 > 0 and I'(a) is a gamma function defined as

o]

MNa)=(a—1)! = f y*le Y dy
0

The mean, the variance and the mgf are

EOD =%, Vi) =2 and M) = (%)“ =(1- é)_a,t <B.
Note:

1. The exponential distribution is a special case of gamma distribution with %

parameter when a = 1.

2. fooo x% e Brdyx = F[gz) :

13
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1.3.4 Weibull Distribution

The continuous random variable X has a Weibull distribution, with parameters

a and %, if its pdf is given by

f (x; a,%) = afxP-le=’ x>0

where « > 0 and 8 > 0.
The cumulative distribution function for the Weibull distribution is given by
F(x)=1- e—axf

Note: For § = 1, the Weibull density reduces to the exponential density function.

1.3.5 Chi-Squared Distribution

The random variable X has a chi-squared distribution with v > 0 degrees of
freedom, denoted as, X~y?2(v), if its pdf is given by

,,1 xg_le_g, x>0
2@)r(2)

2

f(x: U) =

The mean and the variance are
EX)=v and V(x)=2v.
The mgf of this distribution is M(£) = (1 —2£)"z,t > —.

Note: It is a special case of gamma distribution in which a = g and f = %

Example 1.7:
Let X be a x2(10). Find:

1. Find P(X > 20.5).
2. a,if P(X > a) = 0.05.

Solution:
By x? Table (Table I) and v = 10, we get

1. P(X > 20.5) = 0.025
2. P(X > a) = 0.05, thus a = 18.31.

14
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1.3.6 Normal Distribution

The most important continuous probability distribution in the entire field of
statistics is the normal distribution. Its graph, called the normal curve, is the
bell-shaped curve of following figure, which approximately describes many
phenomena that occur in nature, industry, and research.

Sixd

— g

&,

Definition:

The density of the normal random variable X, with mean u and variance o2,
X~N(u,0?),is

1
e—ﬁ(x—ll)2

,—00 < x < 00

f(x; u,0) =

oV2m
where —o0o < py < ooando > 0.
The properties of the normal curves:

1. The mode = median = mean = u.

2. The curve is symmetric about the mean .

3. The normal curve depends on the parameters p and o, its mean and
standard deviation, respectively.

4. The mean u and the variance o2 determine the location and the shape of
the normal curve, respectively.

5. The total area under the curve and above the horizontal axis is equal to 1.

ut+%02t2

6. The mgfis given by M(t) = e

1.3.7 Standard Normal Distribution

The distribution of a normal random variable with mean 0 and variance 1 is called
a standard normal distribution and defined as

2

z
f(z2) = \/%e_?—oo <z < oo,

15
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The properties of the standard normal curves:

1. The mode = median = mean = 0.
2. The curve is symmetric about the mean 0.
3. The total area under the curve and above the horizontal axis is equal to 1.

ltz
4. The mgfis given by M(t) = ez .

Application: we are able to transform all the observations of any normal random
variable X into a new set of observations of a normal random variable Z with
mean 0 and variance 1. This can be done by mean of the transformation i.e.

If X~N(y, 02), then Z = ’%" ~N(0,1).

Example 1.8:
Given a standard normal distribution, find the area under the curve that lies

1. to the left of z = 1.84.
2. to the right of z = 1.84.

Solution: From Table II,

1. the area to the left of z = 1.84 is equal to,
P(Z < 1.84) = 0.9671.
2. the area to the right of z = 1.84 is equal to,
P(Z>184)=1-P(Z<184)=1-0.9671 = 0.0329.

Normal Approximation to the Binomial:

Theorem 1.1:

If X is a binomial random variable with mean u = np and variance o2 = npgq,
then the limiting form of the distribution of

X—np

v npq

7= ~N(0,1)

asn — oo,

16
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1.3.8 T-Distribution

A continuous random variable T is said to have a t-distribution with parameter
v > 0 if its pdf defined as

() 1,y
«/ﬁr(g) (1+7) ;) —oo <t < oo,

ftv) =

The properties of the standard normal curves:

1. The mode = median = mean = 0.
2. The curve is symmetric about the mean 0.
3. Compared to the standard normal distribution, the t-distribution is less

peaked in the center and has higher tails.

4. Tt depends on the degrees of freedom V.
5. T-distribution approaches the standard normal distribution as v — oo,

6. The total area under the curve and above the horizontal axis is equal to 1.

Example 1.9: Find:

1. P(T < 2.145) when v = 14.
2. t0_995 When V= 7

Solution: From Table III,

1. P(T < 2.145) = 0.975 when v = 14.
2. t0_995 = 3.499 When V= 7

1.3.9 F-Distribution

If a random variable X has a F-distribution with parameters r and v, we write
X~F(r,v) . Then the probability density function for X is given by

. 1 151_1 r (%)
f(x;T;V)——B(%,%)(U) X2 (1+vx)

For real x > 0. Here is B(a, b) = f01 y%~1(1 — y)?~1dy is the beta function and
r,v > 0.

17
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Theorem 1.2:

If E,(r, v) has F-distribution with r and v degrees of freedom, then

has F-distribution with v and r degrees of freedom.
Example 1.10: Find:

1. Fypq withr =10 and v = 6.
2. Fy45(9,15).

Solution: Table IV:

1. Fy0,(10,6) = 7.87.

1 1
2. F0'95(9’15) " Foos(159)  3.01

= 0.3322.

1.4 Transformation of Variables

In standard statistical methods, the result of statistical hypotheses testing,
estimation, or even statistical graphics does not involve a single random variable
but, rather, functions of one or more random variables. As a result, statistical
inference requires the distribution of these functions. In this section, we represent
methods to find the distribution of these functions.

1.4.1 Discrete Random Variable
1.4.1.1 One-to-One Transformation:

Theorem 1.3:

Suppose that X is a discrete random variable with probability distribution f(x).
Let Y = u(X) define a one-to-one transformation between the values of X and Y
so that the equation y = u(x) can be uniquely solved for x in terms of y, say x =
w(y). Then the probability distribution of Y is

g) = flw®)].

18
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Example 1.11:

Let X be a discrete random variable with pmf as
x
flx) = 1 x=0,1,3.

Find the pmf of the random variable Y = X2,

Solution:

Since the value of X are all positive, the transformation defines a one-to-one
correspondence between the x and y values.

Hence,
Since x =0,1,3=y=10,1,9and y = x? =>x=ﬁ.
Then, the pmf of Y is given by

g =f(y) == y=0109.

Similarly, for a two-dimension transformation.

Theorem 1.4:

Suppose that X; and X, are discrete random variables with joint probability
distribution f (x4, x5). LetY; = uy (X4, X;) and Y, = u,(X;, X,) define a one-to-
one transformation between the points (x4, x,) and (v, y,) so that the equations

y1 = uy(xq, %) and y, = uy(xyq, x5)

may be uniquely solved for x; and x, in terms of y; and y,, say x; =
w; (y1,¥2) and x, = w,(y4,V,). Then the joint probability distribution of Y;
and Y, is

91, y2) = flwi (1, ¥2), wa (¥1, ¥2)]

1.4.2 Continuous Random Variable

This section introduced three methods of transformation to find the distribution
of continuous random variable.

19
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1.4.2.1 One-to-One Transformation
Theorem 1.5:

Suppose that X is a continuous random variable with probability
distribution f(x). Let Y = u(X) define a one-to-one correspondence between the
values of X and Y so that the equation y = u(x) can be uniquely solved for x in
terms of y, say x = w(y). Then the probability distribution of Y is

g = flwI.

where |[J| = W' (y)| = |Z—;| and is called the Jacobian of the transformation.

Example 1.12:

Let X be a continuous random variable with probability distribution

X
f(x)=ﬁ’ 1<x<5,
0, elsewhere.
Find the probability distribution of the random variable Y = 2X — 3.
Solution:
The inverter solution of y = 2x — 3 yields x = (y + 3)/2, from which we obtain
J=w) =5=7
Therefore,

+3
1<x<5 = 1<yT<5=> 2<y+3<10> —1<y<7

Using Theorem 1.5, we find the density function of Y to be

(y+3)/2 (3) _ y+3 —1<y<7

gy) = 12 2 48"’
0, elswhere

Theorem 1.6:

Suppose that X; and X, are continuous random variable with joint probability
distribution f (x4, x,). Let Y; = u, (X4, X,) and Y, = u,(X;, X,) define a one-to-
one transformation between the points (x;,x,)and (y;,y,) so that the
equations y; = u;(xq,x,) and y, = u,(x;,x,) may be uniquely solved for

20
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x; and x, interms of y; and y,, say x; = w;(y4,y,) and x, = w,(y4,y). Then
the joint probability distribution of ¥; and Y, is

91, Y2) = fIwi (1, ¥2), wo (v1, y2)1- 1|

where the Jacobian is 2 X 2 determinant as

_|9y1 0y,
UT= oz om|
dy: 9y,

1.4.2.2 Distribution Function Method (cdf Method):
The general method works as follows:

If X be an independent random variable with pdf fy(x) and ¥ = u(X) be a
function of X. Then, find

1. Fyx(x), cdf of X.

2. The region of Y.

3. () =P <y)=PuX) <y) =PX sw(Y)) = Kxw()).
4. The density function fy (y) by differentiating Fy ().

Example 1.13:
Suppose the random variable X has a pdf
fx(x)=3x% 0<x<1.
Find the pdf of Y = 2X + 3.
Solution:
From Example 1.3, we get Fy(x) = x3.
Since0 <x<1=>0<2x<2=>3<y<5.
FF(y)=PY <y)=PR2X+3 <y)=P2X<y-3)

p(re2) = ()= ()

Then, the pdf of Y is

dFy(y) 3
=—(y — 3)?, 3<y<5.
iy 3 (y—3) y

fry) =

21
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1.4.2.3 Moment-Generating Method:

Theorem 1.7: (uniqueness Theorem)

Let X and Y be two random variables with moment-generating functions My (t)
and My (t), respectively, if My (t) = My (t) for all values of t, then X and Y have
the same probability distribution.

Theorem 1.8:

If X;,X5,....., X, are independent random variable with moment-generating
functions My (t), My, (t),.....,My (t), respectively, and Y =X;+X,+
-+.+X,,, then

My(t) = Mxl(t)MXZ(t) MXn(t)
Moreover, if My (t), M, (t), ....., My_(t)are equals. Then,
n
My(t) = (My, (®) .
Example 1.14:

If X1,X5,....., X, are independent, each with an exponential distribution with

parameter %. Show that Y = )} ; X; has a gamma distribution with parameters n
dl
and —.
Solution:
Since that the mgf of expnential (%) is My(t) = &. Thus, the mgf of Y is given
by
My () = Myn x,(t) = My, 1x,+..+x, ()

0

= My, (). My, (©) .. My, (®) = (;) .

which is the mgf of Gamma (n %)
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