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Outline of the Course: 

Course code and number: STAT 223. 

Course name: Theory of Statistics 1. 

Credits: 3(2+1). 

Pre-requisite: STAT 215. 
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Office: 346 – Building 5. 
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4. Statistical Inference, 2002, Second Edition by G. Casella and R. Berger, 
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Main Topics:  

1. Introduction: Basic Definitions and Concepts.  
2. Sampling Distribution. 
3. Central Limit Theorem.  
4. Point Estimation. 
5. Estimator Properties: Unbiasedness – Mean Squared Error – Consistency 

– Sufficiency – Minimal Sufficiency. 
6. Exponential Family Theorem. 
7. Completeness.  
8. Fisher Information. 
9. Minimum Variance Unbiased Estimator. 
10. Cramer-Rao Inequality. 
11. Rao-Blackwell Theorem. 
12. Lehmann-Scheffé Theorem. 
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13. Estimation Methods: Method of Moments – Maximum Likelihood 
Method and its Properties. 

14. Interval Estimation: Confidence Interval – Pivotal Quantity – Large 
Sample Confidence Interval. 

15. Bayesian Estimate: Prior and Posterior Distributions – Loss Function 
Approach – Bayesian Confidence Intervals. 

Marking Scheme: 

25 Marks: First Mid-Term Exam. 

25 Marks: Second Mid-Term Exam. 

10 Marks: Assailments and Quizzes. 

40 Marks: Final Exam. 
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Chapter 1: Introduction 
This chapter introduce a brief review of some basic definitions and statistical 
distributions.  

 

1.1 Definition and Basic Concept 

In this chapter, we give some basic definitions and concepts. 

Data: 

Data is facts or numbers about something collected to be examined and 
considered and used to help decision-making. 

Experiment: 

Experiment is a process that generates a set of data.  

Sample Space: 

In an experiment, the sample space, Ω, is the set of all possible outcomes of the 
experiment.  

Event: 

A subset of sample space is known as event. 

Equally Likely Outcomes: 

Equally likely outcomes always have the same chance of occurrence. 

Probability: 

If A be an event, the probability of event A is denoted by 

ܲሺܣሻ ൌ
#ሺୣ୪ୣ୫ୣ୬୲ୱ	୧୬	஺ሻ

#ሺୣ୪ୣ୫ୣ୬୲ୱ	୧୬	ஐሻ
. 

where 0 ൑ ܲሺܣሻ ൑ 1 for each event A.  

Sure and impossible Events: 

Any subset of Ω, including Ω itself is called sure event and the empty set ߶ is 
called impossible event, where ܲሺΩሻ ൌ 1 and ܲሺ߶ሻ ൌ 0. 
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Some Set-Theoretic Notions in Terms of Events: 

Concept Notation Meaning 
Union ܣ ∪ ܤ Either A occurs or B occurs or both occur

Intersection ܣ ∩ ܤ A and B both occur 
Complement ܣ௖ A does not occur 

Difference ܣ െ ܣ or ܤ ∩ ௖ܤ A occurs but B does not 
 

Additive Rule: 

ܲሺܣ ∪ ሻܤ ൌ ܲሺܣሻ ൅ ሺܤሻ െ ܲሺܣ ∩  .ሻܤ

Disjoint Event: 

Two events called disjoint or mutually exclusive events if they have empty 
intersection i.e.  ܣ ∩ ܤ ൌ ϕ	or	ܲሺܣ ∩ ሻܤ ൌ 0. 

Independent Events: 

Two events A and B are said to be independent events if one of the following 
satisfied: 

ܲሺܣ ∩ ሻܤ ൌ ܲሺܣሻܲሺܤሻ or  ܲሺܤ|ܣሻ ൌ ܲሺܣሻ  or  ܲሺܣ|ܤሻ ൌ ܲሺܤሻ. 

Conditional Probability: 

Conditional probability of A, given B, denoted by ܲሺܤ|ܣሻ, is defined by  

ܲሺܤ|ܣሻ ൌ
ܲሺܣ ∩ ሻܤ

ܲሺܤሻ
,			ܲሺܤሻ ൐ 0. 

Example 1.1:  

Suppose the experiment is the toss of a dice. The six numbers that can appear face 
up, from 1 to 6, are the 6 possible outcomes of the experiment. Hence, the sample 
space is: 

Ω ൌ ሼ1,2,3,4,5,6ሽ. 

Define events A, B and C as following: 

A=even numbers,  B=odd numbers,  C=numbers less than 5. 

1. Find ܣ, ,ܤ ,ܥ ܣ ∩ ,ܤ ܤ ∪ ,ܥ ,௖ܥ ܣ െ  	.ܥ
2. ܲሺܣሻ, ܲሺܥ௖ሻ, ܲሺܣ െ ,ሻܥ ܲሺܣ|ܥሻ. 
3. Are A and B disjoint events? 
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Solution: 

1. A= ሼ2,4,6ሽ,  B= ሼ1,3,5ሽ,  C= ሼ1,2,3,4ሽ. 

ܣ ∩ ܤ ൌ ܤ    ,∅ ∪ ܥ ൌ ሼ1,2,3,4,5ሽ,   ܥ௖ ൌ ሼ5,6ሽ,   ܣ െ ܥ ൌ ܣ ∩ ௖ܥ ൌ ሼ6ሽ. 

2. ܲሺܣሻ ൌ
ଷ

଺
,   ܲሺܥ௖ሻ ൌ

ଶ

଺
,   ܲሺܣ െ ሻܥ ൌ

ଵ

଺
. 

ܥ ∩ ܣ ൌ ሼ2,4ሽ,				ܲሺܥ ∩ ሻܣ ൌ
ଶ

଺
, ܲሺܣ|ܥሻ ൌ

௉ሺ஼∩஺ሻ

௉ሺ஺ሻ
ൌ

ଶ

ଷ
. 

3. Yes, they are disjoint, since ܣ ∩ ܤ ൌ ߶.    

Population: 

 A population is the largest collection of elements or individuals in which 
we are interested in a particular time and about which we want to make 
some statement or conclusion.  

 The population values usually denoted by ܺ ൌ ሺ ଵܺ, ܺଶ, … , ܺேሻ, where N is 
the number of elements in the population, called the population size. 

Sample: 

 A sample is a subset of a population on which we collect data.  
 The sample values usually denoted by ݔ ൌ ሺݔଵ, ,ଶݔ … ,  ௡ሻ, where n is theݔ

number of elements in the sample, called the sample size. 

Parameter: 

 A parameter is a measure (or number) obtained from the population values. 
 Values of the parameters are unknown in general. 

Statistic: 

 A statistic is a measure (or number) obtained from the sample values. 
 Values of the statistic are known in general. 

Random Variable: 

 A random variable X  is a function that associates a real number with each 
element in the sample space.  

 Most of the time, statisticians deal with two special kinds of random 
variables, that are discrete and continuous random variables. 

Discrete Random Variable: 

A random variable ܺ is discrete if: 

1. It can take on values from finite or countable values. 
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2. It has a discrete distribution, called the probability mass function (pmf) 
of ܺ if, for each possible outcome ݔ 

௑݂ሺݔሻ ൒ 0,				 

		෍ ௑݂ሺݔሻ ൌ 1,				
௫

 

                               and        ௑݂ሺݔሻ ൌ ܲሺܺ ൌ  .ሻݔ

Continuous Random Variable: 

 A random variable ܺ is continuous if: 

1. It can take on values from an interval or not countable values. 
2. It has a continuous distribution, called the probability density function 

(pdf) for X, defined over the set of real numbers, if  

௑݂ሺݔሻ ൒ 0			for	all	ݔ ∈ ܴ, 

න ௑݂ሺݔሻ݀ݔ ൌ 1,						
ஶ

ିஶ
 

                              and       ܲሺܽ ൑ ܺ ൑ ܾሻ ൌ ׬ ௑݂ሺݔሻ݀ݔ
௕
௔   . 

Cumulative Distribution Function: 

Let	ܺ be a random variable. The cumulative distribution function (distribution 
function or cdf) of ܺ is a function such that 

ሻݔ௑ሺܨ ൌ ܲሺܺ ൑ ∞ሻ,  for  െݔ ൏ ݔ ൏ ∞. 

Random Sample: 

A random sample is a sample that is chosen randomly. Random sample are used 
to avoid bias and other unwanted effects. 

Joint Probability distribution: 

The function ݂ሺݔ,  ሻ is a joint probability distribution of the random variables Xݕ
and Y if: 

1. ݂ሺݔ, ሻݕ ൒ 0, for all ሺݔ,  .ሻݕ
2.  ∑ ∑ ݂ሺݔ, ሻݕ ൌ 1	௬௫ if X and Y are discrete 

׬ ׬ ݂ሺݔ, ݔ݀ݕሻ݀ݕ ൌ 1	௬௫  if X and Y are continuous. 

Independent Random Variables: 

Let ଵܺ, ܺଶ, … , ܺ௡ be a n random variables, discrete or continuous, with joint 
probability distribution ݂ሺݔଵ, ,ଶݔ … , ,௡ሻ. The random variables ଵܺݔ ܺଶ, … , ܺ௡ are 
said to be mutually statistically independent if and only if  
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݂ሺݔଵ, ,ଶݔ … , ௡ሻݔ ൌ ଵ݂ሺݔଵሻ ଶ݂ሺݔଶሻ… ௡݂ሺݔ௡ሻ. 

For all ሺݔଵ, ,ଶݔ … ,  .௡ሻ within their rangeݔ

Expectations and Moments: 

The rth moment about the origin of the random variable X is given by  

௥ᇱߤ ൌ ሺܺ௥ሻܧ ൌ ൞
෍ݔ௥	 ௑݂ሺݔሻ,												If	ܺ	is	discrete,

න 	௥ݔ ௑݂ሺݔሻ݀ݔ, 				If	ܺ	is	continuous.
 

The first moment (mean or expected value) and the second moment are given 
by ́ߤଵ ൌ ߤ ൌ ଶߤ́ ሺܺሻ andܧ ൌ  .ሺܺଶሻ, respectivelyܧ

The variance is defined as 

ሺܺሻݎܸܽ ൌ ଶߪ ൌ ଶߤ́ െ ଵߤ́
ଶ ൌ ሾሺܺܧ െ ሻଶሿߤ ൌ ሺܺଶሻܧ െ ൫ܧሺܺሻ൯

ଶ
. 

The standard deviation is the square root of the variance denoted as 

ߪ ൌ ଶߪ√ ൌ ටܧሺܺଶሻ െ ൫ܧሺܺሻ൯
ଶ
. 

The rth central moment of X is defined as  

ሾሺܺܧ െ ሻ௥ሿߤ ൌ ൞
෍ሺݔ െ 	ሻ௥ߤ ௑݂ሺݔሻ,												If	ܺ	is	discrete,

නሺݔ െ 	ሻ௥ߤ ௑݂ሺݔሻ݀ݔ, 				If	ܺ	is	continuous.
 

Remark: 

If ܻ ൌ ܽܺ േ ܾ, then the mean and the variance of Y are given by  

ሺܻሻܧ ൌ ሺܺሻܧܽ േ ܾ    and     ܸܽݎሺܻሻ ൌ ܽଶܸܽݎሺܺሻ 

 

Example1.2: 

Consider the following distribution: 

X -2 0 1 2 Total
݂ሺݔሻ 0.33 0.24 0.15 0.28 1 

Find: 1. ܲሺܺ ൌ 0ሻ, ܲሺܺ ൏ 1ሻ, ܲሺܺ ൒ 2ሻ. 

2. The cdf of X. 
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3. The mean and the variance. 

Solution: 

1. ܲሺܺ ൌ 0ሻ ൌ 0.24,			ܲሺܺ ൏ 1ሻ ൌ 0.57, ܲሺܺ ൒ 2ሻ ൌ 0.28. 
2. The cdf of X is 

 

X -2 0 1 2
ሻݔሺܨ 0.33 0.57 0.72 1 

3. The mean and the variance are given as 

X -2 0 1 2 Total
݂ሺݔሻ 0.33 0.24 0.15 0.28 1 
ሺܺሻ -0.66ܧ 0 0.15 0.56 0.05 
ሺܺଶሻ 1.32 0 0.15ܧ 1.12 2.59 

Then, 
ሺܺሻܧ ൌ 0.05. 

ሺܺሻݎܸܽ ൌ ሺܺଶሻܧ െ ൫ܧሺܺሻ൯
ଶ
ൌ 2.59 െ 0.05ଶ ൌ 2.5875. 

Example 1.3: 

Let X be a continuous random variable whose probability density function is 

݂ሺݔሻ ൌ 0	for					ଶ,ݔ3 ൏ ݔ ൏ 1. 

Find: 

1. Prove ݂ሺݔሻ is a pdf. 
2. ܲሺ0.5 ൏ ܺ ൏ 1ሻ. 
3. The cdf of X. 
 .ሺܺሻݎܸܽ ሺܺሻ andܧ .4

Solution: 

1. Since ݂ሺݔሻ ൒ 0			for	all	ݔ ∈ ሺ0,1ሻ and  

׬ ݂ሺݔሻ݀ݔ ൌ ׬ ݔଶ݀ݔ3 ൌ 		 ଷሿ଴ݔ
ଵ ൌ 1

ଵ
଴ .

ଵ
଴  Thus, ݂ሺݔሻ is a pdf. 

2. ܲሺ0.5 ൏ ܺ ൏ 1ሻ ൌ ׬ ݔଶ݀ݔ3 ൌ 		 ଷሿ଴.ହݔ
ଵ ൌ 1

ଵ
଴.ହ െ 0.5ଷ ൌ 0.875. 

ሻݔሺܨ .3 ൌ ׬ ݔଶ݀ݔ3 ൌ 		 ଷሿ଴ݔ
௫ ൌ .ଷݔ

௫
଴  

ሺܺሻܧ .4 ൌ ׬ ݔଷ݀ݔ3 ൌ
ଷ

ସ
ସሿ଴ݔ

ଵ ൌ
ଷ

ସ
.

ଵ
଴  

ሺܺଶሻܧ ൌ න ݔସ݀ݔ3 ൌ
3
5
ହሿ଴ݔ

ଵ ൌ
3
5
.

ଵ

଴
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ሺܺሻݎܸܽ ൌ ሺܺଶሻܧ െ ൫ܧሺܺሻ൯
ଶ
ൌ
3
5
െ ൬

3
4
൰
ଶ

ൌ 0.0375. 

Moment-Generation Function: 

The moment-generation function (mgf) of a random variable ܺ	is given by 
 ,ሻ. Henceݐ௑ሺܯ ,ሺ݁௧௑ሻ and is denoted byܧ

ሻݐ௑ሺܯ ൌ ሺ݁௧௑ሻܧ ൌ ቊ
∑ ݁௧௫݂ሺݔሻ,								if	ܺ	is	discrete,௫

׬ ݁௧௫௫ ݂ሺݔሻ݀ݔ, if	ܺ	݅ݏ	continuous
. 

Some properties of the mgf: 

ሻݐ௑ା௔ሺܯ .1 ൌ ݁௔௧ܯ௑ሺݐሻ. 
ሻݐ௔௑ሺܯ .2 ൌ   .ሻݐ௑ሺܽܯ

 

1.2 Discrete Probability Distributions 

In this section, we present some commonly used distributions for the discrete 
random variable. 

 

1.2.1 Bernoulli and Binomial Distribution 

A Bernoulli trial can result in a success with probability ݌ and a failure with 
probability ݍ ൌ 1 െ  ,Then the probability of the binomial random variable X .݌
the number of successes in n independent trials, is 

݂ሺݔ; ݊, ሻ݌ ൌ ൫௡௫൯݌
௫ݍ௡ି௫, ݔ ൌ 0, 1, 2, … , ݊. 

where ൫௡௫൯ ൌ
௡!

௫!ሺ௡ି௫ሻ!
. 

The mean, variance and mgf of the binomial distribution, ݈ܽ݅݉݋݊݅ܤሺ݊,  ሻ, are݌

ߤ ൌ ଶߪ			,݌݊ ൌ ሻݐሺܯ and  ݍ݌݊ ൌ ሺ݁݌௧ ൅  .ሻ௡ݍ

Example 1.4: 

The probability that a certain kind of component will survive a shock test is 
0.75. Find: 

1. The probability that exactly 2 of the next 4 components tested survive. 
2. The probability that more than 2 of the next 4 components tested survive. 
3. The mean and the standard deviation. 
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Solution: 

Assuming that the tests are independent and ݌ ൌ 0.75 for each of the ݊ ൌ 4 
tests, we obtain: 

݂ሺݔ; 4,0.75ሻ ൌ ൬
4
ݔ
൰ ሺ0.75ሻ௫ሺ0.25ሻସି௫,			ݔ ൌ 0, 1, 2, 3, 4. 

1. ݂ሺ2; 4,0.75ሻ ൌ ൫ସଶ൯0.75
ଶ0.25ଶ ൌ 0.2109 

2. ܲሺܺ ൐ 2ሻ ൌ ݂ሺ3; 4,0.75ሻ ൅ ݂ሺ4; 4,0.75ሻ	

ൌ ൬
4
3
൰ 0.75ଷ0.25ଵ ൅ ൬

4
4
൰ 0.75ସ0.25଴ ൌ 0.7383	

ߤ .3 ൌ ݌݊ ൌ ሺ4ሻሺ0.75ሻ ൌ 3			and	ߪ ൌ ඥ݊ݍ݌ ൌ ඥ4ሺ0.75ሻሺ0.25ሻ ൌ 0.866.	

 

1.2.2 Poisson Distribution  

The probability distribution of the Poisson random variable X with parameter ߣ, 
 representing the number of outcomes occurring in a given time	ሻ,ߣሺ݊݋ݏݏ݅݋ܲ
interval or specified region denoted by t, is  

݂ሺݔ; ሻݐߣ ൌ
݁ିఒ௧ሺݐߣሻ௫

!ݔ
ݔ				, ൌ 0, 1, 2, … 

where ߣ ൐ 0 is the average number of outcomes per unit time, distance or area. 

The mean and the variance of the Poisson distribution are 

ߤ ൌ ଶߪ ൌ  .ݐߣ

Example 1.5: 

Births in a hospital occur randomly at an average rate of 1.6 births per hour. 
Calculate: 

1. The probability of observing 4 births in a given hour. 
2. The probability of observing more than or equal to 2 births in a given hour. 
3. The mean of births per hour. 
4. The probability of observing 1 birth per 2 hours. 
5. The variance of births per 30 minutes. 

Solution: 

Let X be the number of births in a given hour and ݐߣ ൌ 1.6 per hour. The pdf of 
X is given as 
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݂ሺݔ; 1.6ሻ ൌ
݁ିଵ.଺ሺ1.6ሻ௫

!ݔ
ݔ				, ൌ 0, 1, 2, … 

1. ݂ሺ4; 1.6ሻ ൌ
௘షభ.లሺଵ.଺ሻర

ସ!
ൌ 0.0551 

2. ܲሺܺ ൒ 2ሻ ൌ 1 െ ܲሺܺ ൏ 2ሻ ൌ 1 െ ሾ݂ሺ1; 1.6ሻ ൅ ݂ሺ0; 1.6ሻሿ ൌ 0.4751 
ߤ .3 ൌ ݐߣ ൌ 1.6 
ݐߣ .4 ൌ ሺ1.6ሻሺ2ሻ ൌ 3.2		  

݂ሺݔ; 3.2ሻ ൌ
݁ିଷ.ଶሺ3.2ሻ௫

!ݔ
ݔ				, ൌ 0, 1, 2, … 

݂ሺ1; 3.2ሻ ൌ
݁ିଷ.ଶሺ3.2ሻଵ

1!
ൌ 0.1304 

ଶߪ .5 ൌ ݐߣ ൌ ሺ1.6ሻሺ0.5ሻ ൌ 0.8. 
 

1.3 Continuous Probability Distributions 

1.3.1 Uniform Distribution 

The density function of the continuous uniform random variable X on the interval 
ሾܽ, ܾሿ is  

݂ሺݔ; ܽ; ܾሻ ൌ
ଵ

௕ି௔
,			ܽ ൑ ݔ ൑ ܾ. 

The mean and the variance of the uniform distribution, ܷ݂݊݅݉ݎ݋ሺܽ, ܾሻ, are 

ߤ ൌ
௔ା௕

ଶ
   and   ߪଶ ൌ

ሺ௕ି௔ሻమ

ଵଶ
.  

Example 1.6:  

Suppose that a large conference room at a certain company can be reserved for 
no more than 4 hours. In fact, it can be assumed that the length ܺ of a conference 
has a uniform distribution on interval	ሾ0, 4ሿ. 

(a) What is the probability density function? 
(b) What is the probability that any given conference lasts at least 3 hours? 

Solution: 

(a) The appropriate density function for the uniformly distributed random 
variable ܺ in the situation is  

݂ሺݔሻ ൌ
1
4
,					0 ൑ ݔ ൑ 4 

(b) ܲ ሾܺ ൒ 3ሿ ൌ ׬
ଵ

ସ
ݔ݀	 ൌ

ଵ

ସ

ସ
ଷ . 
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1.3.2 Exponential Distribution 

The pdf of the exponential distribution for a continuous random variable X with 

parameter ߠ ൐ 0, denoted as ݈ܽ݅ݐ݊݁݊݌ݔܧ ቀ
ଵ

ఏ
ቁ, is given as 

݂ሺݔ; ሻߠ ൌ ݔ   ,ఏ௫ି݁ߠ ൒ 0 

The mean and the variance of this distribution are 

ሺܺሻܧ ൌ
ଵ

ఏ
      and      ܸሺݔሻ ൌ

ଵ

ఏమ
. 

The cdf and mgf obtained as 

ሻݔሺܨ ൌ 1 െ ݁ିఏ௫  and   ܯሺݐሻ ൌ
ఏ

ఏି௧
ൌ ቀ1 െ

௧

ఏ
ቁ
ିଵ

ݐ ,  ൏  .ߠ

 

1.3.3 Gamma Distribution 

The continuous random variable X has a gamma distribution with parameters 

 and	ߙ
ଵ

ఉ
ܽ݉݉ܽܩ , ቀߙ,

ଵ

ఉ
ቁ if its density function is given by  

݂ ቀݔ; ,ߙ
ଵ

ఉ
ቁ ൌ

ఉഀ

୻ሺఈሻ
ݔ   ,ఈିଵ݁ିఉ௫ݔ ൒ 0	 

where ߙ ൐ 0, ߚ ൐ 0 and Γሺߙሻ is a gamma function defined as  

Γሺߙሻ ൌ ሺߙ െ 1ሻ! ൌ න ఈିଵ݁ି௬ݕ
ஶ

଴
 ݕ݀

The mean, the variance and the mgf are 

ሺܺሻܧ ൌ
ఈ

ఉ
 ,     ܸሺݔሻ ൌ

ఈ

ఉమ
   and   ܯሺݐሻ ൌ ቀ

ఉ

ఉି௧
ቁ
ఈ
ൌ ቀ1 െ

௧

ఉ
ቁ
ିఈ
, ݐ ൏  .ߚ

Note:  

1. The exponential distribution is a special case of gamma distribution with 
ଵ

ఉ
  

parameter when ߙ ൌ 1. 

׬  .2 ݔఈିଵ݁ିఉ௫݀ݔ ൌ
୻ሺఈሻ

ఉഀ
ஶ
଴  . 
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1.3.4 Weibull Distribution 

The continuous random variable X  has a Weibull distribution, with parameters 

 and	ߙ
ଵ

ఉ
, if its pdf is given by 

݂ ቀݔ; ,ߙ
ଵ

ఉ
ቁ ൌ ఉିଵ݁ିఈ௫ݔߚߙ

ഁ
ݔ   , ൒ 0 

where ߙ ൐ 0	and	ߚ ൐ 0. 

The cumulative distribution function for the Weibull distribution is given by 

ሻݔሺܨ ൌ 1 െ ݁ିఈ௫
ഁ

. 

Note: For ߚ ൌ 1, the Weibull density reduces to the exponential density function. 

 

1.3.5 Chi-Squared Distribution 

The random variable X has a chi-squared distribution with ݒ ൐ 0 degrees of 
freedom, denoted as, ܺ~߯ଶሺݒሻ, if its pdf is given by 

݂ሺݔ, ሻݒ ൌ
ଵ

ଶቀ
ೡ
మቁ୻ቀೡ

మ
ቁ
ݔ
ೡ
మ
ିଵ݁ି

ೣ
మ,   ݔ ൐ 0 

The mean and the variance are 

ሺܺሻܧ ൌ ሻݔand      ܸሺ      ݒ ൌ  .ݒ2

The mgf of this distribution is ܯሺݐሻ ൌ ሺ1 െ 	ሻିݐ2
ೡ
మ, ݐ ൐

ଵ

ଶ
. 

Note: It is a special case of gamma distribution in which ߙ ൌ
௩

ଶ
 and ߚ ൌ

ଵ

ଶ
. 

Example 1.7:  

Let X be a ߯ଶሺ10ሻ. Find: 

1. Find ܲሺܺ ൐ 20.5ሻ. 
2. ܽ, if ܲሺܺ ൐ ܽሻ ൌ 0.05. 

Solution: 

By ߯ଶ Table (Table I) and ݒ ൌ 10, we get 

1. ܲሺܺ ൐ 20.5ሻ ൌ 0.025 
2. ܲሺܺ ൐ ܽሻ ൌ 0.05, thus ܽ ൌ 18.31. 
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1.3.6 Normal Distribution 

The most important continuous probability distribution in the entire field of 
statistics is the normal distribution. Its graph, called the normal curve, is the 
bell-shaped curve of following figure, which approximately describes many 
phenomena that occur in nature, industry, and research.  

 

 

 

 

 

Definition: 

The density of the normal random variable ܺ, with mean ߤ and variance ߪଶ, 
ܺ~ܰሺߤ,   is	ଶሻ,ߪ

݂ሺݔ; ,ߤ	 ሻߪ ൌ 	
1

ߨ2√ߪ
݁ି	

ଵ
ଶఙమ

ሺ௫ିఓሻమ, െ∞ ൏ ݔ ൏ ∞ 

where	െ∞ ൏ ߤ	 ൏ ∞	and	ߪ ൐ 0. 

The properties of the normal curves: 

1. The mode = median = mean =	ߤ. 
2. The curve is symmetric about the mean ߤ. 
3. The normal curve depends on the parameters μ and ߪ, its mean and 

standard deviation, respectively. 
4. The mean ߤ and the variance	ߪଶ determine the location and the shape of 

the normal curve, respectively. 
5. The total area under the curve and above the horizontal axis is equal to 1. 

6. The mgf is given by ܯሺݐሻ ൌ ݁ఓ௧ା
భ
మ
ఙమ௧మ . 

 

1.3.7 Standard Normal Distribution 

The distribution of a normal random variable with mean 0 and variance 1 is called 
a standard normal distribution and defined as 

݂ሺݖሻ ൌ 	
ଵ

√ଶగ
݁ି	

೥మ

మ , െ∞ ൏ ݖ ൏ ∞. 

← ߪ → 
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The properties of the standard normal curves: 

1. The mode = median = mean =	0. 
2. The curve is symmetric about the mean 0. 
3. The total area under the curve and above the horizontal axis is equal to 1. 

4. The mgf is given by ܯሺݐሻ ൌ ݁
భ
మ
௧మ.	

Application: we are able to transform all the observations of any normal random 
variable ܺ into a new set of observations of a normal random variable ܼ with 
mean 0 and variance 1. This can be done by mean of the transformation i.e. 

If ܺ~ܰሺߤ, ܼ ଶሻ, thenߪ ൌ
௑ିఓ

ఙ
~ܰሺ0,1ሻ. 

Example 1.8: 

Given a standard normal distribution, find the area under the curve that lies 

1. to the left of ݖ ൌ 1.84. 
2.  to the right of ݖ ൌ 1.84. 

Solution: From Table II, 

1. the area to the left of ݖ ൌ 1.84 is equal to, 
ܲሺܼ ൏ 1.84ሻ ൌ 0.9671. 

2. the area to the right of ݖ ൌ 1.84 is equal to,  
ܲሺܼ ൐ 1.84ሻ ൌ 1 െ ܲሺܼ ൏ 1.84ሻ ൌ 1 െ 0.9671 ൌ 0.0329. 

 

Normal Approximation to the Binomial: 

Theorem 1.1:  

If X is a binomial random variable with mean ߤ ൌ ଶߪ and variance	݌݊ ൌ  ,ݍ݌݊
then the limiting form of the distribution of  

ܼ ൌ
ܺ െ ݌݊

ඥ݊ݍ݌
~ܰሺ0,1ሻ 

as ݊ → ∞. 
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1.3.8 T-Distribution 

A continuous random variable T is said to have a t-distribution with parameter 
ݒ ൐ 0	if its pdf defined as  

݂ሺݐ; ሻߥ ൌ
௰ቀഌశభ

మ
ቁ

√ఔగ௰ቀ
ഌ
మ
ቁ
	ቀ1 ൅

௧మ

ఔ
ቁ
ି
ഌశభ
మ
; 			െ∞ ൏ ݐ ൏ ∞. 

The properties of the standard normal curves: 

1. The mode = median = mean =	0. 
2. The curve is symmetric about the mean 0. 
3. Compared to the standard normal distribution, the t-distribution is less 

peaked in the center and has higher tails.  

4. It depends on the degrees of freedom v. 
5. T-distribution approaches the standard normal distribution as ݒ → ∞. 

6. The total area under the curve and above the horizontal axis is equal to 1. 

Example 1.9: Find: 

1. ܲሺܶ ൏ 2.145ሻ when ݒ ൌ 14. 
ݒ ଴.ଽଽହ whenݐ .2 ൌ 7. 

Solution: From Table III, 

1. ܲሺܶ ൏ 2.145ሻ ൌ 0.975 when ݒ ൌ 14. 
଴.ଽଽହݐ .2 ൌ 3.499 when ݒ ൌ 7. 

 

1.3.9 F-Distribution 

If a random variable X has a F-distribution with parameters r and v, we write 
,ݎሺܨ~ܺ  ሻ . Then the probability density function for X is given byݒ

݂ሺݔ; ,ݎ ሻݒ ൌ
1

ܤ ቀ
ݎ
2 ,
ݒ
2ቁ
ቀ
ݎ
ݒ
ቁ
௥
ଶ
ݔ
௥
ଶିଵ ቀ1 ൅

ݎ
ݒ
ቁݔ

ିቀ
௥ା௩
ଶ ቁ

 

For real ݔ ൒ 0. Here is ܤሺܽ, ܾሻ ൌ ׬ ௔ିଵሺ1ݕ െ ݕሻ௕ିଵ݀ݕ
ଵ
଴  is the beta function and 

,ݎ ݒ ൐ 0. 
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Theorem 1.2: 

If ܨఈሺݎ,   ሻ has F-distribution with r and v degrees of freedom, thenݒ

,ݒଵିఈሺܨ ሻݎ ൌ
1

,ݎఈሺܨ ሻݒ
 

has F-distribution with v and r degrees of freedom. 

Example 1.10: Find:  

ݎ ଴.଴ଵ withܨ .1 ൌ 10 and ݒ ൌ 6. 
 .଴.ଽହሺ9,15ሻܨ .2

Solution: Table IV: 

଴.଴ଵሺ10,6ሻܨ .1 ൌ 7.87. 

଴.ଽହሺ9,15ሻܨ .2 ൌ
ଵ

ிబ.బఱሺଵହ,ଽሻ
ൌ

ଵ

ଷ.଴ଵ
ൌ 0.3322. 

 

1.4 Transformation of Variables 

In standard statistical methods, the result of statistical hypotheses testing, 
estimation, or even statistical graphics does not involve a single random variable 
but, rather, functions of one or more random variables. As a result, statistical 
inference requires the distribution of these functions. In this section, we represent 
methods to find the distribution of these functions. 

 

1.4.1 Discrete Random Variable 

1.4.1.1 One-to-One Transformation:  

Theorem 1.3:  

Suppose that ܺ is a discrete random variable with probability distribution ݂ሺݔሻ. 
Let ܻ ൌ  ܻ	and	ሺܺሻ define a one-to-one transformation between the values of ܺݑ
so that the equation ݕ ൌ ݔ say ,ݕ in terms of	ݔ ሻ can be uniquely solved forݔሺݑ ൌ
 ሻ. Then the probability distribution of ܻ isݕሺݓ

݃ሺݕሻ ൌ ݂ሾݓሺݕሻሿ. 
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Example 1.11:  

Let ܺ be a discrete random variable with pmf as 

݂ሺݔሻ ൌ 	
ݔ
4
ݔ			,	 ൌ 0, 1, 3. 

Find the pmf of the random variable	ܻ ൌ ܺଶ. 

 

Solution:  

Since the value of ܺ are all positive, the transformation defines a one-to-one 
correspondence between the ݔ and ݕ values.  

Hence, 

 Since  ݔ ൌ 0, 1, 3 ⟹ ݕ ൌ 0, 1, 9	and	ݕ ൌ ⟹ ଶݔ ݔ ൌ ඥݕ. 

Then, the pmf of Y is given by 

݃ሺݕሻ ൌ ݂൫ඥݕ൯ ൌ √௬

ସ
ݕ   , ൌ 0, 1, 9. 

Similarly, for a two-dimension transformation. 

 

Theorem 1.4:  

Suppose that ଵܺ and ܺଶ are discrete random variables with joint probability 
distribution	݂ሺݔଵ, ଶሻ. Let ଵܻݔ ൌ ଵሺݑ ଵܺ, ܺଶሻ and ଶܻ ൌ 	 ଶሺݑ ଵܺ, ܺଶሻ define a one-to-
one transformation between the points ሺݔଵ, ,ଵݕଶሻ and ሺݔ  ଶሻ so that the equationsݕ

ଵݕ ൌ ,ଵݔଵሺݑ	 ଶݕ and	ଶሻݔ ൌ ,ଵݔଶሺݑ	  ଶሻݔ

may be uniquely solved for ݔଵ	and ݔଶ in terms of ݕଵ and ݕଶ, say ݔଵ ൌ
,ଵݕଵሺݓ	 ଶݔ	and	ଶሻݕ ൌ ,ଵݕଶሺݓ	  ଶሻ. Then the joint probability distribution of ଵܻݕ
and ଶܻ	is  

݃ሺݕଵ, ଶሻݕ ൌ ݂ሾݓଵሺݕଵ, ,ଶሻݕ ,ଵݕሺ	ଶݓ  ଶሻሿݕ

 

1.4.2 Continuous Random Variable 

This section introduced three methods of transformation to find the distribution 
of continuous random variable. 
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1.4.2.1 One-to-One Transformation 

Theorem 1.5:  

Suppose that ܺ is a continuous random variable with probability 
distribution	݂ሺݔሻ. Let ܻ ൌ  ሺܺሻ define a one-to-one correspondence between theݑ
values of ܺ	and	ܻ so that the equation ݕ ൌ  in ݔ ሻ can be uniquely solved forݔሺݑ
terms of	ݕ, say ݔ ൌ   ሻ. Then the probability distribution of ܻ isݕሺݓ

݃ሺݕሻ ൌ ݂ሾݓሺݕሻሿ.  |ܬ|

where |ܬ| ൌ |ሻݕᇱሺݓ| ൌ ቚ
డ௫

డ௬
ቚ and is called the Jacobian of the transformation. 

Example 1.12:  

Let ܺ be a continuous random variable with probability distribution 

݂ሺݔሻ ൌ ൝
ݔ
12

, 1 ൏ ݔ ൏ 5,

0, elsewhere.
 

Find the probability distribution of the random variable ܻ ൌ 2ܺ െ 3. 

Solution: 

The inverter solution of ݕ ൌ ݔ2 െ 3 yields ݔ ൌ ሺݕ ൅ 3ሻ/2, from which we obtain 

ܬ ൌ ሻݕᇱሺݓ 	ൌ
ௗ௫

ௗ௬
ൌ

ଵ

ଶ
.  

Therefore,  

		1 ൏ ݔ ൏ 5	 ⟹ 	1 ൏
ݕ ൅ 3
2

൏ 5 ⇒ 	2 ൏ ݕ ൅ 3 ൏ 10 ⇒	െ1 ൏ ݕ ൏ 7 

Using Theorem 1.5, we find the density function of ܻ	to be 

݃ሺݕሻ ൌ ൝
ሺ௬ାଷሻ

ଶൗ

ଵଶ
ቀ
ଵ

ଶ
ቁ ൌ 	

௬ାଷ

ସ଼
,							െ 1 ൏ ݕ ൏ 7

0,																																									elswhere
. 

 

Theorem 1.6:  

Suppose that ଵܺ	and ܺଶ	are continuous random variable with joint probability 
distribution	݂ሺݔଵ, ଶሻ. Let ଵܻݔ ൌ ଵሺݑ ଵܺ, ܺଶሻ	and	 ଶܻ ൌ ଶሺݑ ଵܺ, ܺଶሻ define a one-to-
one transformation between the points ሺݔଵ, ,ଵݕሺ	and	ଶሻݔ  ଶሻ so that theݕ
equations	ݕଵ ൌ ,ଵݔଵሺݑ ଶݕ	and	ଶሻݔ ൌ ,ଵݔଶሺݑ  ଶሻ may be uniquely solved forݔ



STAT 223                                               Theory of Statistics 1                               Dr. Samah Alghamdi 

 
 

21 
 

ଵݔ ଶ, sayݕ	and	ଵݕ ଶ in terms ofݔ	and	ଵݔ ൌ ,ଵݕଵሺݓ ଶݔ	and	ଶሻݕ ൌ ,ଵݕଶሺݓ  ଶሻ. Thenݕ
the joint probability distribution of ଵܻ	and	 ଶܻ is 

݃ሺݕଵ, ଶሻݕ ൌ ݂ሾݓଵሺݕଵ, ,ଶሻݕ ,ଵݕଶሺݓ .ଶሻሿݕ  |ܬ|

where the Jacobian is 2 ൈ 2 determinant as 

|ܬ| ൌ ቮ

డ௫భ
డ௬భ

డ௫భ
డ௬మ

డ௫మ
డ௬భ

డ௫మ
డ௬మ

ቮ. 

 

1.4.2.2 Distribution Function Method (cdf Method): 

The general method works as follows: 

If ܺ	be an independent random variable with pdf ௑݂ሺݔሻ and ܻ ൌ  ሺܺሻ be aݑ
function of ܺ. Then, find 

 .ሻ, cdf of Xݔ௑ሺܨ .1
2. The region of Y. 
ሻݕ௒ሺܨ .3 ൌ ܲሺܻ ൑ ሻݕ ൌ ܲሺݑሺܺሻ 	൑ ሻݕ ൌ ܲሺܺ ൑ ሺܻሻሻݓ ൌ  .ሺܻሻሻݓ௑ሺܨ
4. The density function ௒݂ሺݕሻ by differentiating ܨ௒ሺݕሻ. 

Example 1.13: 

Suppose the random variable X  has a pdf  

௑݂ሺݔሻ ൌ 0						ଶ,ݔ3 ൏ ݔ ൏ 1. 

Find the pdf of ܻ ൌ 2ܺ ൅ 3. 

Solution: 

From Example 1.3, we get ܨ௑ሺݔሻ ൌ  .ଷݔ

Since 0 ൏ ݔ ൏ 1 ⟹ 0 ൏ ݔ2 ൏ 2 ⇒ 3 ൏ ݕ ൏ 5. 

ሻݕ௒ሺܨ ൌ ܲሺܻ ൑ ሻݕ ൌ ܲሺ2ܺ ൅ 3	 ൑ ሻݕ ൌ ܲሺ2ܺ ൑ ݕ െ 3ሻ			 

                                ൌ ܲ ቀܺ ൑
௬ିଷ

ଶ
ቁ ൌ ௑ܨ ቀ

௬ିଷ

ଶ
ቁ ൌ ቀ

௬ିଷ

ଶ
ቁ
ଷ
. 

Then, the pdf of Y is  

௒݂ሺݕሻ ൌ
ሻݕ௒ሺܨ݀

ݕ݀
ൌ
3
8
ሺݕ െ 3ሻଶ, 3 ൏ ݕ ൏ 5.		 
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1.4.2.3 Moment-Generating Method: 

Theorem 1.7: (uniqueness Theorem)  

Let ܺ	and	ܻ be two random variables with moment-generating functions ܯ௑ሺݐሻ 
and	ܯ௒ሺݐሻ, respectively, if ܯ௑ሺݐሻ ൌ  ܻ have	and	then ܺ ,ݐ ሻ for all values ofݐ௒ሺܯ
the same probability distribution. 

 

Theorem 1.8: 

If ଵܺ, ܺଶ, … . . , ܺ௡	are independent random variable with moment-generating 
functions	ܯ௑భሺݐሻ,ܯ௑మሺݐሻ, … . . , ܻ ሻ, respectively, andݐ௑೙ሺܯ ൌ ଵܺ ൅ ܺଶ ൅
⋯ .൅ܺ௡, then 

ሻݐ௒ሺܯ ൌ  .ሻݐ௑೙ሺܯ	…ሻݐ௑మሺܯ.ሻݐ௑భሺܯ		

Moreover, if ܯ௑భሺݐሻ,ܯ௑మሺݐሻ, … . . ,   ,ሻare equals. Thenݐ௑೙ሺܯ

ሻݐ௒ሺܯ ൌ 		 ቀܯ௑భሺݐሻቁ
௡
. 

Example 1.14: 

If ଵܺ, ܺଶ, … . . , ܺ௡	are independent, each with an exponential distribution with 

parameter 
ଵ

ఏ
. Show that ܻ ൌ ∑ ௜ܺ

௡
௜ୀଵ  has a gamma distribution with parameters n 

and 
ଵ

ఏ
. 

Solution: 

Since that the mgf of ݁ ݈ܽ݅ݐ݊݁݊݌ݔ ቀ
ଵ

ఏ
ቁ is ܯ௑ሺݐሻ ൌ

ఏ

ఏି௧
. Thus, the mgf of Y is given 

by 

ሻݐ௒ሺܯ ൌ ∑ܯ ௑೔
೙
೔సభ

ሺݐሻ ൌ  ሻݐ௑భା௑మା⋯.ା௑೙ሺܯ

                   ൌ ሻݐ௑೙ሺܯ	…ሻݐ௑మሺܯ.ሻݐ௑భሺܯ ൌ ቀ
ఏ

ఏି௧
ቁ
௡

. 

which is the mgf of ܽ݉݉ܽܩ ቀ݊,
ଵ

ఏ
ቁ. 

  


