
STAT 223                                               Theory of Statistics 1                               Dr. Samah Alghamdi 

 
 

23 
 

Chapter 2: Sampling Distribution 
 

In a typical statistical problem, we have a random variable X of interest but its 
probability distribution ݂ሺݔሻ	is not known. This problem can be classified in one 
of two ways: 

1. ݂ሺݔሻ is completely unknown (Sampling Distribution). 
2. The form of ݂ሺݔሻ is known but the parameter ߠ	is unknown (Statistical 

Inference). 

In this chapter, we will discuss the first problem and introduce some solution 
methods. First, let us begin with important definitions. 

Random sample: 

Let ଵܺ, ܺଶ, … , ܺ௡	be a n independent random variables, each of which has the 
same probability distribution ݂ሺݔሻ. Define ଵܺ, ܺଶ, … , ܺ௡ to be a random sample 
of size n from the population ݂ሺݔሻ and write its joint probability distribution as  

݂ሺݔଵ, ,ଶݔ … , ௡ሻݔ ൌ ଵ݂ሺݔଵሻ ଶ݂ሺݔଶሻ… ௡݂ሺݔ௡ሻ. 

Statistic: 

Any function of the random sample and does not depend upon any unknown 
parameter is called a statistic.  

Sampling Distribution: 

The probability distribution of a statistic is called a sampling distribution. 

In this chapter, we studied several of the important sampling distributions of 
frequently used statistic. Applications of these sampling distributions to problems 
of statistical inference are considered throughout most of the remaining chapters.  

In Chapter 1 we defined the two parameters ߤ	and ߪଶ, which measure the center 
of location and the variability of a probability distribution, respectively. Here, we 
shall define some important statistics that describe corresponding measures of a 
random sample. The most common statistics are the sample mean and variance. 

Mean and Variance: 

Let ଵܺ, ܺଶ, … , ܺ௡ denote a random sample of size n from a given distribution. The 
statistic 
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തܺ ൌ
ଵ

௡
∑ ௜ܺ
௡
௜ୀଵ , 

is called the mean of the random sample, and the statistic 

ܵଶ ൌ
ଵ

௡ିଵ
∑ ሺ ௜ܺ െ തܺሻଶ௡
௜ୀଵ , 

is called the variance of the random sample. 

Now, we should view the sampling distribution of തܺ	and ܵଶ	as the mechanisms 
from which we will be able to make inference on the unknown parameters ߤ	and 
 .ଶߪ

 

2.1 Sampling Distribution of ࢄഥ 

Suppose that we have a population with mean ߤ and variance ߪଶ and let 

ଵܺ, ܺଶ, … , ܺ௡ be a random sample of size n from this population. Let the mean of 
the random sample be തܺ. Now, consider the following theorems of different cases 
of sampling distribution of തܺ. 

 

Theorem 2.1: 

Let ଵܺ, … . , ܺ௡ be independent random variables such that, for ݅ ൌ 1,… , ݊, 	 ௜ܺ has 
a ܰሺߤ௜, ௜ߪ

ଶሻ distribution. Let	ܻ ൌ 	∑ ܽ௜
௡
௜ୀଵ ௜ܺ, where ܽଵ,… . , ܽ௡ are constants. 

Then, the distribution of ܻ is ܰ൫∑ ܽ௜
௡
௜ୀଵ ,௜ߤ ∑ ܽ௜

ଶߪ௜
ଶ௡

௜ୀଵ ൯.  

Proof:  

Using independent and the mgf of normal distribution, for ݐ ∈ ܴ, the mgf of ܻ is, 

ሻݐ௒ሺܯ ൌ ሺ݁௧௒ሻܧ ൌ ௧݁ൣܧ ∑ ௔೔௑೔
೙
೔సభ ൧ 

                                                 ൌ	∏ ሾ݁௧௔೔௑೔ሿ௡ܧ
௜ୀଵ ൌ 	∏ ݁௔೔ఓ೔௧ା

భ
మ
௔೔
మఙ೔

మ௧మ௡
௜ୀଵ  

                                                 ൌ ݁∑ ௔೔ఓ೔
೙
೔సభ ௧ାభ

మ
∑ ௔೔

మఙ೔
మ௧మ೙

೔సభ  

which is the mgf of a ܰ൫∑ ܽ௜ߤ௜, ∑ ܽ௜
ଶߪ௜

ଶ௡
௜ୀଵ

௡
௜ୀଵ ൯ distribution. 
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Example 2.1: 

Let ଵܺ~ܰሺ3,2ሻ and ܺଶ~ܰሺ2,1ሻ. Find the distribution of ܻ ൌ 5 ଵܺ െ 2ܺଶ. 

 

Solution: 

ሺܻሻܧ ൌ ሺܧ5 ଵܺሻ െ ሺܺଶሻܧ2 ൌ 15 െ 4 ൌ 11 

ሺܻሻݎܸܽ ൌ ሺܧ25 ଵܺሻ ൅ ሺܺଶሻܧ4 ൌ 50 ൅ 4 ൌ 54 

Then, the distribution of Y is obtained as 

ܻ~ܰሺ11, 54ሻ 

 

Theorem 2.2: 

If ଵܺ, ܺଶ, … , ܺ௡ is a random sample from any distribution with mean ߤ and 
variance ߪଶ; then  

௑തߤ ൌ ௫̅ߪ and variance ߤ	
ଶ ൌ

ఙమ

௡
. 

Proof: 

Since ଵܺ, ܺଶ, … , ܺ௡ is a random sample, then  

௑തߤ ൌ 	ሺܧ	 തܺሻ ൌ ܧ ቀ
ଵ

௡
∑ ௜ܺ
௡
௜ୀଵ ቁ ൌ

ଵ

௡
∑ ሺܧ ௜ܺሻ ൌ

ଵ

௡
ߤ	݊ ൌ௡

௜ୀଵ  .ߤ

௫̅ߪ
ଶ ൌ 	ሺݎܸܽ തܺሻ ൌ ݎܸܽ ቀ

ଵ

௡
∑ ௜ܺ
௡
௜ୀଵ ቁ ൌ

ଵ

௡మ
∑ ሺݎܸܽ ௜ܺሻ
௡
௜ୀଵ ൌ

ଵ

௡మ
ଶߪ	݊ ൌ

ఙమ

௡
. 

 

Theorem 2.3: 

Suppose that ଵܺ, ܺଶ, … , ܺ௡ be a random sample of ݊ observations are taken from 
a normal population with mean ߤ and variance ߪଶ. Each observation ௜ܺ , ݅ ൌ
1, 2, … . , ݊, has the same normal distribution. Hence, we conclude that  

1. തܺ has a normal distribution with mean   ߤ and variance 
ఙమ

௡
, ቂi. e.		 തܺ~ܰ ቀߤ,

ఙమ

௡
ቁቃ. 

2. ܼ ൌ
௑തିఓ

ఙ √௡⁄
~ܰሺ0,1ሻ. 
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Proof: 

Since, we know ଵܺ, ܺଶ, … , ܺ௡ are independent random variables and have the 
same normal distribution, then they have the same mgf which is  

ሻݐ௑೔ሺܯ ൌ ݁ఓ௧ା
ଵ
ଶఙ

మ௧మ	, ݅ ൌ 1, 2, … , ݊. 

Now, by using the mgf transformation method (Theorem 1.8), we get 

ሻݐ௑തሺܯ ൌ ൫݁௑ത௧൯ܧ ൌ ܧ ൬݁
ଵ
௡∑ ௑೔

೙
೔సభ 	௧൰ ൌ ܧ ൬݁

ଵ
௡ሺ௑భା௑మା⋯ା௑೙ሻ	௧൰ 

                                       ൌ ܧ ቀ݁௑భ	
೟
೙
ା௑మ

೟
	೙
ା⋯ା௑೙	

೟
೙ቁ ൌ ൬ܯ௑భ ቀ

௧

௡
ቁ൰

௡

, for any random variable ଵܺ 

                                       ൌ ቆ݁ఓ
೟
೙
ାభ
మ
ఙమ೟

మ

೙మቇ
௡

ൌ ݁ఓ௧ା
భ
మ
ߪ	
2

݊ 	௧
మ
. 

which is the mgf of the normal distribution with mean ߤ and variance 
ఙమ

௡
. 

 

Theorem 2.4:  Central Limit Theorem:  

If ଵܺ, ܺଶ, … , ܺ௡ is a random sample of size n from any distribution with mean ߤ 
and variance ߪଶ; if തܺ is the mean of the random sample, then as ࢔ → ∞, 

1. തܺ has approximately a normal distribution with mean ߤ and variance 
ఙమ

௡
, ቂi. e.		 തܺ~ܰ ቀߤ,

ఙమ

௡
ቁቃ. 

2. ܼ ൌ
௑തିఓ

ఙ √௡⁄
~ܰሺ0,1ሻ. 

Example 2.2:  

An electrical firm manufactures light bulbs that have a length of life that is 
approximately normally distributed, with mean equal to 800 hours and a standard 
deviation of 40 hours, find the probability that a random sample of 16 bulbs will 
have an average life of less than 775 hours. 

Solution:  

The sampling distribution of ܺ ത will be approximately normal, with ߤ௑ത ൌ 800 and 

௫̅ߪ
ଶ ൌ

ସ଴

√ଵ଺
ൌ 10. Then,  

ܲሺ തܺ ൏ 775ሻ ൌ ܲ ቀܼ ൏
଻଻ହି଼଴଴

ଵ଴
ቁ ൌ ܲሺܼ ൏ െ2.5ሻ ൌ 0.0062. 
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Theorem 2.5:  

Let ଵܺ, ܺଶ, … , ܺ௡	is a random sample of size n from a normal distribution with 
mean ߤ and unknown variance ߪଶ, then  

1. തܺ has a t-distribution with mean ߤ, variance 
ௌమ

௡
 and	ሺ݊ െ 1ሻ degrees of 

freedom. 

2. ܶ ൌ
௑തିఓ

ௌ √௡⁄
 .ሺ௡ିଵሻݐ~

Example 2.3: 

A sample of 16 ten-year-old girls had a standard deviation of 12 pounds. Assume 
the population is normal distribution with mean weight 70 pounds. Find 
ܲሺ തܺ ൐ 74ሻ. 

Solution: 

We have, ߤ ൌ 70, ܵ ൌ 12 and ݊ ൌ 16. Then, തܺ has a t-distribution with ݊ െ 1 ൌ
15 degree of freedom. Thus, 

ܲሺ തܺ ൐ 74ሻ ൌ 1 െ ܲ ቆܶ ൏
74 െ 70

12 √16⁄
ቇ ൌ 1 െ ܲሺܶ ൏ 1.333ሻ ൌ 1 െ 0.9 ൌ 0.1 

 

2.2 Sampling Distributions from the Normal and Chi-
Squared Distributions 

In this section we introduce some sampling distributions of some important and 
useful random variables. 
 

Theorem 2.6: 

Let ܼ~ܰሺ0, 1ሻ. Then, ܷ ൌ ܼଶ ൌ ቀ
௑ିఓ

ఙ
ቁ
ଶ
 follows the chi-squared distribution 

with 1 degree of freedom i.e. ܼଶ~߯ଵ
ଶ. 

Proof: 

We know that the pdf of Z is ݂ሺݖሻ ൌ
ଵ

√ଶగ
݁ି

భ
మ
௭మ. Now, to find the distribution of 

ܷ, use the cdf transformation method as following: 

ሻݑ௎ሺܨ ൌ ܲሺܷ ൑ ሻݑ ൌ ܲሺܼଶ ൑ ሻݑ ൌ ܲሺെ√ݑ ൑ ܼ ൑  ሻݑ√
                                                    ൌ ൯ݑ√௓൫ܨ െ   .൯ݑ√௓൫െܨ
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Therefore, 

                               ௎݂ሺݑሻ ൌ ௓݂൫√ݑ൯
ௗ௭

ௗ௨
െ ௓݂൫െ√ݑ൯

ௗ௭

ௗ௨
 

				ൌ
ଵ

ଶ
	ିݑ

భ
మ

ଵ

√ଶగ
݁ି	

భ
మ
௨ ൅

ଵ

ଶ
	ିݑ

భ
మ

ଵ

√ଶగ
݁ି	

భ
మ
௨ ൌ

ଵ

ଶ
భ
మ	୻ቀ

భ
మ
ቁ
	ିݑ

భ
మ݁ି	

ೠ
మ . 

which is the pdf of chi-squared distribution with 1 degree of freedom. 
 

 
Corollary 2.1: 
Let ଵܺ, ܺଶ, … , ܺ௡ be a random sample of size n from a normal population with 
mean ߤ and variance ߪଶ. If the mean of the random sample is ܺ,ഥ 	where 

തܺ~ܰ ቀߤ,
ఙమ

௡
ቁ and 

௑തିఓ

ఙ √௡⁄
~ܰሺ0, 1ሻ, then 

ቀ
௑തିఓ

ఙ √௡⁄
ቁ
ଶ
~߯ଵ

ଶ. 

Proof: 
Left as an exercise. 
 

Theorem 2.7: 

Let ܼଵ, ܼଶ, … . . , ܼ௡ be independent random variables with ܼ௜ ൌ
௑೔ିఓ೔
ఙ೔

~ܰሺ0, 1ሻ, 

where ௜ܺ~ܰሺߤ௜, ݅ ௜ሻ for eachߪ ൌ 1, 2, … , ݊. If ܻ ൌ ∑ ௜ݖ
ଶ ൌ ∑ ቀ

௑೔ିఓ೔
ఙ೔

ቁ
ଶ

௡
௜ୀଵ

௡
௜ୀଵ  then 

ܻ follows the chi-squared distribution with ݊ degrees of freedom. We write ܻ ൌ
∑ ௜ݖ

ଶ௡
௜ୀଵ ~χ௡ଶ . 

Proof: 
Find the moment generating function of ܻ. Since ܼଵ, ܼଶ, … , ܼ௡ are independent, 

ሻݐ௒ሺܯ ൌ ∑ܯ ௭೔
మ೙

೔సభ
ሺݐሻ 

                        ൌ ൫݁൫௭భܧ
మା௭మ

మା⋯ା௭೙మ൯௧൯ 

                                       ൌ ൫݁௭భܧ
మ௧൯. ൫݁௭మܧ

మ௧൯…ܧ൫݁௭೙
మ௧൯ 

                                  ൌ ௭భܯ
మሺݐሻ	ܯ௭మ

మሺݐሻ…ܯ௭೙మሺݐሻ 

From Theorem 2.6, each ܼ௜
ଶ	follows χଵ

ଶ and therefore it has mgf equal to 

ሺ1 െ 	ሻିݐ2
భ
మ. Conclusion: 

ሻݐ௒ሺܯ   ൌ ቀܯ௭భ
మሺݐሻቁ

௡
ൌ ሺ1 െ 	ሻିݐ2

೙
మ  ,  for  ݐ ൐

ଵ

ଶ
 

This is the mgf of chi-squared distribution with ݊ degrees of freedom. 
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Corollary 2.2: 

Let ଵܺ, ܺଶ, … . , ܺ௡ is a random sample from ܰሺߤ, ∑ ଶሻ, thenߪ ቀ
௑೔ିఓ

ఙ
ቁ
ଶ

௡
௜ୀଵ ~χ௡ଶ . 

 

Theorem 2.8: 

If ܵଶ ൌ ଵ

௡ିଵ
∑ ሺ ௜ܺ
௡
௜ୀଵ െ തܺሻଶ is the sample variance of a random sample from a 

normal distribution with mean ߤ  and variance ߪଶ, then  

ܷ ൌ
ሺ݊ െ 1ሻܵଶ

ଶߪ
~χ௡ିଵ

ଶ  

Proof: 

Since ܵଶ ൌ
ଵ

௡ିଵ
∑ ሺ ௜ܺ
௡
௜ୀଵ െ തܺሻଶ, where തܺ ൌ

ଵ

௡
∑ ௜ܺ
௡
௜ୀଵ ; then we can redefine U as 

ܷ ൌ
ሺ݊ െ 1ሻܵଶ

ଶߪ
ൌ
∑ ሺ ௜ܺ
௡
௜ୀଵ െ തܺሻଶ

ଶߪ
 

Now, let 
                   ∑ ሺ ௜ܺ

௡
௜ୀଵ െ തܺሻଶ ൌ ∑ ሾሺ ௜ܺ െ ሻߤ െ ሺ തܺ െ ሻሿଶ௡ߤ

௜ୀଵ , 

                       ൌ ∑ ሾሺ ௜ܺ െ ሻଶߤ െ 2ሺ ௜ܺ െ ሻሺߤ തܺ െ ሻߤ ൅ ሺ തܺ െ ሻଶሿ௡ߤ
௜ୀଵ   

                       ൌ ∑ ሺ ௜ܺ െ ሻଶ௡ߤ
௜ୀଵ െ 2ሺ݊ തܺ െ ሻሺߤ݊ തܺ െ ሻ൅݊ሺߤ തܺ െ  ሻଶߤ

                                           ൌ ∑ ሺ ௜ܺ െ ሻଶ௡ߤ
௜ୀଵ െ 2݊ሺ തܺ െ ሻଶ൅݊ሺߤ തܺ െ  ሻଶߤ

        ൌ ∑ ሺ ௜ܺ െ ሻଶ௡ߤ
௜ୀଵ െ ݊ሺ തܺ െ  .ሻଶߤ

Then,  

                                       ܷ ൌ
ଵ

ఙమ
ሾ∑ ሺ ௜ܺ െ ሻଶ௡ߤ

௜ୀଵ െ ݊ሺ തܺ െ  ሻଶሿߤ

                                           ൌ ∑ ቀ
௑೔ିఓ

ఙ
ቁ
ଶ

௡
௜ୀଵ െ ݊ ቀ

௑തିఓ

ఙ
ቁ
ଶ
 

                                           ൌ ∑ ቀ
௑೔ିఓ

ఙ
ቁ
ଶ

௡
௜ୀଵ െ ቀ

௑തିఓ

ఙ √௡⁄
ቁ
ଶ
. 

Use the mgf transformation method to find the distribution of ܷ as follows 

ሻݐ௎ሺܯ ൌ ௧ሻ	ሺ݁௎ܧ ൌ ܧ ቌ݁
ቈ∑ ቀ

௑೔ିఓ
ఙ ቁ

మ
೙
೔సభ ି൬ ௑

തିఓ
ఙ √௡⁄

൰
మ
቉௧
ቍ 

Since, ∑ ቀ
௑೔ିఓ

ఙ
ቁ
ଶ

௡
௜ୀଵ and ቀ

௑തିఓ

ఙ √௡⁄
ቁ
ଶ
  are independent random variables (Prove it), 

we can get 
 

ሻݐ௎ሺܯ ൌ ܧ ቆ݁∑ ቀ
௑೔ିఓ
ఙ ቁ

మ
௧೙

೔సభ ቇ ܧ ൭݁
ି൬ ௑

തିఓ
ఙ √௡⁄

൰
మ
௧
൱ 
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                                         ൌ

ாቌ௘
∑ ൬

೉೔షഋ
഑ ൰

మ
೟೙

೔సభ ቍ

ாቌ௘
൬
೉ഥషഋ
഑ √೙⁄

൰
మ
೟
ቍ

ൌ
ெ
∑ ቀ

ೣ೔షഋ
഑ ቁ

మ೙
೔సభ

ሺ௧ሻ

ெ
൬
೉ഥషഋ
഑ √೙⁄

൰
మሺ௧ሻ

 

From Corollary 2.1 and Corollary 2.2, we found that 

∑ ቀ
௑೔ିఓ

ఙ
ቁ
ଶ

௡
௜ୀଵ ~߯௡ଶ   and   ቀ

௑തିఓ

ఙ √௡⁄
ቁ
ଶ
~߯ଵ

ଶ 

i.e.,  

ܯ
∑ ቀ

೉೔షഋ

഑
ቁ
మ

೙
೔సభ

ሺݐሻ ൌ ሺ1 െ 	ሻିݐ2
೙
మ  and  ܯ

ቀ೉
ഥషഋ
഑ √೙⁄

ቁ
మሺݐሻ ൌ ሺ1 െ 	ሻିݐ2

భ
మ 

Then, 

ሻݐ௎ሺܯ ൌ
ሺ1 െ 	ሻିݐ2

௡
ଶ	

ሺ1 െ 	ሻିݐ2
ଵ
ଶ

ൌ ሺ1 െ 	ሻିݐ2
ሺ௡ିଵሻ
ଶ 	 

which is the mgf of chi-squared distribution with ݊ െ 1 degrees of freedom. 
Thus, 

ሺ݊ െ 1ሻܵଶ

ଶߪ
~߯௡ିଵ

ଶ  

 

Theorem 2.9: 
Let ܺ~߯௡ଶ, ܻ~߯௠ଶ . If  ܺ, ܻ are independent then ܺ ൅ ܻ~߯௡ା௠ଶ . 
Proof: 
Left as an exercise.  
 

Theorem 2.10: 
Let Z denote a random variable that is ܼ~ܰሺ0,1ሻ; let ܷ denote a random variable 

that is ܷ~߯௞
ଶ	and let Z and U are independent. Then,   

ܶ ൌ
ܼ

ඥܷ ݇⁄
 ௞ݐ~

Proof: 
Since are ܼ and ܷ independent, the joint density of ܼ and ܷ is given by 

                        	 ௓݂,௎ሺݖ, ሻݑ ൌ ௓݂ሺݖሻ. ௎݂ሺݑሻ 

                                         ൌ
ଵ

√ଶగ
݁ି	

భ
మ
௭మ ଵ

ଶቀ
ೖ
మቁ୻ቀೖ

మ
ቁ
ݑ
ೖ
మ
	ିଵ݁ି	

ೠ
మ  
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                                         ൌ
ଵ

ଶቀ
ೖ
మቁ୻ቀೖ

మ
ቁ√ଶగ

ݑ
ೖ
మ
	ିଵ݁ି	

భ
మ
௭మି	ೠ

మ,			ݑ ൐ 0,െ∞ ൏ ݖ ൏ ∞ 

The one-to-one transformation will be used to obtain the pdf of T. Define the 
random variables 

ܶ ൌ
௓

ඥ௎ ௞⁄
  and  ܻ ൌ ܷ 

Then, we can write  

ݖ ൌ
௧√௬

√௞
  and  ݑ ൌ  ݕ

Therefore, the Jacobian is  

|ܬ| ൌ ቮ

డ௭

డ௧

డ௭

డ௬
డ௨

డ௧

డ௨

డ௬

ቮ ൌ ቤ
√௬

√௞

௧

ଶඥ௞௬

0 1
ቤ ൌ √௬

√௞
. 

Thus, the joint pdf of T and Y is given by 

                               ்݂ ,௒ሺݐ, ሻݕ ൌ ௓݂,௎ ቀ
௧√௬

√௞
, ቁݕ .  |ܬ|

ൌ
1

2ቀ
௞
ଶቁΓ ቀ

݇
2ቁ√2ߨ

ݕ	
௞
ଶ	ିଵ݁ି		

௬௧మ
ଶ௞ 	ି	

௬
ଶ 	
ඥݕ

√݇
ݕ			,	 ൐ 0,െ∞ ൏ ݐ ൏ ∞ 

The marginal pdf of T is then 

                                    ்݂ ሺݐሻ ൌ ׬ ்݂ ,௒ሺݐ, ሻݕ
ஶ
଴  ݕ݀

                                              ൌ
ଵ

ଶ
ೖశభ
మ ୻ቀ

ೖ
మ
ቁ√గ௞

׬ ݕ	
ೖశభ
మ
	ିଵ݁

ି	೤
మ
	൬ଵ	ା	೟

మ

ೖ
൰	ஶ

଴  ݕ݀

By using gamma function, 
୻ሺఈሻ

ఉഀ
ൌ ׬ ݔ݀		௫	ఈିଵ݁ିఉݔ

ஶ
଴ , then we get 

                                    ்݂ ሺݐሻ ൌ
ଵ

ଶ
ೖశభ
మ ୻ቀೖ

మ
ቁ√గ௞

୻ቀೖశభ
మ
ቁ

ቌ
భ	శ	

೟మ
ೖ

మ
ቍ

ೖశభ
మ

  

                                              ൌ
୻ቀ

ೖశభ
మ
ቁ

୻ቀೖ
మ
ቁ√గ௞

ቀ1	 ൅	
௧మ

௞
ቁ
ି	ೖశభ

మ
; 			െ∞ ൏ ݐ ൏ ∞ 
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And this is the pdf of t-distribution with k degrees of freedom. 

 

Theorem 2.11: 
Let ଵܺ, ܺଶ, … , ܺ௡	be a random sample of size n from a ܰሺߤ,  is	ଶߪ ଶሻ, whereߪ
unknown. Then, 

തܺ െ ߤ

ܵ √݊⁄
 ሺ௡ିଵሻݐ~

Proof: 

Since ܵଶ ൌ
ଵ

௡ିଵ
∑ ሺ ௜ܺ
௡
௜ୀଵ െ തܺሻଶ, write  

തܺ െ ߤ

ܵ √݊⁄
ൌ
ሺ തܺ െ ሻߤ ൫ߪ √݊⁄ ൯ൗ

ඨ
∑ ሺ ௜ܺ
௡
௜ୀଵ െ തܺሻଶ

ሺ݊ െ 1ሻߪଶ

 

From Theorem 2.3 and Theorem 2.8, we obtain 
௑തିఓ

ఙ √௡⁄
~ܰሺ0,1ሻ	 and  

∑ ሺ௑೔
೙
೔సభ ି௑തሻమ

ఙమ
~߯௡ିଵ

ଶ  

Then, from Theorem 2.10, we conclude that 
തܺ െ ߤ

ܵ √݊⁄
 ሺ௡ିଵሻݐ~

 

Theorem 2.12: 
Let U and V are two independent random variables such that ܷ~߯௡ଶ and 
ܸ~߯௠ଶ 	.	Then, 

ܷ ݊⁄

ܸ ݉⁄
 ௡,௠ܨ~

where ݊ and ݉ are the degrees of freedom of F-distribution. 
 

2.3 Sampling Distribution of ࡿ૛ 

The sample variance ܵଶ is given by 

ܵଶ ൌ
1

݊ െ 1
෍ሺ ௜ܺ

௡

௜ୀଵ

െ തܺሻଶ 
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From Theorem 2.8, we found that the distribution of ܵଶ is  

ሺ݊ െ 1ሻܵଶ

ଶߪ
~ܺ௡ିଵ

ଶ  

By using this conclusion, we can calculate the mean and the variance of ܵଶ as 
follows 

ܧ ቆ
ሺ݊ െ 1ሻܵଶ

ଶߪ
ቇ ൌ ݊ െ 1	 ⇒ ሺܵଶሻܧ ൌ  ଶߪ

ݎܸܽ ቆ
ሺ݊ െ 1ሻܵଶ

ଶߪ
ቇ ൌ 2ሺ݊ െ 1ሻ 	⇒ ሺܵଶሻݎܸܽ	 ൌ

ସߪ2

݊ െ 1
 

 

Corollary 2.3:  

The general derivation of the mean and the variance of the sample variance 
ܵଶ	that does not assume normality are given by 

ሺܵଶሻܧ ൌ  ଶߪ

ሺܵଶሻݎܸܽ ൌ
ସߤ
݊
െ
ସሺ݊ߪ െ 3ሻ

݊ሺ݊ െ 1ሻ
 

where ߤସ ൌ ሾሺܺܧ െ  .ሻସሿ is the fourth central moment of Xߤ

 

2.4 Sampling Distribution of Order Statistics 

In this section, the concept of order statistic will be defined and some of their 
properties. 

Order Statistic:  

Let ଵܺ, ܺଶ, … , ܺ௡	be a random sample of size n from a cumulative distribution 
function ܨሺݔሻ. Then, ଵܻ ൑ 	 ଶܻ ൑ ⋯ ൑ ௡ܻ, where ௜ܻ are the ௜ܺ 	arranged in order of 
increasing degrees and are defined to be the order statistics corresponding to the 
random sample ଵܺ, ܺଶ, … , ܺ௡. 
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Theorem 2.13: 

Let ଵܺ, ܺଶ, … , ܺ௡	be a random sample of size n from a continuous cdf ܨሺݔሻ	and 
pdf ݂ሺݔሻ; let ଵܻ ൑ 	 ଶܻ ൑ ⋯ ൑ ௡ܻ be the order statistics of this random sample. 
Then, the marginal pdf of any order statistic of order k, say ௞ܻ is given by 

௒݂ೖሺݕ௞ሻ ൌ
௡!

ሺ௞ିଵሻ!ሺ௡ି௞ሻ!
ሾܨሺݕ௞ሻሿ௞ିଵሾ1 െ ܽ ௞ሻ,  forݕ௞ሻሿ௡ି௞݂ሺݕሺܨ ൏ ௞ݕ ൏ ܾ. 

 

Corollary 2.4: 

As a result of Theorem 2.13, the marginal pdf of ܻ ଵ ൌ ݉݅݊ሾ ଵܺ, ܺଶ, … , ܺ௡ሿ and the 
marginal pdf of ௡ܻ ൌ ሾݔܽ݉ ଵܺ, ܺଶ, … , ܺ௡ሿ are, respectively, given by 

௒݂భሺݕଵሻ ൌ ݊ሾ1 െ ܽ ଵሻ,  forݕଵሻሿ௡ିଵ݂ሺݕሺܨ ൏ ଵݕ ൏ ܾ 

௒݂೙ሺݕ௡ሻ ൌ ݊ሾܨሺݕ௡ሻሿ௡ିଵ݂ሺݕ௡ሻ,  for ܽ ൏ ௡ݕ ൏ ܾ. 

 

Theorem 2.14: 

Let ଵܻ ൑ 	 ଶܻ ൑ ⋯ ൑ ௡ܻ be the order statistics based on the random sample 

ଵܺ, ܺଶ, … , ܺ௡ from a continuous distribution with pdf ݂ሺݔሻ and support ሺܽ, ܾሻ. 
Then, the joint pdf of the order statistics is given by,  

݂ሺݕଵ, ,ଶݕ … , ௡ሻݕ ൌ ݊! ݂ሺݕଵሻ݂ሺݕଶሻ…݂ሺݕ௡ሻ,   for ܽ ൏ ଵݕ ൏ ଶݕ	 ൏ ⋯ ൏ ௡ݕ ൏ ܾ. 

 

Theorem 2.15: 

Let ଵܻ ൑ 	 ଶܻ ൑ ⋯ ൑ ௡ܻ be the order statistics based on the random sample 

ଵܺ, ܺଶ, … , ܺ௡. Then, the joint pdf of any two order statistics, say ௥ܻ ൏ ௞ܻ, is 
expressed in terms of cdf ܨሺݔሻ and pdf ݂ሺݔሻ as follows 

௥݂,௞ሺݕ௥, ௞ሻݕ ൌ
݊!

ሺݎ െ 1ሻ! ሺ݇ െ ݎ െ 1ሻ! ሺ݊ െ ݇ሻ!
ሾܨሺݕ௥ሻሿ௥ିଵሾܨሺݕ௞ሻ െ  ௥ሻሿ௞ି௥ିଵݕሺܨ

                                                  ሾ1 െ ,௞ሻݕ௥ሻ݂ሺݕ௞ሻሿ௡ି௞݂ሺݕሺܨ ܽ ൏ ௥ݕ ൏ ௞ݕ ൏ ܾ 
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Example 2.4: 

Let ଵܻ ൏ ଶܻ ൏ ଷܻ ൏ ସܻ denote the order statistics of a random sample of size 4 
from a distribution having pdf 

݂ሺݔሻ ൌ ,ݔ2 0 ൏ ݔ ൏ 1 

Compute: 

1. ܲ ቀ
ଵ

ଶ
൏ ଷܻቁ. 

2. The joint distribution of ଵܻ and ଷܻ. 

Solution: 

Here ܨሺݔሻ ൌ ଶ, provided that 0ݔ ൏ ݔ ൏ 1, so that 

1. ௒݂యሺݕଷሻ ൌ
ସ!

ଶ!ଵ!
ሺݕଷ

ଶሻଶሺ1 െ ଷݕ
ଶሻሺ2ݕଷሻ ൌ 24൫ݕଷ

ହ െ ଷݕ
଻	൯, 0 ൏ ଷݕ ൏ 1 

Thus, 

ܲ ቀ
ଵ

ଶ
൏ ଷܻቁ ൌ ׬ ௒݂యሺݕଷ

ଵ
భ
మ

ሻ	݀ݕଷ ൌ ׬ 24൫ݕଷ
ହ െ ଷݕ

଻	൯
ଵ
భ
మ

ଷݕ݀ ൌ
ଶସଷ

ଶହ଺
. 

2. ଵ݂,ଷሺݕଵ, ଷሻݕ ൌ
ସ!

଴!ଵ!	ଵ!
ሾݕଵ

ଶሿ଴	ሾݕଷ
ଶ െ ଵݕ

ଶሿଵ	ሾ1 െ ଷݕ
ଶሿଵ		2ݕଵ ଷݕ2	 	

                             ൌ ଵݕ		96 ଷݕ 	ሾݕଷ
ଶ െ ଵݕ

ଶሿ 	ሾ1 െ ଷݕ
ଶሿ   


