Dr. Khalaf Sultan Regression Analysis (Stat 332)

Matrix Approach to Simple
Linear Regression Analysis

Recall:

In the simple linear regression model:
Y, =6, +8X,+¢,1=12,..,n
E(g)=0Var(s)=0" and Cov(s,s;)=0forall i #j.

Then

EY,)=4+AX, ad Var(f,)=c’

The point estimates of 3,3 are

. > (X, =X ), )

:Blzbl:iZI n :Sxy’ 30:b0 :Y__blx_
> (x-x)
“ n (X, -X) ~ Q@ 1 -
ﬂlzblzz KiYi’ KI B > ﬂO:Z I‘|Y|9 LI =——X KI
i=1 (Xi —)(_)2 i-1 n
=l
~ 2
Va(B)=—— Va(p)= —rlla AN
D X=Xy > XXy
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Basic Definitions of the matrices and operations

The matrix A of with r rows and ¢ columns will be represented either in

full

an a2 - ;o e ac |
az) Gz ~--- Qzj -+ A4y
A — . :
an a2 a;; dic
| a1 Gyz2 - Gy - e |

or in abbreviated form: ,
A = [a;] i=1,...,r;j=1,...,¢

or simply by a boldface symbol, such as A.

Transpose

The transpose of a matrix A is another matrix, denoted by A’, that is obtained by inter-
changing corresponding columns and rows of the matrix A.
For example, if:

then the transpose A’ is:

L [2 73
2&3_[5 10 4:'
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Equality of Matrices

Two matrices A and B are said to be equal if they have the same dimension and if all
corresponding elements are equal. Conversely, if two matrices are equal, their corresponding
elements are equal. For example, if:

ay 4
3x1 as 3x1 3

then A = B implies:

Similarly, if:
ap; ap 17 2
A= ay axn = |14 5
3x2 as as 3x2 13 9

then A = B implies:

ay) = 17 ay; = 2
dy = 14 yy = 5
a3 = 13 sy = 9

Regression Examples

In regression analysis, one basic matrix is the vector Y, consisting of the n observations on
the response variable:

Y,
Y,
Y=1|"-
axl :
Y,
Note that the transpose Y’ is the row vector:
Y =0t % o K

Another basic matrix in regression analysis is the X matrix, which is defined as follows for
simple linear regression analysis:
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Another basic matrix in regression analysis is the X matrix, which is defined as follows for
simple linear regression analysis:

1 X,
1 X3
X =
nx2 - N
1 Xy

The matrix X consists of a column of 1s and a column containing the n observations on the
predictor variable X . Note that the transpose of X is:

, 1 o1 1
x=l% % xl

The X matrix is often referred to as the design matrix.

Matrix Addition and Subtraction

Adding or subtracting two matrices requires that they have the same dimension. The sum,
or difference, of two matrices is another matrix whose elements each consist of the sum, or
difference, of the corresponding elements of the two matrices. Suppose:

1 4 1 2
3x2 3 6 Ix2 3 4
then:
14+1 442 2 6
A+B=|24+2 5+3| =14 8
A2 3+3 6+4 6 10

76



Dr. Khalaf Sultan Regression Analysis (Stat 332)

Similady:
1—1 4-2 0 2
A-B=|[2-2 5-3| =10 2
Ax2 3-3 6-—4 0 2

in general, if:

Az[alj] B:[b!f} i=1$'-'ar;j=]-!"'9C

rxce I'Xc
then:
rxe 'Xc
Formula generalizes in an obvious way 1o addition and subtraction of more than two
matrices. Note also that A + B = B + A, as in ordinary algebra. L

Regression Examples

The regression model:
YI=E{Y1}+8r i=1,....n

can be written compactly in matrix notation. First, let us define the vector of the mean
responses:

EY}
E{Y,}
E(Y} =

nxl

E{Y,}

and the vector of the error terms:
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Recalling the definition of the observations vector Y , We can write the regression
model as follows:

Y =E(V]+ ¢

nxl nxl1
because: ;
17T [EW) £ E{N) +¢
Y, E{Ya} &1 E{Ya) + &2
. = . + -1 = .
Y, E{Y,} En E{Y,} + &y

Thus, the observations vector Y equals the sum of two vectors, a vector containing the
expected values and another containing the error terms.

Multiplication of a Matrix by a Scalar

A scalar is an ordinary number or a symbol representing a number. In multiplication of a
matrix by a scalar, every element of the matrix is multiplied by the scalar. For example,

suppose the matrix A is given by:
27
A= [9 3]

Then 4A, where 4 is the scalar, equals:

271 8 28
4A—4[9 3}:[36 12]

Similarly, kA equals:

2 1 [
kA_k[sv 3}_“[% Bk]

where k denotes a scalar.
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Matrix multiplications

Here is example of matrix multiplication:
- by b
a [#4 [ 47
AB = all alZ alB] b21 b22
| 21 22 23 b3| b32

_ [anby, +apby + aisbsy  anbip +apbn + aISZ;:'
| a21biy + anbay + asbsr  azbyy + anbn + anbyn

In general, if A has dimension r x ¢ and B has dimension ¢ X s, the product AB is a matrix
of dimension r x s whose element in the ith row and-jth column is:

50 that:

Thus, in the foregoing example, the element in the first row and second column of the
product AB is:

3
E aybiy = anbiy + apbn + azbs;
k=1

as indeed we found by taking the cross products of the elements in the first row of A and
second column of B and summing.
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Regression Examples

A product frequently needed is Y'Y, where Y is the vector of observations on the response
variable as defined in

Y
YY=[¥, ¥, - Y1|.|=[+P++7] =3 ¥

Ix1 :
Y,
Note that Y'Y is a 1 x 1 matrix, or a scalar. We thus have a compact way of writing a sum

of squared terms: Y'Y = 3_ Y72
We also will need XX, which is a 2 x 2 matrix, 1

1 X
X'X — 1 1 SRR | 1 XZ _ n EXI
22 | Xy X2 --- X, 1: T x Tx?
1 X,
and XY, which is a 2 X 1 matrix:
| €
Y :
xy= |1 1 L2 [ 2=
2x1 X, X2 X, : S XY,
Y.
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Identity Matrix. The identity matrix or unit matrix is denoted by I. Itis a diagonal matrix
whose elements on the main diagonal are all 1s. Premultiplying or postmultilying any r x r
matrix A by the r x r identity matrix I leaves A unchanged. For example:

1 00 ay dyiz a3 aygy app O3
IA=10 1 0 |an axn as|=|an ax axn
0 0 1 a3 dzz da3 ds; O3z daz

Similarly, we have:

a) iz a3 1
Al= |ay apn an| |0
a3y dizz d3sz 0 0

0 a) djiz a4
0l =|an ax ans
1

ds dsp dsz

Note that the identity matrix I therefore corresponds to the number 1 in ordinary algebra,
since we have there that1 - x = x -1 = x.
In general, we have for any r x r matrix A:

Al=JA=A

Vector and Matrix with All Elements Unity

A column vector with all elements 1 will be denoted by 1:

1
1
1 - :
rxl .
—1_

1 --- 1
1=
1 1
For instance, we have:
1 1 1 1
1 = J=1111
ix1 Ix3 1 1 1

Note that for an n x 1 vector T we obtain:
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1
=g --- 1] | =[l=n
1
and:
1 1 1
mw={:-1M --- 1=1: =]
1 1 I nxXn
Zero Vector
A zer0 vector 18 a vector containing only zeros. The zero column vector will be denoted
by 0: -
0
, 0
0=|.
~ rxl .
0

Finding the Inverse
Up to this point, the inverse of a matrix A has been given, and we have only checked to
make sure it is the inverse by seeing whether or not A~'A = I. But how does one find the
inverse, and when does it exist?

Aninverse of a square r x r matrix exists if the rank of the matrix is r. Such a matrix is
said to be nonsingular or of full rank. An r X r matrix with rink less than r is said to be
singular or not of full rank, and does not have an inverse. The inverse of an ¥ X r matrix of
full rank also has rank r.

Finding the inverse of a matrix can often require a large amount of computing. We ghall
take the approach in this book that the inverse of a 2 x 2 matrix and a 3 x 3 matrix can
be calcnlated by hand. For any larger matrix, one ordinarily uses a computer to find the
inverse, unless the matrix is of a special form such as a diagonal matrix. It can be shown
that the inverses for 2 x 2 and 3 x 3 matrices are as follows:

1. If:
a b
= [C d]
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then:
d —b
Al — a b —l_ D D
2  |le d = @
D D
where:
D =ad —bc

D is called the determinant of the matrix A. If A were singular, its determinant would equal

zer0 and no inverse of A would exist.

2. If
a b c¢
B=|d ¢ f
3x3 g }’l k
then
a b ]! A B C
B'=|d ¢ f| =|D E F
33 g h k G H K
Example
, 2 4
SE
We have:
a=2 b=4
o C=3 d=l
D=ad —bc=2(1)—-43)=-10
Hence:
-1 4 "
Al |10 —10 -1 4
—3 2 3 -2
L —10 -=10._
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Regression Example

The principal inverse matrix encountered in regression analysis is the inverse of the matrix

X'X
I’l- X,'
XX = 2
22 ¥ X XX

Using rule , We have: -
a=n b=>3X; ,
e=2X d=3X; .
S0 that: .
D=n x2- (Z X;) (ZX) —n [ZX} - (Ef‘)z] =S (X, — %)’
Hence:

> X7 -2 X ]

(X’X)_l — n Z(Xf —_ )_()2 n Z(X,' - }_()2
2x2 -3 X; n

| n 33X — X)2 nd (X, — X)? |

Since Y~ X; = nX and }_(X; — X)? = " X? — nX?, we can simplify

-l N 72 _% i}
)2 )
I 2(Xi—X)? YAXi—X)
()2(3-:2) —}_f 1
(X — X)? > (X — X)? |
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Some Basic Results for Matrices

We list here, without proof, some basic results for matrices which we will utilize in later

work.
A+B=B+A
A+B)+C=A+B+0O
(ABYC = A(BC)
C(A+B)=CA+CB
7 k(A +B) = kA + kB
(AY =A
A+BY =A"+PB
(ABY = B'A’

(ABC) = C'B'A’
(AB)—I =B 'A!
(ABC)™! = CIBlA™!
A HT=A
AY =AY

Random Vectors and Matrices

Expectation of Random Vector or Matrix

Suppose we have = 3 observations in the observations vector Y-

4]
Y=|Y
Ixl Y3 -

The expected value of Y is a vector, denoted by E{Y}], that is defined as follows:

E{Y,}
E(Y} = | E{Y3)
3x1 E{Yg]
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Regression Example

Suppose the number of cases in a regression application is n = 3. The three error terms g,
&2, &3 each have expectation zero. For the error terms vector:

ol

£
E = | & |
3x1
£3
we have:
E{e}= 0
3x] 3x1
since:
E[Sl} 0
E[Sz} =10
Eles} 0

Variance-Covariance Matrix of Random Vector

If we have p random variables we can put them into a random vector as

Y =[Y,,....Y,], then

O, Oy Oip
O, Oy ... O,

Var(Y )=| . = . "1, where
Oy Oy o Oy

oy =05 =cov(Y,Y;) and o =var(f,).
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Regression Example

o, 0 0

0O o, ... 0
Var(e)=| . . 0 . |=o

0 O o

Some Basic Results

Frequently, we shall encounter a random vector W that is obtained by premultiplying the
random vector Y by a constant matrix A (a matrix whose elements are fixed):

W =AY
Some basic results for this case are:

E{A}]=A
E{W} = E{AY} = AE{Y}

Var(AW )= A variV )A .
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Simple Linear Regression Model in Matrix Terms

We are now ready to develop simple linear regression in matrix terms. Remember again that
we will not present any new results, but shall only state in matrix terms the results obtained
earlier. We begin with the normal error regression model

Y=6+6X:+¢& i=1,....n

This implies:

Y1 = Bo+ Bi X1 + &
Yo=P0o+ B X2+ &2

-
L]

Yn =ﬁ0+ﬁ1Xn+8n

Let us repeat these definitions and also define the B vector of the

regression

07 10X, Lt
Y2 1 X2 ﬁO £
n¥l - n§2 = zgl - [ﬁl] HEI -
_Yn_ _I Xn |_8n..

-l ot
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Then

since:

and the conditions are

Then

Y=X B+e

nxl

1 X,
1 Xz l

1 X,

[ Bo+ i X\
fo + Br X2

L Bo + i X,

0

E(e)=|: |=0

0

nx? 2x1 nxl

&)
€3
|+
&
£ Bo+ B X, + &
£ Bo+ 6 X2+ &2
+ | .| = .
Ep ﬁ(}"‘ﬁan""En

and var(e)=o"l

EY)=Xp and Var{( )=c’l
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