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Multiple Linear Regression

General Linear Regression Model

In general, the variables X,,..., X -, in a regression model do not need to represent

different predictor variables, as we shall shortly see. We therefore define the general linear

regression model, with normal error terms, simply in terms of X variables:
Yi=PBo+ b1 Xii + BoXiz+--- + Bp1 Xip-1 + &

where;

Bos Pr - - - » Bp—1 are parameters
X1, - - Xi,p—1 are known constants

g; are independent N (0, 0%)
i=1,....n

To express general linear regression model
Yi=po+ B Xit + BoXin+ -+ Bp_1Xi p—1 + &

in matrix terms, we need to define the following matrices:

BN 1 Xy X o0 Xipa ]
Y, 1 X3 X -+ Xpp
Y =1. X=1]. . . :
nxl nXp .
_YYH _1 an XnZ Xn p1
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bo } £)

B &

B=1] . e =) .
px1 : nxl

_ﬁp—h En

Note that the Y and e vectors are the same as for simple linear regression. The § vector
contains additional regression parameters, and the X matrix contains a column of 1s as well
as a column of the n observations for each of the p — 1 X variables in the regression model
The row subscript for each element X;; in the X matrix identifies the trial or case, and the
column subscript identifies the X variable.

In matrix terms, the general linear regression model

Y=X B+e

nxl nXp nxp nxl

where:

Y is a vector of responses
B is a vector of parameters
X is a matrix of constants
€ is a vector of independent normal random variables with expectation

E{e} = 0 and variance-covariance matrix:

'0'2 0 P 0-

0 ¢ -« 0 .
o’{e} = : : . =GZI‘

(0 0 .- o?]

Consequently, the random vector Y has expectation:

E(Y) = XB

nxl

and the variance-covariance matrix of Y is the same as that of €:

oY} = o021

nxn
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Estimation of Regression Coefficients

b, 1 | B
b g | -
b= . |= ﬂ,l =B=(X"X)'XY

_bp—l_ _,Bp_l_
Y =Xb=XB=HY, H=X(X'X)'X"

Statistical inference for the multiple linear model
Lemma:

E(B)=5
Var(f)=MSE (X 'X )

Proof
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E(B)=E(X 'X)'X Y =(X 'X)'X '"E(Y)
= (X 'X)"'X 'XB
:|,B
:,B-

This show that the Least square estimate of £ is an unbiased estimator.

Var(B)=Var[(X 'X )'X VY ]
= (X 'X)'X Var(Y )[(X 'X)'X T
= (X "X )X 'G(X X)X
= (X X)X X (X X))
= o*(X 'X )l
= (X 'X )"
=MSE (X 'X ).
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Example: (Dwaine Studios)

Form the estimated model, we get

s

Y = Xb
Y7 1 685 16.7] 187.2]
¥, 1 452 16.8 —68.857 154.2
.l =1. ) i 1.455 | = _
N ) . ’ 9.366 )
| Y5, 1 523 16.0] | 157.1
we find
e=Y-Y
(e | [ 174.4 ] C187.27 [ —12.8]]
€9 164.4 154.2 10.2
L€2|_ _1665_ L.1571_ L 94_
Hence,
SSE e'e 2180.927
MSE = = = =121.1626
n—-p 21-3 18
and

Var () =MSE (X 'X )™
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[ 207280 0722 —1.9926
= 121.1626 0722  .00037 —.0056

| —1.9926 —.0056 1363 |
3,6020 8748 —241.43 ]
= | 8748 0448  —.679
24143 —.679 16.514

Take the square root of the diagonal we get

SE (53,) =V ar (B,) =/3602 = 60.017
SE (B,)=Var(B,) =/0.0448 =0.212

SE (53,) = War(f,) =v16.514 = 4.06

Calculate the variance in Dwaine Studios, Inc. data.
# How to read txt file in R

mat <- scan('DSD.txt")

mat <- matrix(mat, ncol = 3, byrow = TRUE)
X1=mat[,1]

X2=mat[,2]
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Y=mat[,3]

n=length(mat[,1])
one=as.vector(rep(1, n))
X=cbind(one,X1,X2)
b=solve(t(X)%*%X)%*%t(X)%*%Y
model=Im(Y~X1+X2)

e=model$residual
SSE=t(e)%*%e
MSE=SSEJ[1,1]/18
varb=MSE*solve(t(X)%*%X)
SEbO=sqrt(varb[1,1])
SEbl=sqrt(varb[2,2])
SEb2=sqrt(varb[3,3])

summary(model)

Confidence Interval of the multiple linear regression model

coefficients

The 100(1-a)% confidence interval for the model coefficients can be

obtained by

S
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Example: (Dwaine Studios)

Form the estimated model, calculate 95% C.Is for the model coefficients

Y =—689+1.46X 1+9.37X 2.

,Bo itl—a/2,n—pSE (,Bo) - :80 it0.975,185E (ﬂo)
= -68.9+ 2.1(60.017)
=(~195.94, 56.14)

ﬂl itl—a/z,n—pSE (ﬂl) - 131 lL'[0.975,188E (131)
=1.46+ 2.1(0.212)
=(1.01,1.91)

ﬂz itl—a/2,n—pSE (,Bz) - 182 it0.975,18SE (ﬂz)
=937+ 2.1(4.06)
=(0.84, 17.90)

confint(model,level=0.95) #Cls for all parameters
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