Dr. Khalaf Sultan Regression Analysis (Stat 332)

In the simple linear regression model:
Y, =B, +B8 X, +&,1=12,..,n
E(5)=0,Var(g)=0> and Cov(s,s)=0forall i =j.
Then
EY)=8+BX, and Var(Yi):O'Z-

Let’s introduce some more notations:

The least square estimates of f,, 3, are

o 2X=X) ) g

By =b =15 S
> X
i=1

30:bo:Y__b1X_

Properties of Fitted Regression line

~

The residuals  €; =Y; =Y i, i =1,2,... of the simple linear regression model

satisfies the following properties
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1- The sum of the residuals is zero i.e.

Proof.

D8 :Z(Yi Y ):Z(Yi =0, +b X))
:Z(Yi _bo_blxi)

=nY -nb,—nb X

=nY -n{Y —b,X)-nbX
=nY —nY +nb,X —nbX
=0

2- The regression line always goes through the point (X Y ) .

Proof.
Y. =b,+b X, =b, +b X =Y —b X +b X =Y
3- The sum of the observed values Y, ; equals the sum of the fitted values Y ;

Proof.
Y=Y (b, +b,X,)=nb, +nbX
=n(Y —-b,X)+nbX =nY —nbX +nb,X

=nY =>Y,
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4- The sum of the weighted residuals is zero when the residual in the ith trial is

weighted by the level of the predictor variable in the ith trial Zei X;=0

i=1

Proof.

n

ieixi =_§n:(vi Y )X, =D, by -b X, )X,

i=l i=l1

zzn:(vi -/ —bX)-bX, )X,
SV X, Y YX, b X X X

:Zn:YiXi _Y_ixi *I(anx i2 —nX_Z)
i =1 =l P=l

n

:iYiXi _Y_ixi _Z(Yi _Y_)(xi _X_)

i=I

A —

:znlvixi —n><‘\(‘—i\/ixi +nXY
i=1 i=1
=0.

5- A consequence of properties (1) and (4) is that the sum of the weighted

residuals is zero when the residual in the ith trial is weighted by the fitted
value of the response variable for the ith trial ZeiYAi :

i=l1

Proof.

ieiYAi =iei (b0+b1Xi)=bOZn:ei +blieixi =0+0=0
i=l i=l1 i=l1 i=l1
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Point Estimator of &

Under the assumption that the residuals ¢ ~N (0, o*), the maximum likelihood

methods can be used to derive the MLE of & as

VYY)
D XUE T e

o which is biased estimate for o

n n

The unbiased estimate of o can be obtained as

N~ >y SSE
S*=MSE = 50 = il p— = which is called the residual mean square
MSE
Then
MSE — SSE
n-2
Example

We will calculate SSE for the Toluca Company example. The residuals were
obtained earlier. From these results, we obtain:

SSE = 54825
Then

MSE =S? :S;ﬁ:zsm and S =+MSE =+/2384 = 48.8 hours
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The sum of squared errors can be calculated from R results simply as:

model=Im(y~x)
summary(model)
summary(model)Scoef
e=summary(model)Sres

sum(e”2)
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