Dr. Khalaf Sultan Regression Analysis (Stat 332)

In the simple linear regression model:
Y, =6, +8 X, +¢,1=12,..,n
E(g)=0Var(g)=0c" and Cov(s,s)=0forall i = j.

127

Then

EY,)=4+AX, ad Var(f,)=c’

Let’s introduce some more notations:

S, = (Y, Y ) =YY ny?
i=l1 i=l1
Sy = Z}x Y, —nXY
The point estimates of 3,,3 are

n

XXX ) g

B =D, = = n =
X=Xy
B,=b, =Y —-bX
ﬁlzblzi K|Y|9 KI = n(Xi_X)
i< (X, -X)
ﬁo_z I-|Y|9 LI :%_>(_KI
i =l
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o
Z (Xi _X)Z

, SE(B)=\Var(3)

Var(,ABI)z

and

Var(3,) = o . SE(B)=Wa(p,)

—+
Ty (X, -X)

The unbiased estimate of &° 1s

s? =MSE =?=iE2, SSE =Ye?, e =Y, Y i, i=12,.
n-— i1

3- Sampling distribution

The normal error regression model is as follows:

Yi =Bo+ B X; + &

where:

¥; is the observed response in the ith trial
X; is a known constant, the level of the predictor variable in the ith trial

Bo and B, are parameters
e; are independent N (0, o%)

r=1,...,n
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A~

3-1 Sampling distribution of 2= _ 2 =A y Su=h _ b=/
SE() SEb) " SE(B,) SED,)

Lemma
Let be b, is the estimator of the slop of the simple linear regression model, then

b _Aﬂ L _b-4 has t distribution with (n-2) degrees of freedom.
SE(B,) S-ED)

Similarly,
Let be b, is the estimator of the intercept of the simple linear regression model,

then

A~

Bo _Aﬂ b _ D=/ has t distribution with (n-2) degrees of freedom.
SE(B, SEb)

Interval Estimation

f by _Aﬂl _h-p can be used to construct 100(1-a)%
SE(B) SE®)

This distribution o

confidence interval for 3 as follows

Bt 4005 E(B)

Po _Aﬂ b - DAy can be used to construct 100(1-a)%
SE(B, S-Eb,)

Similarly, the distribution of

confidence interval for 3 as follows

BoE b g2 E ()
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Example

Consider the Toluca Company example, find 95% confidence
intervals for both of 8 and 5,.

For such data, we have calculated

Var(B)=Var(h)= c_ ME B

Y -Xp S x-xyp Y

Hence the squared error of f, is

S.E(B,)=Var(B,) =+/.12040 = .3470

Similarly,

S.E(B,)=\Var(B,) =/685.34 = 26.18

U oons =too7503 = 2.068658=2.069

and
B, =3.5702, B, =62.4

Then 95% confidence interval for g as follows
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Pt 005 E(S)

3.5702 +2.069(0.3470)

Hence

2.85< 3 <4.29

Similarly, then 95% confidence interval for 3, as follows

Potl ynn2S E (L)

62.4+2.069(26.18)

Hence

8.25< B, <116.57

This can be done easily using R as:

confint(model,level=0.95) #Cls for all parameters
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Hypotheses Testing

A~

This distribution of -2 _Aﬂl _b-4 and B _LBO _bF can be used to test
SE(B) SEM) SE(B,) S-E)

some hypotheses concerning the coefficients of the simple linear regression model

as follows:

[ Steps for testing g, J

1) Setup the hypotheses
. — RO . (0)
HO‘ﬂl_ 1 VS H1°181¢ 1
i1)  Test statistic under HO

Ty=——""— this statistic has t distribution with (n-2) d.f

i11)  Critical regions

R.R. ) R.R.
of Heg ti—as2 tas2 of Hg

==t

R.R: Rejection Region and A.R: Acceptance Region
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iv)  Decision
When the calculated T, belongs to the shaded areas, we reject the null

hypothesis HO, otherwise Accept HO.

[ Steps for testing g, ]

1) Setup the hypotheses
. — RO . (0)
HO‘ﬂO_ 0 VS Hl'ﬁOi 0
i1)  Test statistic under HO

bo _ﬂ(o)

0= T(bo) this statistic has t distribution with (n-2) d.f

ii1)  Critical regions

R.R. ) R.R.
of Hg ti—as2 ta2 of Hg

== tan
R.R: Rejection Region and A.R: Acceptance Region
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iv)  Decision
When the calculated T, belongs to the shaded areas, we reject the null

hypothesis HO, otherwise Accept HO.

Remarks:

(1)In some applications, we may need to test
H,: =0 vs H,:5 =0
and
H,:5,=0 vs H,:8,#0
In these cases, you need to replace both of B” and g” by zeros in the test

steps. This equivalents testing the significance of the linear term ( B, ) or the

intercept term £, . The Minitab output are designed for these cases.

(2) In some applications, we may need to test
H,: =0 vs H,:£>(K)0
and
H,:5,=0 vs H,:5 >()0
In these cases, you need to replace the critical regions to one-sided critical

regions.
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(3) One may use the two-sided p-value approach: p —value =2P (T >t,,),
then reject HO when p —value < « , otherwise accept HO. The one-sided p-
value is p —value =P (T, >t,), then reject HO when p —value <« ,

otherwise accept HO.

Example:

Consider the Toluca Company example, test the hypotheses
H,: =0 vs H,:8%#0

and

H,:5,=0 vs H,:8,#0
Testing A

1) Setup the hypotheses
H,: =0 vs H,:8%#0
i1)  Test statistics under HO

1 _D-B” _35702-0

L= _ 10.29
SE(,) 03470

i11)  Critical regions
a=0.05-—>a/2=0.025
t ,=2.069 and-t_,=-2.069
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of Ho ~° 2 =2.069 Of R

R.R: Rejection Region and A.R: Acceptance Region
iv)  Decision: The calculated T, =10.29 belongs to the shaded areas, then we

reject the null hypothesis HO

These calculations can be conducted using the R output as:

Coefficients:

Estimate Std. Error tvalue Pr(>[t])
(Intercept) 62.366 26.177 2.382 0.0259 *
X 3.570 0.347 10.290 4.45e-10 ***

Signif. codes: 0 “** 0.001 ** 0.01 " 0.05°'" 0.1 *" 1
As we can see from the results that, T=10.29. Also, the p-value=0.000<0.05, then

reject HO.

Testing 4
1) Setup the hypotheses
H,:5,=0 vs H,:8 #0
i1)  Test statistics under HO

b — 5 B
L ) _624-0_ .
SE(b,) 26.18

ii1)  Critical regions
a=005——>a/2=0.025
t ,=2.069 and-t_,=-2.069

45




Dr. Khalaf Sultan Regression Analysis (Stat 332)

R. —¢_,, ) R.R.
of Hg fo2=2069 o

R.R: Rejection Region and A.R: Acceptance Region
iv)  Decision: The calculated T, = 2.38 belongs to the shaded areas, then we

reject the null hypothesis HO.
As we can see from the results that, T=10.29. Also, the p-value=0.026<0.05, then
reject HO.
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