» Development of mathematical models from schematics of physical systems.

Mathematical Models of Systems

Transfer functions in the frequency domain,

Two Methods:

State equations in the time domain.

a. Block diagram representation of a system;

b. block diagram Representation of an
Interconnection of subsystems

by applying the fundamental physical
laws of science and engineering.

|

II'.I|'.I|.11. - Svstem Out pru I From mathematical model
.F‘[.!'} ¥ {.“} equations we will obtain the
relationship between the
system's output and input.
(a)
Input . Output
——— | Subsystem [ Subsystem e Subsysiem ———m
F(r) c(1)

(b)

Note: The input, r(t), stands for reference input.
The output, c(t), stands for controlled variable.

Transfer function (mathematical function), is inside each block.
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Modeling in Frequency Domain
Laplace Transform Review

» Asystem represented by a differential equation is
difficult to model as a block diagram.

« Adifferential equation can describe the relationship
between the input and output of a system.

« By using Laplace transformwe can represent the
Input, output, and system as separate entities.

A(5)¥(s) = B(s)U(s5)

Laplace transform can be defined as:

Zf(B]=F(s)= [ f(t)e™ds

Where s = o + jw, a complex variable

Inverse Laplace transform:

FV[F(s)]= %TGF(S:}E”dS = f(Hu(t)

o= JeF

Where., u(f)=1 >0
=0 t<0

yields a time function that
is zero for t < 0.

Multiplication of f(t) by u(t) }
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Table 2.1
Laplace transform table

Laplace Transform Table

Item no. f(t) F(s)
1. a(r) ]
1
2. () .
1
3. fu( 1) 3
N
n!
4, (1) Es
5. e ulr) :
5+ a
. (i
6. S1n @rti(r) PR
N
7. fiel !
cos el l) .

Solution:
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Problem: Find the Laplace transform of

f(t)=Ae " u(t)

A

= Af e ordr=——2
0

s+d

e

F(s)= Tf(r)e_”ffr = T Ae e dt

—{s+alt |=
]



Laplace Transform Theorems

Table 2.2
T— Theoremn Name Inverse Laplace Transform
1. L) = Fis) = [5° flt)e"dr Definition Problem: Find inverse Laplace Transform of
2. Lkf(n0) = kF(s) Linearity theorem 1
3. LIf1(0) + f5(1)] = Fy(s) + Fafs) Linearity theorem Fi (3} —
4, Lle~™F(1)] = F(s +a) Frequency shift theorem (5 + 3)2
5. F|f(t-T)) =e*TF(s) Time shift theorem Solution:
6. 2| f(ar)] Y ) Scaling theorem
= a -
. P % — §F(s) - F(0-) Differentiation theorem From item 3 and 5 of Table 2.1,
8] w % — SEF[&'} —Sf[ﬂ—:l __f’{ﬂ__] Differentiation theorem
0, &F j:f . =s"F(s Z ol (1 I Differentiation theorem f;{r ) — E_ﬂnfﬁ )
F 5) : i i

10. % J5- f(x)dr] ( Integration theorem Frequency shift theorem item 4 of Table 2.2,
11. floc) = li_r.."u sF(s) Final value theorem' o —al
12 f(04) = lim sF(s) Initial value theorem? ZLle" f()] = F(s +a).

'For this theorem to yield correct finite results, all roots of the denominator of F(5) must have negative real

parts, and no more than one can be at the origin.

*For this theorem to be valid, f{¢) must be continuous or have a step discontinuity at r = 0 (that is, no

impulses or their derivatives at ¢ = 0).
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Inverse Laplace: Partial-Fraction Expansion

A partial-fraction expansion: transform of a complicated function to a sum of simpler terms for which we know the Laplace

transform of each term.

Case 1. (Roots of the Denominator of F(s) Are Real and Distinct)

: 2 +5 N(s
Problem: }7;(5) — 5 +fl5 TOs+ — (s)
s*+3s5+2 D(s)

Solution: s+1
s?+3s5+2 ‘s3+452+6s+5

The order of N(s) > order of D(s) we must perform the division until we obtain a
remainder whose numerator is of order less than its denominator

5 +3s+2

s24+4s+5

Partial-Fraction Exbansion

—(s%43s+2)
s+ 3

m—) 1)

F(s)= s+3 _ K LK

(s+D(s+2) (s+1) (5+2)

To find K. multiply by (5 +1). Thus
s+3 _K s (s +1)K,
(s+2) (s+2)

Lettmgs=-1, K =2

Smularly, K, =-2

Final solution;

Taking the inverse
Laplace transform

£(0) = dJE)

s+3
(s+1){5+2}}

+§(t)+3"[

(Table 2.2 Item 7)

= (2™ —2e~u(t)

dci(tj

£(f) = L 5(8)+(2e7 =2 u(r)
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Laplace Transform Solution of

a Differential Equation

: :
Problem: Solve for y(t), if all initial conditions are zero. dy +1 gﬂ +32y =32u(t)

dr’ dt

Solution: The Laplace transform is,

(Table 2.2 Item 8)

2 _32
— sY(s)+12s5Y(5)+32F(5) = .

32 32
¥(s)=

s(s’ +125+32)  s(s+4)(s+8)

K

1+ 2 4 3
s (s+4) (5+8)

Taking inverse Laplace transform, we get

32

32

K'_

inverse Laplace transform

[_1-'(3‘) =(1-2e™ + e‘“)n(?)} CE—

CEN455: Dr. Nassim Ammour

T os(s+4)|

1

Hence, ¥Y(s)=—-

&8

K = =1
(s+4)(s+8)| _,

K, K, ——) o 32

Y os(s+8)|

=2
=1
2 1
_l_
(5+4) (s+8)



Inverse Laplace: Partial-Fraction Expansion

Case 2. (Roots of the Denominator of F(s) Are Real and Repeated)

Problem: Find inverse Laplace transform of

5

Fs)= (3+1)(-3+Ej}j W

Solution:

We can write the partial-fraction
expansion as a sum of terms

K K, K,
+ —+
(s+1) (s+2)° (s+2)

reduced
multiplicity

(2)

F(s)=

2

K =

1 2 =2
(s+2)

To find K, multiply (1) = (2) by (s + 2)?

={S+,})1

+ K, +(s+2)K,
(s+1) (.:r+ 1)

Letting s - —2,we obtain K, = —2

To find K3, differentiate (3) w.r.t. s:
-2 (s+2)s

(s+1)  (s+1)°
Letting s - —2,we obtain K; = —2

K +K,

Therefore, inverse Laplace transform is:

f(t)=2e"

—Dte " —2e™

For repeated roots with multiplicity r, we have
K; K; K

PO = ooy T orp T e
1 d"VF(s) .
K;“{,-_lﬁ dsi=1 i i=1,2,...,r;

Fi(s) = (s +p,) F(s)
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Inverse Laplace: Partial-Fraction Expansion

Case 3. (Roots of the Denominator of F(s) Are Complex or Imaginary) F(s) 3
gl =
Problem: Find inverse Laplace transform of s(s°+25+5)
Solution:
This function can be expanded in the followina form: Using Item 7 |n Table 2 1 and Items 2 and 4 |n Table 2.2, we get
3 K KJ+K 4{5_,_3) :
1 I Ae™ cosax] =
(5’ +23+5] 5 5 +25+5 (1) e cosa] (s+a) +o°
K, is found in the usual way: — . | =EEK1 J[Be™ sinar] = E’fﬂ
S‘—I—ES+5|H€, 5 s+a) +w
TO find KZ and K3 |_._._._._._._._._._._._._._._._._._._._._.Jd_._ + }+B
Multiply (1) by s(s? + 2 s + 5), and put K; = 3/ Adding, S[de™ cos ot + Be™ sin ] = 25+ )+ B@

3
—> 3=g(52+25+5)+K252+K3S
3, |
—> 3=(KE+E]3'+(K}+E]3+3

Balancing coefficients(matching)

3
K2+_=0
5 3 0
. —> K=-7 andK3=—¥
Ks+2 =0 5 :
Hence. 3/5 3 s5+2

F(s)=—_=
()= 5 55 +2545
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(s+a)’ +o
We have, s2+4+2s+5=s%+2s+1+4=(s+1)? + 22
=) a=1land w =2

3/5 3 (s+1)+(1/2)2
s 5 (s+1)y+2°
f{r}=%—§e'r(c=352f+é5i112r}




Transfer Function

A Transfer Function is the ratio of the output of a system to the input of a system. It allows us to algebraically combine
mathematical representations of subsystems to yield a total system representation.

R(s) C(s)
—_— G(s) —
Input output
General nt" order, linear time-invariant differential equation:
d"e(t d""e(t d"r(t d™ (e _
a, E ) +a,, ..__E ) +...+a,c(t) =D, ,E ) +b, m_{l ) +...+b,r(t) c:output, r:input
dt dt dt dt

as"C(s)+a, s C(s)+...+a,C(s)+[Initial condition is zero]
Taking Laplace transform, . L
=P =b s"R(s)+b, ,s""R(s)+...+b,R(s)+[Initial condition is zero]

C(s b s"+b _s"+..+b
Transfer function: ( }=G(s}=[‘ e o)
R[.S:' 1:.{]'”,5' +a,,s +"'_H|:-} [We can find the output]
R(s) (bm:&'m + bm—lﬂm_l 4.+ b{]) C(s) /
- = - C(s) = G(s)R(s)
(”HH S dp-15 At HU)

Block diagram of a transfer function

CEN455: Dr. Nassim Ammour 9



Transfer Function for a Differential Equation
de(f)

Problem 1: Find the transfer function represented by y
'

+2c(f)=r(r)

Solution:
Taking Laplace transform and assuming zero initial conditions, we have

5C(s5)+2C(s) = R(s)

C(s) 1
T f f t. ) G , = 'G gl = =
ransfer function, G(s) (s) RG) 542
3
Problem 2: Find the transfer function represented by dc 3& ?E + 5¢ = d'r + 4f + 3r.

de T di? di dr

Solution:
s'C(s)+35°C(s)+ 7sC(s)+ 5C(5)=5"R(s) + 4sR(s)+ 3R(s)

_C(s)  s'+4s+3
R(s) s +35°+7s+5

CEN455: Dr. Nassim Ammour
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Problem Solving

Problem: Find the ramp response for a system whose transfer function is
5
G(s) =
(s+4)(s+8)

Solution: The input (ramp)

1 s L
C(s)=R(s)G(s) = = ¥ (s+4)(s+8) N s(s+4)(s+8)

:}C{sj:£+ 5 - ¢
5 (5+4) (5+8)

— 1 =L Hence,
[3+4)(3+8)HD 32 | | |
—4t —2t
# c(t) = ——e 4+ —ep
= 1 =—i ) 32 16 32
s(s+8)|__, 16
_ 1 _ 1
 os(s+4)|_, 32

CEN455: Dr. Nassim Ammour
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Electric Network Transfer Functions

Apply the transfer function to the mathematical modeling of electronic circuits including passive networks and O-Amp
circuits.

Table 2.3

\oltage-current, voltage-charge, and impedance relationships for capacitors, resistors, and inductors

g V() o 1 1
_{ e Wi = CJ“ ilr)ydr i =0C 7 vit) = Cq{r} o Cy
Capacitor
W/_ v(t) = Ril1) i{t) = EEw[.r]I vit) = H% s j_l;: = {7
Resistor !
. | 1
— 0000 — vy = L“Lﬂ (1) = %J Wodr W) = Ldﬁ” Ls ﬁ
Inductor ! . !
Note: The following set of symbols and units 15 used throughout this book: () = V(volts), i) = A (amps),

glf) = Q{coulombs), ¢ = F (farads), £ = £} (ohms), &G = U (mhos), L = H (henries),

CEN455: Dr. Nassim Ammour 12



Transfer Function: Single Loop (1)

Problem: Find the transfer function relating capacitor voltage, V.(s), to input voltage, V (s).
L R Ls R

— 0000V~ — 0000 W\

Laplace-transform

=+ . 1 e
v(7) C) ) C —— vc@® ‘ input v C_r) =~ Vo(s) output
(1)

Input a
P output 1(s)
RLC network . . Laplace-transformed
Summing the voltages around the loop, =V.(s)= () — network
- t Is+R+—
di(t) , 11t Cs
L——+ Ri(t) + —f i(t)dt =V(t)
dt C 0 _ V.(s) 1 y 1 _ Cs . 1
take the Laplace transform V(s) _Ls +Re L Cs s'LC+sRC+1 Cs
Vo(s) = é I(s) V() =LslI(s) Vr(s) =R I(s) FS
: _ _ 1
Capacitor Inductor Resistor IC+sRC =1 V(s) _ IC Ve(s)
! D KT
[LS+R+—]I(S):F(J):}I(5)= 1 =% 7 ST L

We know, 7, (s) =1(5); V@ _ 1) 1
&

— ] — ) )
F(s) F(S} Cs CEN455: Dr. Nassim Ammour 13



Transfer Function: Single Node

Transfer functions also can be obtained using Kirchhoff's current law and summing currents flowing from nodes. currents
leaving the node are positive and currents entering the node are negative.

D= low B 1) = Iau(s) L someumen

D 1.(s)-I,(s)=0 mp Le_lm_
fe fm g V(s)
FC“ (Sj VE {5‘) — V{S‘} —— Ve =—(—V) ] .
= T =0 Input output
1 R+ Ls I(s)
Cs
i h
= V_.(s) Cs+ 1 — V(s)
\ R+Ls) R+Ls L
V_(s) 1 V(s) _ LC Ve (s)
— —
V(s) -S'EEI‘IL.“ES-_EECJrl 82+I£S . i
[ LC
., R 1
§ T+ 5—+—
L LC

CEN455: Dr. Nassim Ammour 14



\oltage across capacitor is some proportion of

the input voltage.

Transfer Function: Single Loop
via Voltage Division

1/Cs
V.(s)=- S,
Ls+R+—
Cs |
V.(s) 1/LC
— =
V(s) , R 1
S +5—+——
L LC

Impedance of the capacitor
 Sum of the umpedances
1
V(s) IC Ve (s)
R 1
2 5, B —
ST Le

"

Vi=(Z1+Zp)i(t) (1)

Vo =Z5 i(t)
@) V,
o= 3

Which one is the easiest? Method 1, method 2, or method 3?

CEN455: Dr. Nassim Ammour
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Complex Circuits via Nodal Analysis;
Ve(s)

Complex electrical networks (those with multiple loops and nodes). We use nodal analysis to find the transfer function I75)

R, 1R1 R> sum currents at the nodes _J current from node v, (s) |

¥ Iz, oyl Ig, I 1R, =0 m) Vi(s)-V(s) Vi(s) Vi(s)-Vels) 4
+ R Ls R,
v(r) G) I \ C == ve(D) v (5:} v [:.'5'}
- — o — ¥ Current from node V¢ (s)
Input (1) ir(t) =— output ANd lc +Ig, =0 B Cs7.(s)+ = 0 — - |
@ Expressing resistances as conductances, G=1/R
1 ™
2 G +G,+— [V.(s)-GFV.(s)=V(s)G, (1
A R.-.I[.;. 1’}_[.'-.‘} A H,u,',u, l’({\} [ ' ) .I.S._,.- . : ( )
B B __G:I’i_(-?)‘l'(f*: +CW(5)=0 m) vy ()= GZ; Cs (2)
N, [+@in@) Gl z
W(s) t) Ls = — ‘ C(S) _ 162 LS
o . j“ = V(s) (G, + G)LCs? + (C + Gy(Gy + G)L — G,°L)S + G,
s) -—— y) —-—
(b) GG, 4 Divide by LC ]
. V.(s) C i
GG, %) Transfer function: vis) . GGL+C G,
V(s) R s V(s) _ (G, +G,)s + o *Ico
» G]G2L+C G2
(G1+ Gy)s=+ IC S+LC
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Complex Circuits - Mesh Equations via Inspection,

Sum of Sum of 1 [ Sum of
impedances impedances impedances
. X I — X I —
For Mesh 1: around 1(5) common to 2(5) common to
Mesh 1 Mesh 1 and mesh?2 | Mesh 1 and mesh3
Sum of 1 [ Sum of | [ Sum of
impedances impedances impedances
. - X I + X I —
For Mesh 2: common to 1(5) around 2(5) common to
[Mesh 1 and mesh2 | | Mesh 2 | | Mesh 2 and mesh3
Sum of ] [ Sum of Sum of
. impedances impedances impedances
.- X I — X +
For Mesh 3 common to 1(5) common to 2(5) around
[ Mesh 1 and mesh3 | Mesh 2 and mesh3 Mesh 3

Similarly, Meshes 3, we obtain

For Mesh 1: + (25 +2)1 (s)—(2s+ 1)1, (s)—1,(s)=V(s)
For Mesh 2; —(2s + 1)1 (s)+ (9s+1)1,(s)—4sl,(5s)=0

™
For Mesh 3: — 1 (s5)—4sl, (:.-j;+\ as+1+1 :I3(3j=U
5 )

-~

which can be solved simultaneously for any desired transfer

function, for example, I5(s)/V (s)
CENA455: Dr. Nassim Ammour

X I3(s) =

X I3(s) =

X I3(s) =

[ Sum of applied ]

[ Sum of applied ]

voltages around
Mesh 1

voltages around

Mesh 2

Sum of applied
voltages around

1
Mesh 3 s
| (
I\
Ix(s <—)
1 34 4s
1
2s
II(S)
Three loop

electrical network

17
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Operational Amplifier

An operational amplifier is an electronic amplifier used as a basic building block to implement transfer functions. It has the
following characteristics:

1. Differential input, v,(t) — v{(t) . _ _ B
>, High input impedance, Z; = o (ideal) The output, vo(t), is given by: vy (t) = A(v,(t) — v1(t))
3. Low output impedance, Z, = 0 (ideal) +V
4. High constant gain amplification, A = oo (ideal) () = i Vil)
+vs(1) A =
a. Operational amplifier:; el
-V
b. schematic for an inverting operational amplifier; =
c. Inverting operational amplifier configured for transfer @ (b)

function realization. Typically, the amplifier gain, A, is omitted.

I(s)=-1I.(5). aslI, (s)=0,because of high input impedance

Vi(s) = Zy ()l (s) |

V(s Z.(s
L) =L - B Fa i
11(5) = —I,(s) .
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Problem Solving
Inverting Operational Amplifier

Rs= €y =
Problem: Find the transfer function, Z"Eg , for the circuit below. C,= 220k 0.1 F
| so 1 —AM—¢
|/
: AN |
Solution: Vi) e )
For parallel components, Z,(s) is the —/\/\/\/— .\
reciprocal of the sum of the admittances. Ry =
360 k
1 1 n L
Z(s)= = 1 -
Cs+— 5.6x107"s +———
R, 36010
2 ;
For serial components, Z, (s) is the sum - » Vo(s) __Zy(s) _ 12375 45.955 +22.55
of the impedances. V.(s) Z,(s) ' g
1 10’
Z,(s)=R +—=220x10"+—
i - Cs s
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Non-inverting Operational Amplifier

Using voltage division, Zy(5) o
Vo(s) = [Z1(s) + Z(s)] I(s)
Vi(s) = Z1(s) I(s) } » %)= Z,(s)+Z.(s) Ve() Vs : > Vo(5)
i M +
We have: 7 (s) = A(;(s)~ V() mh Vy(s) = Z10
-V i ] o(s) =A|Vi(s) = (S)_I_ZZ(S)VO(S) Z.(s)
1 1
Zy(s) _
» Vo (s) 1+AZl(s)+Zz(s)]_AVi(S) il
V,(s) A
5 -

Vi(s) 1+AZ(s)(Z,(s)+Z,(s))

V()  Z,(s)+Z(5)
V(s)  Z(s)

For large A, we disregard '1¢ in the denominator.
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Problem Solving
Non-Inverting Operational Amplifier

PROBLEM: Find the transfer function, V.(s)/Vi(s), for the Non-inverting operational amplifier circuit

C2
SOLUTION: I <
We find each of the impedance functions, R,
1 iz 1 R, R,(1/C,s) -
7z =R +— dan 2 = = = ; 4/\/\/\/7
1(s) =R, Cs Cs+ L RCs+l R+(1/Cy) »
V()(f)
Vo(s) Z(s)+2Z,(s)

Now use the following equation:

V,'(f)

Vi(s) Z,(s)
7.+ 7, = RlClS +1 RZ . (R]_ClS + 1)(R2C2.S + 1) + R2C1$
T Gs RyCos+1 C1S(RyCos + 1)
Zl + Zz _ (R1C1$ + 1)(R2CZS + 1) + R2C18 9 CIS
» Zy C1s(RyCs + 1) RiCis +1

Non-inverting operational amplifier circuit

Substituting yields Ye(8) _ C2Ci RyR s* + (CaRy + CiRa + CiRy)s + 1
V,:I':I:I CaCy Ra Ry 5% + 'I:IT:ERE + E]R]]S +1

CEN455: Dr. Nassim Ammour
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Translational Mechanical System Transfer Functions

Mechanical systems (like electrical networks) have three passive linear components: Spring and the mass (energy-storage

elements); and viscous damper (dissipates energy).

Table 2.4
Force-velocity, force-displacement,
and impedance translational
relationships
for springs, viscous dampers, and
mass

K Spring constant

fv: Coefficient of viscous friction

M: Coefficient of mass

Force- Force-
Component velocity displacement

Impedance
Zu(s) = F(s)/ X{s)

Spring

= (] ;

flr) = KJ viT)dr fl)y = Kx(1)

fit) 1]
K

Viscous damper

— = /]
= o dalt)
p—e 11 J) = fwut) S0 = fo—p
£,
Mass
B iy = M0 gy = 0
SRR S =M=

M fi0)

fus

Ms*

MNote: The tollowing set of symbols and umts 15 used throughout this book: f(¢) = N
(newtons), x{#) = m (meters), W#) = m/s (meters,/ second), K = N/m (newtons, meter), /., =
N-s/m (newton-seconds, meter), M = kg (kilograms = newton-seconds® / meter).

CEN455: Dr. Nassim Ammour
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Transfer Functions: One Degree of Freedom

Find the transfer function, X(s)/F(s), for the system [the mass is traveling J

toward the right

K [ Spring force 1\ —— x(#)

— 1 KX(s) =777
' b b damper force dx ' e f X(S) - M e (s
M: '—"'ﬁf] va - -.M__'_.:—--f(;) ‘ VS (s)
I MR e M dix P MSEX(S) -
— ; - dr
) Free-body diagram of mass, Transformed free body diagram

Mass, spring, and damper system spring, and damper system:

 All the forces impede (obstruct and block) the motion and act to oppose the applied force.

Differential equation of motion (Newton's law) . Sum of impedances x X(s) = Sum of applied forces (zero initial conditions)
d?x(t dx(t ’ =
M dt(2)+fv—d(t)+l(x(t)=f(t) m) (K+[s+Ms")xX(s)=F(s)
Solving for the transfer function yields F( ) X(s)
(s §
G[-i'} = I{S} = 1 = R | -
F(s) MsS+fs+K m— Gl it
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Transfer Functions: Two Degrees of Freedom

Number of differential equations required to describe the system is equal to the number of /inearly independent motions (degrees
of freedom).
a. Forces on M1 due only to motion of M1

* Find the transfer function‘, X2(s)/F(s), for the system b. forces on M1 due only to motion of M2
| ue g L x c. all forces on M1
| A —— ' _
1 ST ] s Forces on M
s _ Forces on _
| fm\— M. K |iM KiXy(s) =—
| A 0000 A foskils) -t T R L Kk(s)
T rT T T T TN T gLl KNG
j / F{(s) i: b : —» f;,.sng(s)
“f'"l ﬁ.-z MISZXI(S) <—
Two-degrees-of-freedom translational mechanical system (@) (b)
Two-degrees-of-freedom : since Each mass can be moved in the horizontal ¢ M2 andmove w1 | ) [ hold M1 and move M2 |
direction while the other is held still. (K + KX, (s) <—
(hy+ FisXa(s) =— [ KoK
i - — i,
The Laplace transform of the equation of motion of M1 Fs) —= e f, sXa(s)
M;s2X(s) =—

[M,s* +(f,+ £)s+ (K + KX, () - (£ + KDX, ()= F(s) (1) »
A X1 (S) - BX2 (S) =F (1) [ total force on M1 l

(superposition or sum)
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Transfer Functions: Two Degrees of Freedom Continued

The Laplace transform of the equation of motion of M2 _
a. Forces on Mzdue only to motion of Mz;

b. forces on Mzdue only to motion of Mz,

- (»ﬂ'ﬂ"g + KI ]XI{:'E] + [‘M]S: + (J{p: + f#ﬂ}"g + (KZ + K3 }]"E'Z ('E] = ﬂ C. a” forces on M2
D
—C X,(s) +DX,(s) =0 X1(s) == X5(s) (2)
@in® D X (S§ c 5 e Forces on M2
A~ X,(s) —BX,(s) = F 227 e S
C 2( ) 2( ) ‘ F(S) AD — CB fv,SXZ(s) RS K>X1(s) —>
R fk,s)( (5) _VM2 -— K3X2(S) ‘Mg
V) fosXi(s) —|
Transfer function: ‘i_ﬂ'ﬂ = G(s) = U"J A 2) : Mys“Xo(s) =— 0 3
(5) : (@) (b)
where o (_hold M1 and move M2 | (" hold M2 and move M1 |
[Ml § 4+ {f-.-1 + ful}ﬁ' + { K+ K:}] _Uﬁ 4 KE:' (K2+ KS)XZ(S) “_
- e fusXi(s)
—(f.,5 + K3z) [Mz&l + (f,, +f.)s + (K2 +K3.]I] o+ £ )5Xo(s) ~—1 My 3
2 3 _» K>X,(s)
Mys*Xp(s) =—
q i 4 -1!|.--||. —
Fl5) [.f:_;-, +Ks) " *.L ©
A [ total force on M1 (superposition or sum) l
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Transfer Functions:

Three Degrees of Freedom -
—T— 234
» \Write, the equations of motion for the mechanical network ‘ BRI
- f;,',,\. % : = ! - w ‘-'Z"‘,
* The system has three degrees of freedom, since each of the ’ \—r—ﬁ‘»n( §i M i fuw N i
three masses can be moved independently while the others 1 S T e o rcne & B
) ] K, T Fo K> esi Ly
are held still. ( AR SCRE |
1.1_‘_1‘,1.1 J_A.,_‘l le__\l;l‘,_l ‘rl""‘i'“ ‘l l q I
- P . . £,/ &, 7
. e form of the equations will be similar to electrical mesh equations ! %
. Sum of Sum of Sum of
impedances impedances impedances Sum of
For M1: connecte.d X,(s) — bre)tween X,(s) — bztween X3(s) = [applied forces]
to the motion at x4
at X, x;and x, xqand x5
o _ M, : [Ms*+(f,+ f.)s+ (K, +K)]X,(s) - K, X,(s)— f,sX,(s)=0
Similarly, for M2 and M3, we obtain ML — KX () +[M,s* +(fi, + £,)s + KX, (5) = £.,5X, (s) = F(5)
M., — [5X,(5) = [ X, () +[Ms* +(f, + f,,)s]X,(s) =0
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Nonlinearity

Linear systems have two properties: (1) additivity, and (2) homogeneity.

1. Additivity (superposition):

1(t): Input
If r,(t)=c, (1) and r,(t)=>c,(t), then r (t) + r.(t) =, (t)+o,(t
1( ) 1{: ) 2( ] E( :I? 1( ) E( ) 1( ) 2( ) C(t}: 'Dlltpllt
2. Homogeneity: motor does not respond at very low
input voltages due to frictional
forces exhibits a nonlinearity called
If r)(t)=>c, (1), then Ar,(t)=>Ac,(f) e
ﬁf) ﬁf) ﬂf] ﬁf Motor dead zone
Amplifier saturation
5L S 1L © ©
| | ! | - X | | | | - X - -
0 1 2 3 4 0 1 2 3 4 Input Input
Input Input . ] o
: _ Some physical nonlinearities
Linear system Nonlinear system
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Linearization

If the system is nonlinear, we must linearize the system before we
can find the transfer function.

Making linear approximation to a nonlinear system.

For a nonlinear system operating at point A: [x, , f (x0)]

Linear approximation :

Output

related by the Slope m, (line)
of the curve at the point A

small changes in the input 8x mmmmmmmm)  small changes in the output §f (x)
Thus,

f(x) — fxg) = my(x — xg)

‘ Sf(x) ~ My ox % Derivative of f(x) atx = x, }

) f(x) = fxg) + mu(x —xp) = f(x) + my 6x
)

f(x) = f(xo) + my 6x

CEN455: Dr. Nassim Ammour

»zﬂx)

fixo)

o OX

> X

Input

Linearization about a point A
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Linearizing a Function

: : f(x)
Problem: Linearize f(x) = 5cos(x) about x =T/, “
5
4 Slope = -5
Solution:

We first find that the derivative of f(x) atx =7/,

Ox
i =—5sinx| _=-—5 = sopeax=1 | ! /

Tmmpi L

ﬂ?'T Xzl 2 -

Also -4 _(]) N2 3 4
f(x,)=f(x/2)=5cos(x/2)=0 5 Of(x)
5
4

the system can be represented as

f(x) = —5 &x for small excursions of x about 7/,
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Modeling in The Time Domain

State-space Method
Two approaches are available for the analysis and design of feedback control systems.

1. Frequency domain approach (classical approach):
based on converting a system’s differential equation to a transfer function.

« Advantage: rapidly providing stability and transient response information. Thus
we can immediately see the effects of varying system parameters.

« Disadvantage: limited application. It can be applied only to linear, time-invarian
systems or systems that can be approximated as such.

backward movemen

2. State-space approach (time domain / modern approach): /[a sudden, forceful }

t
Can be used: a) To represent non-linear systems that have backlash, saturation, dead zone.
b) It can handle systems with nonzero initial conditions.

c) Multiple-inputs, multiple-outputs systems can easily be represented.

d) Many commercial software packages are available.

CEN455: Dr. Nassim Ammour

A
Output

Approximation

&

Output? Y

R
/ Actual Curve
»nput

Saturation non-linearity

4
X
>

0 a Input

Dead Zone

Many calculation is needed
before actual realization.
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RL Network: State-Space Representation

The state-space approach for representing physical systems (state equations and the output equations are a viable (feasible) representation of the
system.).

loop equation

e R
1. Select a state variable (possible system variable) : say i(t). (State Equaﬂon)}

=
2. Write differential equation (in terms of the state 7 di Ri — (i
variable i(t)). At + R =v(f) () @) I
3. Take Laplace transform: V(s) L i(0) i(?)
solve for I(s):  Z[sI(s)—i(0)]+ RI(s)=V(s) = 'O = xR

1 Li(0) RL network
_|_
s(Ls+R) Ls+R

A B Li(0 1 /1 1 i(0)
I(s) = — S
= [ =t iR T srr = 1) =5 R|t R -
s+71) St If we know 1mtial condition of 7,
(@), and mnput voltage, (1), then we
|~ can find the value of any network

If v(t) = u(t), thenV(s) = 1/s. = I(s) =

1 . ,.
Inverse Laplace transform: i(t) = E(l—e"iﬂ'”’_]ﬂ(g}g-'iﬁ L

4. Output fi ve (t) = Ri(t) _ |  variables at tume /> &,

. Output equations: | )

Algebraically combine the state variables with the Vi (f} - _"’U} — Ri(t) Self STUdY _
system's input and find all of the other system di 1 _ B Do the State-space representation
variables for t > t,. —— _["-’U} _ R!'[_!‘]] of RLC network.

dt L

CEN455: Dr. Nassim Ammour
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The General State-Space Representation

Some Terminology
Linear combination: (of nvariables x;) > = &, X, T A, X, +oL T AN wables can be written as ]

a linear combination of the others.

Linear independence: S is zero if every K is zero and no X is zero: variables x are linearly independent.

System variable: Any variable that responds to an input or initial conditions in a system.

State variables: The smallest set of linearly independent system variables that completely determines (knowing the value at
to) the value of system variables for t > ¢,

State vector: A vector whose elements are state variables.

State space: The n-dimensional space whose axes are the state variables.

State equations: A set of n simultaneous, first-order differential equations with n variables (state variables).

Output equations: The equation that expresses the output variables of a system as linear combinations of the state variables
and the inputs.
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State-space Representation

» Asystem is represented in state-space by the following equations:

x=Ax+Bu — State equation (state variables xare quantities that can be differentiated x)

Yy = Cx+Du— Output equation

 This representation of a system provides complete knowledge of all variables of the system at any t > ¢,

is not unique.
* The choice of state variables: = minimumnumber (equalsthe order of the differential equation).
are linearly independent.

Il

state vector (Contains the state variables)

derivative of the state vector with respect to time

output vector

input or control vector

= system matrix

input matrix

output matrix

feedforward matrix 33
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Example-1: State-space Representation
Problem: — 0000 o

> i7(7)
Find a state-state representation of the following electrical network if
the output is i, the current through the resistor, (v(t) is the input). v(?) (i) l R s €
iR([) iC(f)
Solution:

The following steps will yield a viable representation of the network in state space.

Step 1: Label all the branch currents in the network (These include i;, ip, and i ).
Step 2: Select the state variables (quantities that are differentiated v~ and i;, energy-storage elements, the inductor C and the

capacitor L) and write derivative equations. p i
Cﬁ:}ffl Lﬁ=1i % We can have v, = i;. ]

Step 3: Express non-state variables (right-hand side: i~ and v;) as a linear combinations of the state variables (differentiated
variables: v-and i;) and the input, v(t).
1 We have vy = v.
IIE' — _ ‘.,-R + f.r_ = ——v.+ ‘?.L — Apply Kirchhoff’s voltage and current laws, to obtain i, and
R v, in terms of the state variables, v and i;.

v, == +v(1)
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Example-1: State-space Representation-contd.

Step 4: Obtain state equations: (by substituting the values and rearranging)

— = =——1V. +I —= =—v. +v(t
d R * g e
dve 1 : (d 1 1
= —=——V-+—1 Matrix Form ﬂ:__. g .
di; 11. +11'[:I:} diy _ 1 L0 .0 + 1 . equation
dr — I cC I \dt — I Ve Ly L v()
Matrix Form
1 output
Step 5: Find the output equation: 7, = i’l'c » g =7 Vet 0-4
R
Final result: Convert into vector-matrix form = _L i v 0
. i I
x=Ax+Bu S B 2
y — C X + D u - _ 1 V.
i.=|— 0]
R I
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If the output vector is y =

Example-2: State-space Representation

(with a dependent source)
PROBLEM: Find the state and output equations for the electrical network shown in Figure.

[Vg, iRZ]T

Step 1. Label all the branch currents in the network.

Step 2: Select the state variables (energy-storage elements: L and C)
and write derivative equations (voltage-current relationships).

d:
o
dt e

Step 3: State equations (we find v; and i in terms of the state variables)

mesh LCR, ——»

Node2

di,

— TV X| =5 X =

dt

Vp =V +Vgy =Ve +ip Ry

Atnode 2.1y, =1, +4v,. s0 we get.

Vi =v. + (1. + 4V, )R,

=, =

(v.+1-R,
[Zag, Ve ek

» (1 - 4R2)UL - Rzic = Vc 1)

Node 1 4 C;— Node 2
i)
i(1) D R, I R,
ig (1) ir(t) ig (1)

Node 1
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I =z{r)—r
—I{IJ—E—E
_ v _
=i — L —
(1) R I;
1

the state variables (differentiated variables)

/ (le — UL)

—i(t) 2
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Example-2: State-space Representation

Solving (1) and (2) simultaneously for v; and i, yields

1 , 1 @ 1
TR VLT ic=1i,—i(t) = ic= _R_1 —i+i(t) = (1-4R)v, — RZ(——vL — i, +i(t) =v,
1 R4
=|1—4R; + R1 v+ Ryl —Rpi(t) =ve = vy, =Z[R21L—vc—Rzl(t)] with A= —(1—4R, + R1

1 1
and ;. = A ['[1 — 4R; )iy +R—]‘Fc —(1- 4Rz}f|:f}]
li"LJ [ Ry/(LA) —-1/(L4) ] [ ]
writing the result in vector-matrix form  Lve (1 -4R}/(CA) 1/(R,CA)

—R;/(LA) ] )
—(1 — 4R;)/(CA)

Step 4: Outputequations ~ Vpy = —Ve + 17 ! Iny =1+, !

vector-matrix form, the output equation is F”’] = ﬁ?‘f a _ERJF}?;iE }J [‘IL‘ — [_??T ]:‘[:}
— 4R, . —

i Ry
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Example-3: State-space Representation

(Translational Mechanical System) ] : s
Ir S Ea— i | S E— )
For M1:  M,s°X,(s)+ DsX,(s)+ KX,(s) - KX,(s) =0 | 7 T[S R YA E— )
ﬂrle dx e 1 \"7:-1": I \ I ] |
— M, D_]'_l_K._-xl Kx,=0 T T 1 | | T T T T [ T 7 ] T [ T 1]
dt* dt
For M2 Frictionless
(5)+ KX, (5)+M,5° X,(s) = F(5) dx, _ iy
d . dt :
= —Kx, + Kx, + == f(1) dw__K _D _
1 —_ —_ 1
P dr’ = X, v, +—X,
d M M, M,
Let d=x, dv, State equations: ﬂ; _ ‘v
3 t i
dt dt dv, K = o
(acceleration = derivative of velocity) ar M, M, M,
Select xi1, X2, v1, V2as state variables. matrix form.
2 . [ i
% — » d X1 _ dv1 — 5 9.61 _K(} K/1 _KO/ 8 X1 8
dt 1 tz dt 1 1 _ Ml Ml Ml (41 f(t)
| T 0 0 0 1% 1/0
dx d?x, dv . v, K 0 —K 0| Lv2 M
_z_vz» dzz_ 2—772 /M2 /M1 | 2
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Example-4: State-space Representation

vi(t) Ct) L vy Ve,

s

iR

ly

v A A
C1 +

G e Vall)

Problem: Find the state-space representation of the electrical network
shown in the figure. The output is vy (t).
Solution:
d‘ :
G . ‘1
state variables dt
The derivative relations (one for L=L=v,
each energy-storage element) dt
dv
c,—=i.,
) .

Find Matrix form

State vector

Ucl
X = iL
Ve,

State-space representation

1 1 1, -
~/rc, /¢, ~/Re,
x=| -1/, o0 0 |x+
~Yre, O e,

/re,
1/L

ke,

Using Kirchhoff's current and voltage laws:

v; (t)

&

C1

1
icz =g = _(UL - vcz)
R

- - - - l
le, = Iy +lg =1 +E(vL—vC2)

vV, =V;—V

, 1 1 1

le, = _Evcl + lL_Esz +Evi
v, =—v, +0i, +0v, + v

, 1 1 1
I, = —Evcl + 01, _Esz +Evi

—

CEN455: Dr. Nassim Ammour
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Converting a Transfer Function to State Space

Phase variables: A set of state variables where each state variable is defined to be the derivative of the previous state variable

d" 7 dv
Consider a differential equation, Y a ¥ y

a, ,——+..+a,—+a,y=byu

Choose the output, y(t), and its derivatives as the state variables, x;.

_ . day
11 B '1 Y 'T]. =——
A I d.f ......................................... y
. = (ﬁ ............................. dll ......... » :{'1 = 11
L .
- : - X, =—% tuti CL=
d’y > 3 >
X; = —; p o4y '
(ﬁ : drj in—l — 'T.I'J
Ii"] — _I'.'?D:'L-l - {:rljl.-‘l--- - ﬂ.l']—].:ll'-i"i' + E]ﬂh‘
nil'ﬂ—l v . ar y
Yo = & dt” rhat i ?
dt What is output equation’
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matrix form,
X1 0 1 0 0 0 0 0
X5 0 0 1 ] 0 0
X3 | |0 0 1 0 0 0
Xp-1 o 0 0 0o 0 0 1
i 3.Cn i _—dy —ay —ap —dy —ay —das o —dg-y

X1 0

X2 0

X

E3 n 0
Xn—1 0
B xn i _bo_

Converting a Transfer Function to State Space

output - X1 7
X2
X
y=[1 0o 0 .. o]’
Xn-1
| X,

C(s) 24

PROBLEM: Find the state-space representation in phase-variable form for the transfer function RES:I =P 195 + 265+ 24)

Step 1 Find the associated differential equation (s + 95* + 265 + 24)C(s) = 24R(s)

inverse Laplace transform,

Step 2 Select the state variables. Z ; Z
the state equations. X3 =&
X = X2
X3 = X3
X3 = —24x) — 26x; — 9xy + 24r
y=co=1x

matrix form,

>
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:

X
X2
X1

|

¢+ 9¢+ 26¢ + 24¢c = 24r

0 1 0 Xy
[ 0 0 1] lli] + [
—24 =26 -9 X3

X
y=[1 0 ﬂ][I?]

X3

0
ﬂ-]r
24
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