Polar Coordinates



A Polar Coordinate System

* To specify a point in rectangular coordinates
you give an x value and a y value.

* To specify a point in a polar coordinate system
you give a distance and an angle.



15t You Need a Polar Axis

A polar axis is a ray emanating from a point
called the pole. The polar axis is usually the
positive x-axis, and the pole is the origin.
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To specify a point, we need a distance and an angle.

(r,6)
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Polar Axis

Pole

What are the polar coordinates of the

rectangular point?
a) (0,2) b) (—4,0)



What are the polar coordinates of the

rectangular point?
a) (0,2) b) (—4,0)

(0,2)

b2
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Polar Axis X

In polar coordinates, (0, 2) can be expressed

T
as (2, —).
2



In polar coordinates, ( — 4, 0) can be
expressed as (4, 7).



A Polar Coordinate System
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Some Points Plotted
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Relationships Between Polar and Rectangular
Coordinates

(X,y)
.
9 5

X

r? =22+ 92 (TZ:;: I2+y2)
xr=1rcos@
Yy =r1rs8inbd

tan @ = y

T

Note: 6 is not always equal to tan™* J

T



Polar to Rectangular

Find the retangular coordinates of the
polar point (3, — 7 /6).

x—=rcosf and y=rsin@
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Ans: The rectangular coordinates are (2.598, -1.5).



What are the polar coordinates of the
rectangular point ( — 2,6)?

(-2,6)

0\

Polar Axis

r=+/4+36 =+/40 = 6.32456

Note that @ # tan—1( — 3).



(-2,6)
i

Polar Axis

Find tan ™! (g) — tan"1(3) which is

the reference angle for 6.
tan"1(3) = 1.24905 or about 71°.
Remember @ is in the 2nd quadrant.

Therefore 8 =7 —1.249 = 1.893 .

r for radians

The polar coordinates



Example: Find the polar coordinates of the rectangular
point ( — 6, — 10).

The point is in the 3rd quadrant.
r=1/62+102 = /136 ~ 11.662

The reference angle is tan™1(10/6) =
1.0307 or 59.04°.

Hence 8 = = + tan"1(5/3) =
m+1.030 = 4.172r
or 180° + 59.04° = 239.04°.
Ans: (11.662,4.172r) or (11.662,239.04°).



Changing From a Rectangular Equation to a
Polar Equation

Replace the Cartesian equation by an equivalent
polar equation.



Solutions

Ans: 72 =4 orr =2

~
Xr = |
~

i

r=1rcosl = rcosf@ =7 = r=
cost

= Ans: r = Tsech.

I2_|_(y_2}2:4
332_|_y2_4y_|_4:4 — ﬂsg—l—yg—aly:(]
= 72 —4rsinf =0 = r(r—4sind) =0
= r=00r r=4sinf.
Ans: The eq. issimply r = 4sinf.



Changing from a Polar Equation to a
Rectangular Equation

Replace the polar equation by an equivalent
Cartesian equation.

l. r = 4decsecf
2. 7=06cosf

3. 25in20 =2



Solutions

r=4dcsecl

Remember that sinf = = =
T
csc B = z,
i 4
Thenr = 4cscf = T':—T )
Y

Hold off on replacing » on thé left side
and the r cancels and we get

4
1 = — orsimply
Y
y — 4, a horizontal line.

T
r=6cosf = r=6-—.
-

Again, hold off on replacing r on the left side.

6
Therefore » = e = 72— 6z

r
— m2+y2:6m+



Solution to Problem 3

3. 25in20 =2
Remember that sin 20 = 2sin @ cosf.

7292 sinfcosf =2 = TEQEE:2 =
rT

zy=1.



Polar Graphs

Sketch the graph of the polar curve

r = cos@.
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The Rest of the Graph
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Sketch the graph of the polar equation
r =2sin 36.
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r =2sin 360
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If r = f(@) then
x =rcosf = f(6)cos @ and
y=rsinf = f(0)sind.

dy dy/de
dez dxz/d6

Example: Find the slope of the tangent line
to the graph of r = 2 cos 6 at the point

(1,7/3).



Example: Find the slope of the tangent line
to the graph of r = 2 cos 6 at the point

(1,7/3).
T =rcosf =2cos8cost = 2cos20

y=rsintl =2cosfsintd = sin 26

dy dy/df 2 cos 26 B
dr dz/df 4cosO( —sinf)

cos 26 cos 20

 2sin6cosf B sin 20
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The Area of a Sector

A sector of a circle

The sector has the area

1
9 2o p20.
2T )



Finding Areas Using Polar Coordinates

We want to be able to find an area like the
one below bounded by a polar curve r = f(8)
and 2 rays emanating from the origin.

0=
r=5(0)
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Finding the Area using Thin Sectors
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The Integral for Finding a Polar Area

y r—1(6)

The shaded in area is equal to

1 /B
—f r2deo .
2/)a



Finding an Area of a Circle Using

Find the area of the circle given by
r = 2c0s80.

0 T
0 2
/3 |1
/2|0

Integration

(0,Pi/2)

& = 60°

(2,0)

{ 2
(1,Pi/3)



The Integral that Gives the Area

where r = 2cos80.

1/2 the area results when 6 ranges from
0 to w/2. Therefore the area is

1 ?T/Q 9
A:2-—/ (2cos6)°dO =
2Jo

/2
/ Acos?0dO = .
0

Check: The area of a circle of radius

lisari=n-1=nm.



Another Example of Finding a Polar Area

Example: Find the area inside the small
leaf of the graph of
r= —3+ 6sin0.




Continuation

We must find the range of & which
results in the graph of the small leaf.
Don't simply say 6 goes from O to 2.



Here’s how the graph materializes.

/ theta= Pi/6
I3 —IZ —I1 |
/ 0<0<7/6

theta=0

0.5+

This is part of
_3 2 ~1 the smaller leaf




1/2 the area results when 6 ranges from
7/6 to w/2. The area is equal to

1 ‘}'T.'/2 2
2-—/ (—3+6s8in0)°dO = 4.892.
2 /6



