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Tutorial set #3

Question 1:

Write the Yule-Walker equations for every model of the following, where
ge1.1.d(0,02) :

1- y¢ = 0.5y¢—1 + &
To find the Yule-Walker equations for the model, we multiply both sides of
the equation by y,_, and take expectations:
E(ytyt-k) = 0.5 E(Yt-1Yt-x) + E(&tVe-1)

Yk =05y +0 (Fork # 0)
dividing both sides by y,, we get:

Pk=0.5px_1, k=1,2,3, ..

These equations are called Yule-Walker equations, we can use them in
finding autocorrelation and partial autocorrelation coefficients of the model.

2-y¢ =12y 1 =07y 5+ &
multiply both sides of the equation by y,_, and take expectations:

E(yeyi-x) = 1.2 E(y¢—1Yt—k) — 0.7 E(¥¢—2Vt-x) + E(&¢Yt—k)
Yk = 1.2 yx—q1 — 0.7 Yk (Fork # 0)
dividing both sides by y,, we get:
Pk = 1.2 Pk—1 — 0. 7pk—2' k= 1, 2, 3,

3- Find pq, py, dxk for the models in (1) and (2).
For model (1):
we found the following ACF:
Pk = 0.5 Pk-1, k = 1, 2, 3,

Thus:
p1 = 0.5p, = 0.5 (po =1)

p, = 0.5p; = (0.5)(0.5) = 0.25
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Applying the recurrence relation for finding the PACF:
$oo =1 ; $11 =p1
k-1
b = Pk — Lj=1 ¢k—1,j Px—j
kk = k—1
1 =270 Px-1j Py
Q)kj = ®k—1,j - ®k,k®k—1,k—j ;o J=12,.,k-1

Poo =1
¢11 =p1 =05

P2 — Zjl'=1 ¢1,j P2—j _ P2 — $11P1
1- Zjl'=1 ®1,j Pj 1—¢11p1

_ 0.25 — (0.5)(0.5) B

~ 1-(05)(0.5)

¢ =

we can show that:

P33 = Pgq =+ =0

For model 2: we found the following ACF:

Pk = 1.2 pk—1_0'7pk—2 ; k= 1,2,3,
Thus: pr = 1.2py—0.7p1_,
=12 -0.7p; (P-1=p1)

1.2
p1(1+07)=12 = p, = T 0.7059

p, =12p; —0.7py (pp=1)
=1.2p; — 0.7 =1.2(0.7059) — 0.7 = 0.1471

p3 =1.2p; = 0.7py
= 1.2 (0.1471) — 0.7(0.7059) = —0.3176
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Applying the recurrence relation for finding the PACF:
$oo =1 ; 11 = p1
b = P — X521 P Prej
e — Zﬁ% br-1,j Pj
Prj = Pre-1,j = OrePr-1k—j 5 J=12,..,k—1

oo =1
cl)ll = pP1 = 0.7059

p2=Xj=1$1j P2-j _ py—dp11p1 _ 0.1471—(0.7059)(0.7059)
1-Yie1 P1j Pj 1-¢p11p1 1-(0.7059)(0.7059)

P22 = —0.7

2
¢ _ :03_2]:19’52,]' P3—j — p3—[P21p2+P22p1]
33 1—Z§=1¢2,j Pj 1-[¢p21p1+ P22p2]

Thus, we notice that we need to find ¢21 .

hy1 = P11 — Poop11 = 0.7059 — (—0.7)(0.7059) = 1.2

Hence:

—0.1376—[1.2 (0.1471)+(-0.7)(0.7059)] __

P33 = 1-[1.2(0.7059)+(—0.7)(0.1471)] 0

we can show that:

Paga = P55 =+ =0
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Question 2:

Find the Yule-Walker equations for the following models and solve these equations to get values
for p; and p,.
1- y¢—0.8y1 =&
Ve = 0.8y, 1 + &
Multiplying both sides by y,_, and taking the mathematical expectation:
E(y:yt-x) = 0.8E(Yt-1 Ye-k) + E(€¢ Ye-x)
= Vi = 0.8y-1 + E(&t Yi-1)
Now notice that Y;_; depends only on &;_y, &_y_1, ..., then:
Elery, i) = { o k=0
0 , k=123
S0,
Yo = 0.8y_; + 0%
=08y,+0% ; k=0
Ve =08y,_1 ; k>0
dividing both sides by y,, from which we can calculate the ACF py:
|0k =0.8px—1 ,k=12,..
these are the Yule-Walker equations for this model.
For example, for k = 1:

p1 = 0.8p, =0.8
and for k = 2:
p, = 0.8p;, = p, = 0.82 = 0.64
2- y¢—0.9y,_1 +0.4y, , =&
Vi = 0.9y, 1 — 0.4y, , + &
Multiplying both sides by y;_j, and taking the mathematical expectation:
Yk = Elyeye—i] = 0.9E[ye 1yt 1] — 04 E[ye2¥e 1] + Elecye—s]
and since Y;_, depends only on &;_y, &_k_1, ..., then:
2 —
Elecye—i] = {008, . K . 2(’)3
So,

Yo = 09y_, — 0.4y_, + o
=09y, — 04y, +0? ;k=0
Vie = 0.9Yk-1 — 04y, 5 k>0
from which we can calculate the ACF py:

Pr = 0'9pk—1 - O'4pk—2 ) k= 1,2,

these are the Yule-Walker equations for this model.
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For example, for k = 1:
p1 = 0.9p, — 0.4p,

p1(1404) =09 = p, = = 0.643

(1+04)
and for k = 2:
p, =0.9p, —04p, = p, =0.9(0.643) — 0.4 = 0.1787

Question 3:

Assume g,.i.i.d(0,02) , and let the observed series be defined as y, = g — 0g,_4
Where the parameter 6 can take either the value 6 = 3 0or 6 = %

1- Find the autocorrelation function of the series {Y;} for both cases, compare
them.

For the model where 6 = 3:

E(y) =E(e; —38-1) =0
V(ye) = Yo = V(& — 3g—1) = 10 0F ; [cov (e, €.-1) = 0]
Vi = Covlye,ye—xl
= Cov[(gr — 3&;—1), (c—k — 3€t—k-1)]

now for k =1:

V1 = Cov[(e; — 3&_41), (€—1 — 3&_p)] = =3 o
for k =2:
Y2 = Cov[(g; — 3&_1), (g — 3g_3)] = 0
Hence, the ACF has the form:
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For the model where 6 = 1/3 :

E(yt) =E (St - 1’5t—1) =0

3
V(yy) = V<€t - 38t—1) = E o
3 9
1 1
Yk = Cov [<€t - §€t—1> ) (St—k - gst—k—l)]

fork =1:

1 1 1,
Y1 = Cov [(Et - §Et—1)' (St—l - g?—t—z)] = —3 O¢

for k =2:

1 1
Y, = Cov [(st - §€t_1>,(8t_z - §€t—3>] =0

Hence, the ACF has the form:
1, k=0
Pk = {—0.3, k= 1}
0, k>2

Thus, we notice that both process has the same ACF!

Question 4: Write the following models using the Backshift operator B:

1I- y¢ = 05y = &
The backshift operator Bis By, =y,_,, ; r=1,2,..
(1-0.5B)y; = &
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2- yr=&—13¢g_1+04¢_,
y¢ = (1—1.3B+ 0.4B%) g,
3-y:— 05y, =&—-13¢_1+04¢_,
(1-0.5B)y, = (1 —1.3B +0.4B?) ¢
4- vy, — 0.2y, = +1.8¢_4
(1—-0.2B%)y, = (1+1.8B) g
-y — 02y 1+ yip = &—1.7¢_1 +0.3 g_3
(1-0.2B+B*)y,=(1—17B+0.3B%) ¢,

Question 4:

Express the following models in terms of the process {y, } and {&.}:
1' Vsyt S5 VSt
Difference operator is defined as: Vy, = y; — y;_1

Ve, =& — g ¢
Vs}’t = VVV(yp) = V(¥ — yi-1) = VIt — Vie1) — (Veo1 — Ve-2)]
= V(e — 2yt-1 + Yi-2)

= (Yt — 2Yt—1 + Yi—2) — (V=1 — 2Yt—2 + Yt—3)
= (y¢ — 3yt—1 + 3yt—2 — Vt-3)

(Yt — 3Yt—1 + 3Yt2 — Yi-3) = & — &1

2- V2y, = V3¢,

Same as above
3- Vy, = V3¢,

Ve — Vo1 = V(& — 1)
Ve — Yi-1 = V& — Ver 4
Ve~ Vt-1 =& —&-1 €1+ &
Ve = Yi-1 = €& — 281 + &>



