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Abstract In this paper, two sample Bayesian prediction intervals for order statistics (OS) are

obtained. This prediction is based on a certain class of the inverse exponential-type distributions
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using a right censored sample. A general class of prior density functions is used and the predictive
cumulative function is obtained in the two samples case. The class of the inverse exponential-type
distributions includes several important distributions such the inverse Weibull distribution, the
inverse Burr distribution, the loglogistic distribution, the inverse Pareto distribution and the inverse
paralogistic distribution. Special cases of the inverse Weibull model such as the inverse exponential
model and the inverse Rayleigh model are considered.
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1. Introduction

In many practical problems, one wishes to use the results of
previous data to predict a future observation from the same
population. One way to do this is to construct an interval
which will contain the future observation with a specified

* Corresponding author.
E-mail address: yahial970@yahoo.com (Y. Abdel-Aty).

1110-256X © 2011 Egyptian Mathematical Society. Production and
hosting by Elsevier B.V. All rights reserved.

Peer review under responsibility of Egyptian Mathematical Society.
doi:10.1016/j.joems.2011.10.002

Production and hosting by Elsevier

ELSEVIER

probability. This interval is called a prediction interval. Predic-
tion has been applied in medicine, engineering, business, and
other areas. Bayesian prediction bounds for future observa-
tions based on certain distributions have been discussed by
several authors. Bayesian prediction bounds for future obser-
vations from the exponential distribution are considered by
Dunsmore [1], Lingappaiah [2], Evans and Nigm [3], Al-Hus-
saini and Jaheen [4], and Abdel-Aty et al. [5]. Bayesian predic-
tion bounds for future lifetimes under the Weibull model have
been derived by Evans and Nigm [6]. Bayesian prediction
bounds for observables having the Burr type XII distribution
were obtained by Nigm [7], Al-Hussaini and Jaheen [§8], and
Ali Mousa and Jaheen [9,10].

Order statistics arise naturally in many real-life applications
involving data relating to life testing studies. Many authors have
studied order statistics and associated inferences, see for example,
David [11], Arnold et al. [12], and Balakrishnan and Cohen [13].
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In this paper, we study two sample Bayesian prediction
intervals for order statistics (OS) based on the class of the in-
verse exponential-type distributions using a right censored
sample. A general class of prior density functions which were
suggested by Al-Hussaini [14] is applied.

Throughout this paper we use the following definitions and
notation.

Let X be a random variable with absolutely continuous dis-
tribution function F(x)= F(d 0) and density function f{x)=
f(A ), where the parameter 6 € ® may be a real vector. Corre-
sponding to X we consider n OS X7., < X5, <...< X,e

The joint density function of the right type-II censored sam-
ple X1., < X5, <...< X,, is given by

!
S = = (= R T
= nlz:_:‘“c,»(n —r+ D) F(x,)" ﬁ](xj),
=

1<r<n, and

(1.1)

where x = (x1,...,X,),
(—1)yrr-itt
(i=D)W(n—r—i+1)!"
Let Yy, < Y2,, <...< Y., be the OS of the future ran-
dom sample of size m from the same population. Then the
marginal density function of the sth OS Y., is given by

c(n—r+1)=

m' s—1 m—s
)= F(y) (1 = F _
‘fy"':’” (y&) (m _ S) (S _ 1) (}r) ( (yv)) f(y&)
m—. s+1 -
o) IS ey n s DR, (12)
here 1 < s < deym—s+1)= (—1ymsow
where 1S s mand ¢, (m §  (w=D)(m—s—w+1)I"

2. Two sample Bayesian predication intervals

The random variable X is said to be inverse exponential-type
distributed if the distribution function F(x) is given in the fol-
lowing form

F(x | 0) = exp[—A(x)], (x > 0,0 € ©). (2.1)

where A(x) = A(x;0) should be a continuous, monotone increas-
ing, differentiable function of x such that A(x) > coasx = 0"
and A (x) = 0 as x — oo. Then the probability density function
is given by

S ] 0) = 7 (x) expl—A(x)].

Specific distributions considered as particular cases of this
class of distributions are inverse exponential, inverse Rayleigh,
inverse Weibull, inverse Pareto, negative exponential, negative
Weibull, negative Pareto, negative power, Gumbel, exponenti-
ated-Weibull, loglogistic, Burr X, inverse Burr XII and inverse
paralogistic distributions.

To obtain a Bayesian prediction interval we need a suitable
prior parameter distribution. The class of prior density func-
tions suggested by Al-Hussaini [14] given by

n(0;90)  C(6;0) exp[—D(0;0)], 6 ¢€ O,

is used, where 0 is vector of prior parameters.

(2.2)

(2.3)

Theorem 2.1. Let X;., < X5., <+ < X,., be a right type-1T
censored sample that follows the distribution (2.1). Let
Yiin < Yo <---< Y, be the OS of the future random
sample of size m from the same population. Then 100t %

Bayesian prediction bounds for Y., based on the first sample are
obtained by solving the following two equations with respect to t

n—r+1 m—s+1 C; n—i +1) ( —
Z Zu 1 —w+1
. / o <H.::117/(9;1)> expl—(E,(0:.x) + (m — w+ 1)2(1,0)))do

s+ 1)

— {8 ;;Z (2.4)
where 1 < s <m,
n(0:.x) = = (x;,0)[C(6; 8)]'"", (25)
((0:x) = (n—r =i+ DAlx, 0) + > Ao, 0
+ D(0;9), (2.6)

and
=300 =)

/0 (TTt0:9) expl—z, (0. (2.7)

Proof
Substituting from (2.1) and (2.2) in (1.1), we obtain

X)=n3 —r+1)(H/:l(—)v'(x,~,9)))
X exp [7((n7,ﬁ,i+1),t 0+ A6.0)], @8)
and substituting (2.1) and (2.2) in (1.2), we obtain

Fron,10) ,Zﬁﬁ’ e m— s+ 1D)(=2(7,,0))
X exp[—( —w+ DAy, 0)]. (2.9)
Since the posterior density function is given by
7 (0] x) = I'n(0:0)fi (), (2.10)
where

= /069 (0; 0)/x(x)d0

substituting from (2.3) and (2.8) in (2.10), we obtain the
posterior density function

x) I—IZN e (n—r+1) (H M Hx))exp[ Li(0;x)],

(2.11)
where
(0 x) = =2 (x;, 0)[C(0; 6)]",
((0:x) = (n—r =i+ 1)a(x,,0) + D 7 2(x,0) + D(0; ),
and

1= Z:‘*lci(n —r+1) /069 <H;:177,(0;1)) exp[—{(0; x)]do.

Since the Bayesian predictive density function is given by

Py, 1x)= [ fr.,0,10)
0c®

7*(0 | x)do (2.12)
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combining (2.9) and (2.11) with (2.12), we get the Bayesian

predictive density function
/ (H/— n(0; x )
0c®

lzn r+1 :
x exp[—C,-(G' x)] x Z:f:j*‘cw(m — s+ D)(=i(y,, 0))
(2.13)

x exp[—(m —w+ 1)A(y,, 0)]d0.

Py, | x) =

Since the predictive cumulative distribution function of Y., is
given by

t
P(O < Y&'il” < Z ‘ E) = / P(ys‘ X)de7
0

then

PO Yy <t|x)= —

/ Zn r+1 Gn—r+1)
X/gg@( :1'7./'(0;1)) exp[—{i(0; x)]

m—s+1 ’
xS e (m = s+ 1)(= A (3,.0))
x exp[—(m —w+ 1)A(y,, 0)]dOdy,

T IR
/0.6@ (H/ 1"/ X ) ) ) exp[—(i(0; x)]

5—1

—r+1)

m—s+1 L,‘ -85+ 1)
x Zu 1 —w-+1
x expl—(m — w+ DA(1,0)]d0.  (2.14)

Then 1007% Bayesian prediction bounds (lower—upper) for
Y., based on the first sample are obtained by solving the fol-
lowing two equations with respect to ¢

n-rtlx—m-st1 ¢;(n —r+ 1)c,(m — s+ 1)
S—l Z Zul m—w-+1

/geg (H/ 1;(0; X)) exp[—({i(0;x) + (m—w
+ 1)A(t,0))]d0

_ { (1-1)/2
(1+7)/2.

3. Example

In this section we study two sample Bayesian prediction inter-
vals for order statistics (OS) based on the inverse Weibull mod-
el which is one of the most important models in the inverse
exponential-type class of distributions. For example the in-
verse Weibull (IW) distribution has been used to model the
degradation of mechanical components (Keller and Kanath
[15]) such as the dynamic components (pistons, crankshaft,
etc.) of diesel engines. Properties of IW distribution have been
obtained by, for example, Calabria and Pulcini [16; 17] and
Mahmoud et al. [18].

The distribution function of the inverse Weibull model is gi-
ven by

F(x | 0) = exp[—(ax) ], x > 0

where 0 = (a,f8), « > 0 and > 0.
Hence

(3.1)

—p Bot
o . o
L X) = x—ﬁ and A/(x) = — P

(3.2)

Suppose that o is an unknown and fis known. Then we will
use the prior density function which was suggested by Calabria
and Pulcini [17] (when fis known) as

(% 6) o< =P exp[—daF], (3.3)
where o > 0, 0 = (¢,d) and ¢,d > 0.

Hence
C(0;6) =a~F' and D(0;06) = du’. (3.4)

Using (2.14), (3.2) and (3.4) then the predictive cumulative
distribution function of Y., is given by

PO Y, <t]x)
m! N s+ ¢ (n—
oo e 2
% > H" 1 B x g TPcp-1
j=1 .(B+1)
0 ‘ X/‘

N =t 1 (n—r—i+1) (m—w+l
X exXp [—oc ﬁ(Z'_ 7+( 7 + 7 )+

n-rtlx—m-s+1 ¢;(n—r+1)c,(m—s+1)
sfl Z Z" 1 (m—w+1)

—(r+c)
ro 1 (n—r—i+l) (m—w+l)
x<zj_1?+ gt td :

X X!

r+1)c,(m
m—w+1

—s+1)

dﬂda

(3.5)

where

_ ~(r+0)
- Zn nl<(, (n—r+1)x (Z;:'%_FW-HO ) (3.6)

X

3.1. Special cases

The inverse Weibull model contains many important special
cases such as the inverse exponential model and the inverse
Rayleigh model. In the following the inverse exponential mod-
el and the inverse Rayleigh model are considered.

(1) The inverse exponential model.
We can obtain the inverse exponential model as special case

of the inverse Weibull model by setting f = 1. Hence the
distribution function of the inverse exponential model is given by

F(x | o) =exp [

}, x>0,

oax

where o > 0,

Mx) = L and (x) = _—1

ox ox? (3.7)

Putting f = 1in (3.5), then the predictive cumulative distribu-
tion function of Y, is given by

m!
Tt
(s—1)!

Z” y+1ZnH+1 ci(n—r+1)c,(m—s+1)
w=1 m—w+1

ro L (n—r—i+l) m—w+l ~lrt)
><<Z/,:1;j+ < +— +d> (3.8)

(0<Y;,,,\I‘Y)
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where

1:21_”:’]"“{6,-(”*"* ) x (D:V%A"*V%“)er)iw} (3.9)

(2) The inverse Rayleigh model.
We can obtain the inverse Rayleigh model as special case of

the inverse Weibull model by setting f = 1. Hence the distri-
bution function of the inverse Rayleigh model is given by

F(x

0) = exp [(;:)2} x>0,

where o > 0,
1 —2o2

)»(x):w and 2(x) = =

(3.10)

Putting f = 2 in (3.5), then the predictive cumulative distri-
bution function of Y., is given by

nr+l ZmﬂvH ci(n—r+1)c,(m—s+1)
i=1 w=1 m—w1

1 1) o\
r n—r—i m-—w

x <Z/1 w2t oo +d> ;
where

—(r+0)
n—r+1 r 1 (n—r—i+1)
IZZ;:] {c[(n—r—i-l)x <Zf1x_/z+7x2 +d> }

m
P(0< Y,r:mgt|£)=(s_l)!1 IZ

(3.11)

-

Remark 3.1. We can see that (3.5) agrees with expression (19)
obtained by Calabria and Pulcini [17] when f is known.

Remark 3.2. We can obtain the Bayesian prediction interval
for OS from the inverse Weibull distribution when both «
and f are unknown from Theorem 2.1 directly and we can
see that it agree with Calabria and Pulcini [17].

Remark 3.3. We can obtain the Bayesian prediction intervals
for OS from the inverse Pareto distribution and the inverse
Burr distribution from Theorem 2.1 directly.
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