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Revision

Equation of a Line:
Let ` be a line through a point P(x1, y1, z1) and parallel to a vector
a = 〈a1, a2, a3〉 is:

Parametric Form:

x = x1 + a1t

y = y1 + a2t

z = z1 + a3t, t ∈ R.

Symmetric Form:

x − x1
a1

=
y − y1

a2
=

z − z1
a3

= t, t ∈ R.
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Revision

Equation of a Plane:

Let P0(x0, y0, z0) be a point in the plane and n = 〈a, b, c〉. Let P(x , y , z)

be any point in the plane, then n.
−−→
P0P = 0. The equation of the plane is:

a(x–x0) + b(y − y0) + c(z − z0) = 0
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Revision

Equation of ellipse:

x2

a2
+

y2

b2
= 1;

y2

b2
+

z2

c2
= 1;

x2

a2
+

z2

c2
= 1.

Equation of parabola:

y2 = ±cx (x2 = ±cy); y2 = ±cz (z2 = ±cy); x2 = ±cz (z2 = ±cx).

Equation of hyperbola:

x2

a2
− y2

b2
= 1;

y2

b2
− z2

c2
= 1;

x2

a2
− z2

c2
= 1.
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Revision

Elipsoid surface equation has the form:

x2

a2
+

y2

b2
+

z2

c2
= 1.

Hyperbolids of One Sheet has the form:

x2

a2
+

y2

b2
− z2

c2
= 1

Hyperbolids of Two Sheets has the form:

−x2

a2
+

y2

b2
− z2

c2
= 1, a > 0, b > 0, c > 0

Cone has the form:

x2

a2
+

y2

b2
=

z2

c2
, a > 0, b > 0, c > 0
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Revision

Paraboloid has the form:

x2

a2
+

y2

b2
= cz

Hyperbolic Paraboloid has the form:

y2

b2
− x2

a2
= cz
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Vector Valud Functins

Definition

A vector-valued function is a function whose domain is the set of real
numbers and whose range is a set of vectors.

*Vector-valued functions are given by expressions such as:
r(t) = f (t)i + g(t)j or
r(t) = f (t)i + g(t)j + h(t)k.
where f (t), g(t) and h(t) are the coordinate functions of the parameter t.

*Vector functions can also be referred to in a different notation:
r(t) = 〈f (t), g(t)〉 or
r(t) = 〈f (t), g(t), h(t)〉.
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Vector Valud Functins

Definition

Let r(t) be a vector valud function. The domain of r(t) is denoted by Dr

and it is common domain of its components.

Dr = Df ∩ Dg ∩ Dh.

Example: Find the domain of r(t) (Dr ), for the following:
[a] r(t) = (3 + t)i +

√
3− 2tj + t5k .

Solution:

Dr = (−∞,∞) ∩ (−∞, 3

2
] ∩ (−∞,∞) = (−∞, 3

2
].

[b] r(t) = 3i + 2+5t
t2−1 j + (t3 − 1)k .

Solution:

Dr = (−∞,∞) ∩ (−∞,∞)\{±1} ∩ (−∞,∞) = (−∞,∞)\{±1}.
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Graph

Discribe the curve defined by vector valued functions:
[1] r(t) = 〈2 + t, 3− t,−5− 4t〉.

Solution: The corresponding parametric equatins are:

x = 2 + t

y = 3− t

z = −5− 4t.

These are the parametric equation of a line passing through the point
(2, 3,−5) and parallel to the vector 〈1,−1,−4〉.

Dr. Bander Almutairi (King Saud University) Vectors 7 Nov 2013 10 / 18



Graph

Discribe the curve defined by vector valued functions:
[1] r(t) = 〈2 + t, 3− t,−5− 4t〉.
Solution:

The corresponding parametric equatins are:

x = 2 + t

y = 3− t

z = −5− 4t.

These are the parametric equation of a line passing through the point
(2, 3,−5) and parallel to the vector 〈1,−1,−4〉.

Dr. Bander Almutairi (King Saud University) Vectors 7 Nov 2013 10 / 18



Graph

Discribe the curve defined by vector valued functions:
[1] r(t) = 〈2 + t, 3− t,−5− 4t〉.
Solution: The corresponding parametric equatins are:

x = 2 + t

y = 3− t

z = −5− 4t.

These are the parametric equation of a line passing through the point
(2, 3,−5) and parallel to the vector 〈1,−1,−4〉.

Dr. Bander Almutairi (King Saud University) Vectors 7 Nov 2013 10 / 18



Graph

Discribe the curve defined by vector valued functions:
[1] r(t) = 〈2 + t, 3− t,−5− 4t〉.
Solution: The corresponding parametric equatins are:

x = 2 + t

y = 3− t

z = −5− 4t.

These are the parametric equation of a line passing through the point
(2, 3,−5) and parallel to the vector 〈1,−1,−4〉.

Dr. Bander Almutairi (King Saud University) Vectors 7 Nov 2013 10 / 18



Graph

Discribe the curve defined by vector valued functions:
[1] r(t) = 〈2 + t, 3− t,−5− 4t〉.
Solution: The corresponding parametric equatins are:

x = 2 + t

y = 3− t

z = −5− 4t.

These are the parametric equation of a line passing through the point
(2, 3,−5) and parallel to the vector 〈1,−1,−4〉.

Dr. Bander Almutairi (King Saud University) Vectors 7 Nov 2013 10 / 18



Graph

Discribe the curve defined by vector valued functions:
[1] r(t) = 〈2 + t, 3− t,−5− 4t〉.
Solution: The corresponding parametric equatins are:

x = 2 + t

y = 3− t

z = −5− 4t.

These are the parametric equation of a line passing through the point
(2, 3,−5) and parallel to the vector 〈1,−1,−4〉.

Dr. Bander Almutairi (King Saud University) Vectors 7 Nov 2013 10 / 18



Graph

Discribe the curve defined by vector valued functions:
[1] r(t) = 〈2 + t, 3− t,−5− 4t〉.
Solution: The corresponding parametric equatins are:

x = 2 + t

y = 3− t

z = −5− 4t.

These are the parametric equation of a line passing through the point
(2, 3,−5) and parallel to the vector 〈1,−1,−4〉.

Dr. Bander Almutairi (King Saud University) Vectors 7 Nov 2013 10 / 18



Graph

[2] r(t) = 〈5, 9 sin(t), 4 cos(t)〉, r > 0.

Solution: The corresponding parametric equatins are:

x = 5

y = 9 sin(t)

z = 4 cos(t).

Put sin(t) = y/9 and cos(t) = z/4. Since sin2(t) + cos2(t) = 1, we get

y2

81
+

z2

16
= 1,

which is equatin of ellipse in yz-plane and x = 5.
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Graph

Let r(t) = ti + (9− t2)j , for −3 ≤ t ≤ 3:

(a) Sketsh the curve C determined by r(t).
(b) Sketsh r(t) for t = −3,−2, 0, 2, 3
Solution:

t = −3 ⇒ r(−3) = −3i

t = −2 ⇒ r(−2) = −2i + 5j

t = 0 ⇒ r(0) = 9j

t = 2 ⇒ r(2) = 2i + 5j

t = 3 ⇒ r(3) = 3i .

Q: Represent the curve by a vector valued function:
[a] y = x2 + 4. [b] x2 + y2 = 16.
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Limits and Derivaties

Definition

Let r(t) = f (t)i + g(t)j + h(t)k, then

lim
t→a

r(t) = [ lim
t→a

f (t)]i + [lim
t→a

g(t)]j + [lim
t→a

h(t)]k.

Example: Find limt→0 r(t), where r(t) = (t − 1)9i + x2+1
x j + sin(3t)

t k.
Solution:

lim
t→0

r(t) = lim
t→0

(t − 1)9i + lim
t→0

x2 + 1

x
j + lim

t→0

sin(3t)

t
k

= −i + j + 3k.
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Limits and Derivaties

Definition

A vector valued function r(t) is continuous at a if

lim
t→a

r(t) = r(a).

Definition

If r(t) = f (t)i + g(t)j + h(t)k , and the components f , g , h are
differentiable, then

d

dt
r(t) =

d

dt
f (t)i +

d

dt
g(t)j +

d

dt
h(t)k.

or
r ′(t) = f ′(t)i + g ′(t)j + h′(t)k .
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Limits and Derivaties

Note that:

1 The vector r ′(t) is called tangent vector to the curve at point P.

2 The tangent line to C at P is defined to be line through P and
parallel to r ′(t).

3 The unit tangent vector is

T (t) =
r ′(t)

‖r ′(t)‖
.
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Limits and Derivaties

Example(1): For the vector valued function r(t) = ti + t2 + t3k , t ≥ 0.
Find

1 r ′(t);

2 r ′′(t);

3 r ′(t).r ′′(t);

4 r ′(t)× r ′′(t).

5 Find the parametric equation of the tangent line when t = 2.

Example(2): Find equation of the tangent line to the curve C

r(t) = t sin(t)i + t cos(t)j + tk at t = π/2.

Example(3): Find parametric equations for the tangent line to C , which
given parametrically by

x = 2t3 − 1, y = −5t2 + 3, z = 8t + 2 at P(1,−2, 10).
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Limits and Derivaties

Theorem

Suppose u and v are differentiable vector valued functions, c is scalar and
f (t) is differentiable real valued function, then

1 d
dt [u(t) + v(t)] = u′(t) + v ′(t).

2 d
dt [cu(t)] = cu′(t).

3 d
dt [f (t)u(t)] = f ′(t)u(t) + f (t)u′(t).

4 d
dt [u(t).(t)] = u′(t).v(t) + u(t).v ′(t).

5 d
dt [u(t)× (t)] = u′(t)× v(t) + u(t)× v ′(t).

6 d
dt [u(f (t))] = f ′(t)u′(f (t)).
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Limits and Derivaties

Example: For vector valued functions

r(t) = ti + 2j + t2k , u(t) = i − t2j + t3k .

Find (a) d
dt [r(t).u(t)]. (b) d

dt [u(t).u′(t)].

Solution:
(a)

d

dt
[r(t).u(t)] = r ′(t)v(t) + u(t)v ′(t)

= (i + 2tk).(i − t2i) + (ti + 2j + t2k).(−2tj + 3t2k)

= (1 + 2t4) + (−4t + 3t2) = 3t5 + 2t4 − 4t + 1.

(b)

d

dt
[u(t).u′(t)] = u(t).u′′(t) + u′(t).u′(t)

= (i − t2j + t3k).(−2j + 6tk) + (−2tj + 3t2k).(−2tj + 3t2k)

= (2t2 + 6t4) + (4t2 + 9t4) = 6t2 + 15t4.
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Limits and Derivaties

Example: For vector valued functions

r(t) = ti + 2j + t2k , u(t) = i − t2j + t3k .

Find (a) d
dt [r(t).u(t)]. (b) d

dt [u(t).u′(t)].
Solution:
(a)

d

dt
[r(t).u(t)] = r ′(t)v(t) + u(t)v ′(t)

= (i + 2tk).(i − t2i) + (ti + 2j + t2k).(−2tj + 3t2k)

= (1 + 2t4) + (−4t + 3t2) = 3t5 + 2t4 − 4t + 1.

(b)

d

dt
[u(t).u′(t)] = u(t).u′′(t) + u′(t).u′(t)

= (i − t2j + t3k).(−2j + 6tk) + (−2tj + 3t2k).(−2tj + 3t2k)

= (2t2 + 6t4) + (4t2 + 9t4) = 6t2 + 15t4.
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