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[ 1- Real number (one variable)

Scalar Quantity
(mass, speed, voltage, current and power)

\2- Complex number (two variables)

Vector Algebra Magnitude & direction

(velocity, electric field and magnetic field) - _

Specified by one of the following
coordinates best applied to application:

1- Cartesian (rectangular)
2- Cylindrical
3- Spherical




Conventions

* Vector quantities denoted as v or v
* We will use column format vectors:

v=lv, |#[v, v, V] (=[V1 v, Vs]T)

« Each vector is defined with respect to a set of
basis vectors (which define a co-ordinate
system).
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Vectors

* Vectors represent directions
— points represent positions

« Both are meaningless
without reference to a
coordinate system

— vectors require a set of basis
vectors

— points require an origin and a
vector space
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Co-ordinate Systems

« Until now you have probably used a Cartesian
basis:
— basis vectors are mutually orthogonal and
unit length

— basis vectors named x, y and z

* We need to define the relationship between the
3 vectors.



Cartesian Coordinate System
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Vector Magnitude

* The magnitude or norm of a vector of

dimension n is given by the standard
Euclidean distance metric:

‘VH:\/Vf-FVj-F'“-FVf

* For example: 1
3 =12+ 32 +1% =11
1

» Vectors of length 1(unit) are normal vectors.



Normal Vectors

« \When we wish to describe direction we
use normalized vectors.

 We often need to normalize a vector:

, Vv 1

V' = =
Wl \/vf+vf+---+vf

Vv




Vector Addition and Subtraction
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2
——"‘-..____._Pl(xla Y1 21)
FAT \T' 1 Pa(x2, ¥2. 22)
Subtraction
(a) Parallelogram rule
Addition < c e
A xi/
X
B R,=RP=R,—R
\_ (b) Head-to-tail rule =

R12 - )A((Xz - Xl) + y(yz - yl) + 2(22 - 21)

'K‘: aA = )A('A& T AAy + 2AZ ‘§12‘ - \/(Xz _X1)2 +(Y, — y1)2 +(2, _21)2

%(_/ %(_/
C C

X y

C=CC=A+B=aA+bB=R(A £B)+J(A +B,)+i(A £B,)
CZ



Vector Addition

u+v




Vector Addition

 Addition of vectors follows the parallelogram law
In 2D and the parallelepiped law in higher
dimensions:

Parallelepiped
|
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Vector Subtraction




Problem 3-1

* Vector Astarts at point (1,-1,-2) and ends
at point (2,-1,0). Find a unit vector in the

direction of A . /




Problem 3-1
P,(2,-1,0)— A

A\

112

(2-1)+9(-1-(-1))+2(0-(-2))
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HA’H =J1+4=+5=224

A  X+22

‘A‘ >4 =X0.45+20.89

a=




Vector Multiplication

1- Simple Product
2- Scalar or Dot Product
3- Vector or Cross Product

1- Simple Product

B = kA =akA= (KA )+ J(KA )+ 2(KA))

A
Scalar or Dot Product /
GAB

Y=

A-B=ABcosO,, y,

(a)

Y=

(b)



Vector Multiplication by a Scalar

« Each vector has an associated length

* Multiplication by a scalar scales the vectors
length appropriately (but does not affect
direction): y

A
Of
]
52 __________ 2 4 > X
4 :__________________j,-"'



Dot Product

* Dot product (inner product) is defined as:

U-v=> uy,
i

u-v=u'v=[u u, ullv, |=uy, +uy, +uy,

u-v =|ulliv|cose



Dot Product

* Note:
U-U=U+U>+U; :HuH2

* Therefore we can redefine magnitude in terms
of the dot-product operator:

=

* Dot product operator is commutative &
distributive.



Problem 3.2

 Glven vectors:
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— show thaté IS perpendicular to both A and I§ .



Recall

x|[x|cos0° =1

XOX:‘

yey=|y|y|cos0° =1

202 =|z|z|cos0" =1
Also, recall

)A(.S\/:)A(.z 290220



AeB =0

If the angle between the two vectors is 90°.



Problem 3.2



A-B=ABcCosO® .,

A-B=(RA + YA +2A)-(%B, + YB, +2B,)
R-X=y-y=2-7=1
R-9=9-2=2-%=0

A-B=AB +AB, +AB,

R | AB
A:W —VA-A ®,; =C0S 1_"&”@‘_
A. é — é . A Commutative property

A. (é n 6) —A.B+A. é Distributive property



Vector or Cross Product

|t

AXB =1 ABsin 0,5

Ax B =AABSsIn ,,

(a) Cross product
VA (b) Right-hand rule
+17B,) ighet

A

AxB=R(AB,-AB,)+J(AB,~AB,)+2(AB,~AB,)




Show

AxB

R(AB,~AB,)+J(AB,~AB,)+2(AB,~AB,)

A=A +YA, +2A,

B=XxB, +yB, +2B,



Recall



AxB=(RA +YA, +2A )x(%B, +¥B, +2B, )
(A, )-9(AB)-2(A )+ XA B, )+ 3(AE,)-H(A,)
—%(A,B,-AB,)+y(AB,~AB,)+2(AB, —AB,)

AxB=R(AB,-AB,)+J(AB,~AB,)+2(AB,~AB,)




Problem 3.3

* In the Cartesian coordinate system, the
three corners of a triangle are P1(0,2,2),
P2(2,-2,2), and P3(1,1,-2). Find the area
of the triangle.
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z Pl(o’z’z)

P, (2.,2,2) // )









Pl(0;2,2)




Pl(0;2,2)




A z Pl(o’z’z)
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Let
_ —>
B=PP, =%2-y4
and

e
C=PP,=Xx-y-24

represent two sides of the triangle.

Since the magnitude of the cross product is the
area of the parallelogram, half of this magnitude
IS the area of the triangle.



0 2 -y -2 O

—~|-22+89+42+16x| = [16x-+87 + 22+]

:%\/162 182 422 :%\/256+64+4 :%\/32 :%(18):9

/o

X

Z% 2(% §<)—2($</¢§3—8(>2//54(9//>f)+4( 7)+1 9/5)1




* The area of the triangle is 9 sqg. units.



Scalar and Vector Triple Products

AxBxC ? (A é)xéi,& (é 6)
ABC 2 A(B.C A-B).C
AxB-C 2 Ax(B-C) 2 | (AxB)C
Scalar Triple Product A A A
A-(ExC)=B.(CxA)=C.(AxE)=|B, B, B,
Vector Triple Product C Cy CZ

Ax(BxC)=B(A-C)—C(A-B)



A:RAX+§/AV+2AZ
Az‘E\‘:\/Af+Ay2+Af
é:,&:>A<Ax+§/Ay+2AZ

AR A
[ Addition

Subtraction

Vector Multiplication

A

1- Simple Product
2- Scalar or Dot Product
3- Vector or Cross Product

Scalar Triple Product

\ Vector Triple Product

SUMmmary
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(a) Base vectors
-y

(b) Components of A



Orthogonal Coordinate Systems: (coordinates mutually perpendicular)

z}
Cartesian Coordinates y
P (X,y,2) R
X
AZ
P(r, 8, 2)
Cylindrical Coordinates
P(r, O, 2) ‘
NG VN N y
12
| | P Lo
Spherical Coordinates /1 r.9 @)
P, 0, ®)
X ® y




-Parabolic Cylindrical Coordinates (u,v,z)
-Paraboloidal Coordinates (u, v, @)
-Elliptic Cylindrical Coordinates (u, v, z)
-Prolate Spheroidal Coordinates (¢, n, @)
-Oblate Spheroidal Coordinates (g, n, ¢)
-Bipolar Coordinates (u,v,z)

-Toroidal Coordinates (u, v, @)

-Conical Coordinates (A, M, V)

-Confocal Ellipsoidal Coordinate (A, M, V)
-Confocal Paraboloidal Coordinate (A, M, V)
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LY
rical Coordinates
\

P(r, 6, 2)

Spherical Coordinates

P(r, 8, @)
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Cartesian Coordinates

(X’ yl Z) y4
Vector representation .
— 1
A:XA\X_I_yAY_I_ZAZ Z plane
A Y1, Z,)
Magnitude of A X{plan o®
— Er— A A €
‘A‘:K/A-A:\/AXZ+A5+AZZ ; Vi
A & ’
Position vector A !
/N /N /N X
XX, + VY, + 127,
Base vector properties
XXy =1
X-X=y-y=2-71=1 Ix7 =R
X-y=y-2=2-X=0 IxR =




Cartesian Coordinates

Dot product:

A-B=AB,+AB, +AB,

Cross product:

|
X
woll
I

gy
A AA
B, B, B,




Cartesian Coordinates

Differential quantities:

Lengtr_1£
dl = Xxdx+ ydy + 2dz

Area:

ds, = xdydz

ds, = ydxdz

ds, = Zdxdy
Volume:

dv = dxdydz

o1

ds- = Z dx dy
T dy
A
- ds, = ¥ dx dz
dv=dx dy d;
>




Cyvlindrical Coordinates

(r,0,2) :
~ r radial distance in x-y plane (Q<r<o r=aplne e
® azimuth angle measured from the positive . " ;
X-axis 0<d <21 41,. yPndia)
A
L —0O<Z<© . ¥
LR R]_ i
Vector representation N
r=r| cylinder 0 E i > ¥

N A N A -~ A ‘A :

A=aA=1A +DA, +2A, NG
9 i_-0=0;plane

ase %\ :

Vectors i

Magnitude of A

A +IN A 2 2 2
A=VA-A={A+A +A
Base vector properties

Position vector A A A A
fxd=2, ®xi=f, Ixf=0

fr, + 2z,




Cyvlindrical Coordinates

Dot product: Z

z=71 plane

-
-
-
-

A-B=AB, +AB,+AB

Cross product: A

r=r cylinder

F 4 2
Ax B = A A A
B, B, B,




Cyvlindrical Coordinates

Differential quantities:

Length:
dl = fdr + drdd + 2dz

Area:

Volume:

dv = rdrdddz

X

de \\"*--.“ ds, = zr dr do
\‘ A
Fee dsg = ¢ drdz
RNy dv = rdrdo dz

ds, =T rd dz

>




Spherical Coordinates

(R, 0, D)
Vector representation
A=RA; +6A, + A,
Magnitude of A
=9,

‘5«‘:+~/,&-A=\/A§+A§+Aj surtacs
Position vector A
RR, x

Base vector properties

N

ﬁx@:ﬁ), (:)xCi):R, OxR=0




Spherical Coordinates

Dot product:

A-B=AB, +AB,+AB,

Cross product:

R 6 ¢
AxB=|A, A, A
B, B, B,

6=0,
conical
surface




Spherical Coordinates

dl; =dR
Differential quantities: g |® = Rd®
Length: I
nath: ) ) dl, = Rsin®d®
dl =Rdl; +®dl, +ddl,

—RdR + ORA® + ®Rsin ©d®

Area.
ds, = Rdl,dl, = RR?sin @dOdd
ds, = Odl dl, = ORsin OdRAD
ds,, = @dl.dl, = PRARIO
Volume:

dv = R? sin ®dRdOd®

Rsin 0 d¢




Cartesian to Cylindrical Transformation

Ar — A)< COS ¢ + Ay sin ¢ *P(x, y, 2)

A, =—Asing+ A cosg c
SO T~ S x=rcos ¢
AZ R AZ r:W y=rsin ¢
¢ =tan*(y/x) *
=1 i —
A A A ] q) . , $
r:XCOS¢+yS|n¢ ______________ | | ;
_$f" o

—XSINn ¢ + Yy cos ¢

o 4

@
2

1
N>




Convert the coordinates of P,(1,2,0) from the Cartesian to
the Cylindrical and Spherical coordinates.




Convert the coordinates of P,(1,2,0) from the Cartesian to
the Cylindrical coordinates.

1 2 r=yx2+y? =4J4+1=4/5
+ h=0

||/¢ = y

. R (22,0)

X



Pl(\/g 1.107 rad ,O)
~(2.24,63.4° 0)

j =1.107 rad



Convert the coordinates of B > > - i
P1(1,2,0) from the r =X 4y 422 =AJA5150 =5

Cartesian to the Spherical |
cscgrzfrlgt]eso o SPIErEs 5 ¢=tan1(lJ: tan{%} =1.107 rad
+ X
- h=0
S -y
¢
X R, (V5,157 rad,1.107 rad

v

(2.24,90°,63.4°)

2 2
@ = tan {mj = fan 1[%} =1.57 rad

Q

Z



Convert the coordinates of P4(1,1,2) from the Cartesian to
the Cylindrical and Spherical coordinates.

r=x>+y? =/1+1=4+/2
h=2




Convert the coordinates of P4(1,1,2) from the Cartesian to
the Cylindrical coordinates.

r=x>+y? =/1+1=4+/2

Pfg% rad,zj h=2




Convert the coordinates of P4(1,1,2) from the Cartesian to
the Spherical coordinates.

r=yx2+y2+22 =12 +12+2? =./6
1£\/12 +1° j 1{\5
6 = tan > = tan

J =0.616 rad
2

2.45,35.3",45°
1 ( ) ¢ = tan‘lej =tan(1)= % rad







