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Definition of Riemann Integral

Introduction to Riemann Integral

Definition
A finite ordered set 0 = {xp, ... , X} is called a partition of the
interval [a, b] if a=x9 < ... < x, = b. The interval [xj, xj11] is

called the jth subinterval of o.
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Definition of Riemann Integral

Definition

Let f: [a, b] — R be a bounded function. Define
M; = sup f(x), m; = inf f(x),
XE[Xj,xj41] X€[xj,xj41]
n—1
U(f,0) = > Mi(x11 — %) (1)
j=0
n—1
L(f,0) =) mj(x41 = x). (2)
j=0
U(f,o) and L(f,o) are called respectively the upper sum and the
lower sum of f on the partition o. Note that L(f,o) < U(f, o).
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Definition of Riemann Integral

If o1 is finer than o3 and f: [a, b] — R is a bounded function,
then

L(f,00) < L(f,01) < U(f,01) < U(f,02) (3)

If f: [a,b] — R is a bounded function and o1, 0, are two
partitions of the interval [a, b], then L(f,01) < U(f,02).
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Definition of Riemann Integral

Definition

Let f: [a,b] — R be a bounded function. If we denote K([a, b])
the set of partitions of [a, b], then we define the upper integral of f
on the interval [a, b] by

U(F)= inf U(f,o
() oc€K([a,b]) ( )

and the lower integral of f on the interval [a, b] by

L(f)= sup L(f,0)
ceK([a,b])
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Definition of Riemann Integral

Definition

Let f: [a,b] — R be a bounded function. We say that f is
Riemann integrable on the interval [a, b] if U(f) = L(f).

If f is Riemann integrable on the interval [a, b], we denote
b

f(x)dx = U(f) = L(f) which called the integral of f on the

a
interval [a, b].
The set of Riemann integrable functions on the interval [a, b] is
denoted by Z(]a, b]).
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Criterions of Riemann Integrability

Criterions of Riemann Integrability

[Riemann’s Criterion]

Let f: [a,b] — R be a bounded function. The following
statements are equivalent

i) f is Riemann-integrable.

ii) Ve > 0; there exists a partition o such that

U(f,o) — L(f,0) <e.
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Criterions of Riemann Integrability

If 0 = {xo, ... ,xn} is a partition of the interval [a, b], we define
the norm of o by

llo]] = sup  Xxj11—X;.
0<j<n-1

[Darboux’s Criterion]

Let f: [a,b] — R be a bounded function. The following
statements are equivalent

i) f is Riemann-integrable.

ii) For all £ > 0; there exists § > 0 such that for all partition of the
interval [a, b] such that if ||o|| < § then U(f,0) — L(f,0) <e.
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Criterions of Riemann Integrability

Definition
Let 0 = {xo, ... ,Xxn} be a partition of the interval [a, b]. We say
that o = {ap, ... ,ap—1} isamark of o if VO < j < n—1,
aj € [xj, Xj41].
We define

n—1

U(f,o,a) = Z f(aj)(XjJrl - XJ)
Jj=0

called the Riemann sum of f on o with respect to the mark a.
As particular case, if f is Riemann integrable on the interval [a, b],
the sequence S, defined by

So= 225 fat k222
k=1

n n

b
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Properties of the Riemann Integral

Properties of the Riemann Integral

b b b
© Linearity / oz(f+ﬁg)(x)dx:oz/ f(x)dx+ﬁ/ g(x)dx.

b
Q If f >0, then / f(x)dx > 0.
ab b
Q If f <g, then / f(x)dx g/ g(x)dx.
a a

b b
o / f(x)dx‘ g/ IF(x)] dx.
Q@ If m<f(x) <M, for all x € [a, b], then

b
m(b—a) < / f(x)dx < M(b— a).
a



Properties of the Riemann Integral

Let f: [a,b] — [c, d] be a Riemann integrable function and
¢ [c,d] — R be a continuous function. Then o f is Riemann
integrable.
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Properties of the Riemann Integral

Let f: [a, b] — [c, d] be a Riemann integrable function, then the
function F defined by

is continuous.

If f is continuous at the point ¢, then F is differentiable at ¢ and
F'(c) = f(¢).
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Properties of the Riemann Integral

Remarks

© The integral of a non negative function Riemann-integrable is
a non negative real number.

@ If f is Riemann-integrable on [a, b], then

b
\/ dxy</a F()| dx < (b—a) sup |F(x)].

x€[a,b]
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Properties of the Riemann Integral

IF f is Riemann-integrable on [a, b], then the function
X

F(x) = / f(t) dt is continuous on [a, b].

a
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Properties of the Riemann Integral

F(x)—F(y) = / f(t) dt. Since f is bounded on [a, b], there exist
M > 0 such that\F(x) F(y)| < M|x —y|. O

Let f be a Riemann-integrable function on [a, b]. If
m = inf,c[a0) f(x) and M = sup,¢, ) f(x), there exist A € [m, M|
such that

.
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Properties of the Riemann Integral

We have m(b—a) / f(x) dx < M(b—a) then / f(x)dx e
[m, M].

[First Mean Value Formula]

Let f and g be two Riemann-integrable functions on an interval
[a, b]. We assume that f is continuous and g has a constant sign
on [a, b]. then there exist ¢ € [a, b] such that

/ " F(g(x)d = (c) / i) i
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Properties of the Riemann Integral

[The Cauchy-Schwarz Inequality]
Let f and g be two Riemann-integrable functions on an interval
[a, b], then

(/abf(x)g(x) dx)® < /ab f2(x) dx/abgz(x) dx.

[Minkowsky Inequality]
Let f and g be two Riemann-integrable functions on an interval
[a, b], then

b 1 b " b L
(/a (f(x) + 8(x))? c/x)zs(/a f2(x) dx)2+(/;, g%(x) dx)?.
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Properties of the Riemann Integral

Remarks

Let f and g be two non negative Riemann-integrable functions on
an interval [a, b] and let p, g > 1 such that %—i— % =1.
1) For x,y € R

xy < EXP + lyq. (4)
P q
Indeed, the inequality is trivial if x = 0 or y = 0. We take xy >
0. The Logarithmic function is concave, then In (%x”+ %y") >
In(xy). The result follows by taking the exponential of two sides.
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Properties of the Riemann Integral

2) We have

b
/f( dx</ fP(x dx—i—— g(x)dx, VA>0

a )
1
If we replace x by Af(x) and y by Xg(x) in the inequality (??), we
deduce the inequality (?7?).
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Properties of the Riemann Integral

b b
3) We deduce also that if/ fP(x)dx = 0, then / f(x)g(x)dx =
0. ) )
b
Indeed if/ fP(x)dx = 0, then
b ? A9 b
/ f(x)g(x)dx < e g9(x)dx for all A > 0. If we take the

a

b
limit (A — 400), we deduce that / f(x)g(x)dx = 0.
a
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Properties of the Riemann Integral

[Holder Inequality for the integrals]
Let f and g be two non negative Riemann-integrable functions on
an interval [a, b]. Then for all p, g > 1, where %—i— % =1 we have

/ab f(x)g(x) dx < (/ab P(x) dx)'l’(/abgq(x) dx)é.
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Properties of the Riemann Integral

b b
If/ fP(x) dx =0or / g9(x) dx = 0, the inequality results from
a a

the previous remark.
( / FP(t) dt)'/

b b
If/ fp(x)dx;éOand/ 9(x) dx # 0, we set fi(x

g(x)
b
( / g9(1) dt)!/

b b
/ fP(x) dx = / g/ (x) dx = 1. From the inequality (??), we

. We have

and g1(x) =

have figi < —f + —g{. We integrate on the interval [a, b], we
p q

have
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Properties of the Riemann Integral

[Second Mean Value Formula] Let f be non negative continuous
function and decreasing on the interval [a, b] and let g be
Riemann-integrable function on [a, b]. Then there exists ¢ € [a, b]

such that

/a  F)g(x) dx = £(a) / " 2(x) dx.
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Properties of the Riemann Integral

X

We set G(x) = / g(t) dt. The function G is continuous on [a, b].

We denote m = ianfxe[a’b] G(x) and M = sup,c[, 4 G(x). To prove

b
the theorem it suffices to prove that mf(a) < f(x)g(x) dx <

Mf(a). Let 0 = (x0 = a, ..., xn) be a partition ?)f [a, b] such that
b — G(xiiq1) — G(x:
Xi+1—Xi=73,Xj:a+jb—;". We set \; = (xi11) (X’)_
n Xit1 = Xi
nﬂr—‘poo Z;(X"H fg) X’ / f
1
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Properties of the Riemann Integral

n—1 n—1
1> i —x) () (g(x) = M)l < F(a) Y (i1 — - m;)
i=0 i=0

= f(a)(U(g,a,,) - L(g7 O'n) %?o 0.

with M; = sup g(t) and mj = inf g(t). It results that

te]XnXI+1[ t€]xi, X1

b
HETOOZ“' (xit1) — G(x)) = / f(x)g(x) dx.
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Properties of the Riemann Integral

n—1 n—1
Z f(X,')(G(X,'+1) - G(Xi)) = Z f XI X/+1 Z f(Xi)G(Xi)
i=0 i=0

= Z(f(x,-,l) — f(x))G(x;) + f(xn-1)G (1
i=0
Since f is decreasing and non negative, we deduce
n—1 n—1

m|f(xp-1) + Z(f(xi—l) — f(x7))]

i=0 i=0
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Properties of the Riemann Integral

Let f be a monotone continuous function on an interval [a, b] and
let g be a Riemann-integrable function, then there exist ¢ € [a, b]
such that

/ab f(x)g(x) dx = f(a) /:g(x) dx + £(b) /Cbg(x) dx.

A

Y, Ol’lgl » The Riemann Integral



Properties of the Riemann Integral

We can assume that f is increasing. We use the previous Theorem
to the functions h(x) = f(b) — f(x) and g. O
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Properties of the Riemann Integral

[The Fundamental Theorem of Calculus]
Let f: [a,b] — R be a differentiable function and f’ is Riemann
integrable, then

b
/a F(x)dx = F(b) — £(a).
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Properties of the Riemann Integral

[Taylor Formula with integral Reminder]
Let f be function of class C"*1 defined on an interval / in R. For a
and x in /, we have

+Z i " )+/ X (X(_n)!t)nf(”“’(t)dt.

A
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Improper Integrals

Improper Integrals

© Let f be a piecewise continuous function on the interval [a, b],
where a € R, b € RU {+00}.
We say that the integral of f on the interval [a, b is
X
convergent if the function F(x) = / f(t)dt defined on [a, b|

a

has a finite limit when x tends to b (x < b). This limit is
called the improper integral of f on [a, b[ and will be denoted

by: /ab f(x)dx.
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Improper Integrals

Definition

© Let f a piecewise continuous function on the interval ]a, b],
where a € RU{—o0}, b e R.

We say that the integral of f on the interval ]a, b] is
b

convergent if the function G(x) = / f(t)dt defined on ]a, b]
has a finite limit when x tends to a )(<X > a). This limit is

called the improper integral of f on |a, b] and will be denoted

by: /ab f(x)dx.
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Improper Integrals

Definition

O Let f be a piecewise continuous function on the interval |a, b],
where a € RU {—o00}, b € RU {+o0}.

We say that the integral of f on the interval ]a, b is
convergent if the integral of f is convergent on |a, c] and on
[c, b for any c in ]a, b].

@ Let f be a piecewise continuous function on an interval /.
The function is called integrable on / (or the integral is
absolutely convergent) if the integral of |f| on the interval [ is
convergent.

v
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Improper Integrals

Example

sint
@ The integral of the function f(t) = - is convergent on

1
]0,1]. The same for the function g(t) = sin S on 10, 1].
Q Let a € R and a € RY. The integral fa+°° g—é is convergent if

a
d
and only if & > 1 and the integral / —z is convergent if and
0o X

only if a < 1.

° /+°° dx . g . /+°° dx 7 1 dx )
IS divergent, —_— = =, — = 2.
0 1+X & 0 ]_—i-X2 2 0 \/)?
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Use of a Primitive

Let f be a function defined and piecewise continuous on an interval
b

| =]a, b[. If F is a primitive of f on /, then / f(x)dx = F(b—) —
F(at) if F(b—) — F(a+) is finite. (F(b—) = _lim_F(x) and
Flat)= lim F(x)).

xX—a,x>a
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Change of Variables

Let ¢: |a, b[—]a, B] be a bijection of class C* and let
f: ]a, B[— R be a Riemann integrable function. Then

B b
/ f(x)dx converges if and only if / fop(x)¢'(x)dx converges ,

and we have

/a ’ F(x)dx = / "t o(x)¢ (x)dx.
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Example

Let 5 € R and a €]1,4+o00[. We set for x > a

X dt
F, = —— .
5(x) /a t(int)s
If u=1Int, we get

( ) = In(Inx) — In(In a) and for 8 # 1,

In x
du 1 1 .
(x) / Wil [(Inx)ﬁ—l ~ n a)ﬁ—l]' Thus the inte-

In a
“+oo

s X(In x)ﬁ

gral

is convergent if and only if 8 > 1.
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Integration by parts

Let a € R, b € RU {+00} and u, v two real functions of class
C! on [a,b[. Assume that lim u(x)v(x) = B exists in R. Then

x—b
b b
/ u(x)v'(x)dx converges if and only if/ u'(x)v(x)dx converges
a a

and one has in the case of convergence

/ UV (x)dx = B — / ® (0 — u(2)v(a).
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The Cauchy Test

[The Cauchy Test]
Let f be a piecewise continuous function on [a, b[, b € RU {+o00}.

b
/ f(x)dx converges if and only if
a

Ve > 0,3 ¢ tel que Vx,y €]c, b|;

/Xy f(t)dt‘ <e.

(we can take f a locally Riemann integrable function).
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Remarks

@ This criterion is the Cauchy criterion of the existence of the
limit of functions.

@ Let a < b be two real numbers and f: [a, b[— R a bounded
function. If f is piecewise continuous on [a, b[, then the
integral of f on [a, b[ is convergent.
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Comparison Test

Let f be a non negative locally Riemann integrable function on
X

[a, b[. The integral / f(t)dt converges if and only if there exists

a

M > 0 such that Vx € [a, b[; / f(t)dt < M.
a
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Let f and g be two non negative locally Riemann integrable
functions on [a, b[. We assume that f(t) < g(t); Vt € [a, b[. Then

b
If/ g(x)dx converges; the integral/ f(x)dx converges.
a

a

b b
If/ f(x)dx diverges, the integral / g(x)dx diverges.
a a
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Let f be a non negative locally Riemann integrable function on the
interval [a, b[ and let £ = {(xn)n € [a, b[; limp— 400 Xn = b}. For
X

any x € [a, b[, we define F(x) = / f(t)dt. Then following
properties are equivalent ’

a) The integral of f on [a, b[ is convergent.

b) {F(x); x € [a, b[} is bounded.

c) For any sequence (x,)n € &, the sequence (F(xp), is convergent.
d) There exists a sequence (x,), € € such that the sequence
(F(xn)n is convergent.

.
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Example

+oo
f(t) = et t €[0,+oc[, one has f(t) < et and / e Xdx =1
0

+oo s
thus / e ™ dx converges.
0

> d 1 1
/2 x diverges because —— > — V x €]0, z]
o Ssin x sinx — x 2
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Proposition

Let / be an interval and f: /| — R™ a non negative locally
Riemann integrable function. The integral of f on | converges if
and only if there exists an increasing sequence of intervals
([an, bn])n which covers I and a real M > 0 such that

b

/ f(x)dx < M, for any n € N. In this case

// i) d = sup / " > )dx.

neN J a,
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Definition

Let f be a locally Riemann integrable function on an interval /.
The integral of f on [ is called absolutely convergent if the integral
of |f| on [ is convergent.
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Proposition

Let f be a locally Riemann integrable function on the interval
[a, b].

b
Q If the integral / f(x)dx is absolutely convergent, then
b a
/ f(x)dx is convergent.
a

@ If there exists a non negative piecewise continuous function g

b
on [a, b, such that / g(x)dx converges and |f(x)| < g(x),
a

b
then / f(x)dx is absolutely convergent.
a
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Remark

b b
If/ f(x)dx is convergent, then / f(x)dx is not in general abso-
a a
lutely convergent.

. . sinx .
Consider the function —— on the interval [1, 4+o0].

X
. . S sinx cos s 5 cos X
By integration by parts, / ——dx =cosl — — / >—dx;
1 X S 1 X

. . . sinx
this shows that the integral of the function —— is convergent on
X
[1, +ool.
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nmo| g n—1 . (k+1)m |
/ |smx|dX _ Z/ |smx\dX
s X km X

k=
n— 1 (k+1)m .
Z m /k ’ sin X|dX

Vv
3 Z‘
= H

2

(k+1)m

k=1

_ 1 1. .
As the sequence (vp), defined by v, = 1+ 3 + ...+ = is divergent,
n
then the integral of f is not absolutely convergent.
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An other proof: we remark that |sin x| > sin? x = 1=€952X  Ag the

22X
teo |sinx|d
——dx

) T cos2x |, . )
integral dx is convergent, the integral

1 2x 1 X
is divergent.
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Proposition

Let f: [a,b[— R and g: [a, [— R™ be two locally Riemann

integrable functions. We assume that there exists £ € R\ {0} such
b

that f ~ {g (when t tends to b~). Then / f(x)dx converges if

a

b
and only if/ g(x)dx converges.
a

A
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If f ~ ¢g (when t tends to b™), then there exists a function h such
that f(t) = ¢h(t)g(t) and tirpﬁ h(t) = 1. Thus f(t) — lg(t) =
(h(t)—1)lg(t) and, thus there exists ¢ such that Vt €]c, b[, |f(t)—
te(t)] = g(t), let [F(6)] < (1+[€])g(2). ,

If the integral / g(x)dx converges, then the integral /a f(x)dx

a
converges absolutely.
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b
If the integral / f(x)dx converges, as ¢ # 0, there exists ¢ such
a

that Vt € Jc,b[ ;|f ()—Eg( )| < ¢ |g(t) If x <y €]c,b[, we

/y /Xy f(t) — lg(t) / thusH/ t)dt <
f(t)

have

— 0.
X, y—b
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Remark

If g change of sign the previous result is not true. It suffices to take

the function f(t) = |Sm f +SI\;; and g(t) = Sm\/; for t € [1,4o0.

The integral of the functlon g is convergent on [1, 400, it suffices
to use the Cauchy test and the second Mean Value Formula. The
integral of the function f is divergent.
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Let f: [1,+oo[—> R™ be a piecewise continuous function.
Q If there exists @ > 1 such that lim x%f(x) =0, then the
xX—>+00
integral of f is convergent on [1, +oc[.
@ |If there exists a < 1 such that lim x%f(x) = 400, then the

X—>+00
integral of f is not convergent on [1, +o0].

A
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Let a,b € R and f: ]a, b — R+ be a locally Riemann integrable
function.

O If there exists a < 1 such that Iim+(x —a)%f(x) =0, then
X—a

the integral of f is convergent on |a, b].
@ |If there exists a > 1 such that lim (x — a)®f(x) = +oo,
X—>—+00

then the integral of f is not convergent on ]a, b].
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The Abel's Test

[Abel’s Theorem]
Let ae R and b € RU{+occ}, and f and g be two continuous
functions on the interval [a, b[. Assume that

y
i) there exists M > 0 such that / f(t)dt‘ < M for any x,y in
2.6 )

ii) g is monotonic on [a, b[ and lim g(t) = 0.
t—b

b
Then/ f(x)g(x)dx converges.
a
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We can assume that g is decreasing. By second mean value formula,

theorem (24), for any x < y in [a, b],

/Xy f(t)g(t)dt‘ =

/ .

Mg(X)

IN
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