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= ]Ri-1 X W X ]R n- ·i 

40 

.JR <J~~W 0~~~1Rn <)~~~~ 

2.2 J~_::.o 

x,y E JRn J(J 0i .b.-~ I~ 0_? 

f(x)- f(y) = f(x- y) 

= r(~(x;- y,)e,] 
n 

= l::(xi -yJf(e.J 
i=1 

n 

llf(x)-f(y)ll < L:lxi -yilllf(eJII 
i=1 

[ 

n ]1/2 
< llx-y11f;llf(e.JII2 

_;k.;l) ~ .1_;;, # f 0i ~ \~J ·J)\..Q...;,-~~ ~\_? i'~~ 
.~ AJb 0~1 ~ ,([1] 

2.2 ;.,!.) IJ. 

(0,0) ~ f AJ\JJ\ J~l <J ~\ .1 
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(i) 

sin(x2 +y2) 

f( x, y) = x2 +y2 
(x,y) =f=(O,O) 

1 (x,y) =(O,O) 

(ii) f ( x, Y) ={Yo tan~ x + o 
x=O 

{
1 0 < y < x 2 

(iii) f ( x, y) = 0 
otherwise 

ffi.m <j ~ F ~ ~ j5J <=? ~ f: A ------7 ffi.m UI..UI 0i l~ • ~i .2 

.A <j ~ r- 1 (F) 0~ 

f: ffi.n ------7 IR.m ~\..ill ~~ ~L:JI ..r.ulA:.ll yl50 0i .3 

~ f (i) 

\fAcffi.n,f(A)cf(A) (ii) 

\f B c ffi.m, f - 1 (Eo) c ( f- 1 (B) f (iii) 

~ f: C ------7 ffi. rn 0i ~b- <j 3 0:!~1 <j (iii) '(ii) '(i) o\}.~1 J..!.Y .4 

· C =f= JR.n 'C C JR.n 

o..l.YLA..l~ gi: ffi. ~ ffi.m ~\..U\ ~~ . a ...1..:Y ~ f : ffi.n ------7 ffi.7n ~ .5 

gi ( t) = f ( ap ... ' ai-l' t, a ,i+l,. .. ' an) 

Y <j \lL,a.;\ ~ a ...1..:Y f JL,a.;l d ~i 'ai ...1..:Y ~ gi 0i 0i 

~IJJI i~\ .o..l..>- ~ Jl..!..>-l 

l xy (x,y)=f= (O,O) 
f( x,y ) = ox2 +y2 

(x,y) = (0,0) 

·i~\ ~J ~ ~ _;)- ~\ -Ji ~ 



0 L5' 1.~ 1 . a E A o c _ ">- , a ~ 41 .a-.. j : A c 1R Tl. -t 1R ~ . 6 

f( x) oJL:. 1 ~1j ~ Bc:( a) 4.;.-p,- o_j' )_r-->-J -.:. . ~~ f(a)=f:O 

.xEBc:(a) jSJ f(a) o}~;, l 

G-?: D1 lJ 4.;.- p_.. E 4..Y ~J D1 U.~ ~ ~ f d.JIJJ ~L:., k i .7 

.4.;... P,. _r-S- f (E) 0~ 

J ~lS' 1)1 ·A C 1Rn ~ ~ ~ d.Jb :h,J2,-· ·,Jk if j) ~ .8 

u;~ Aj _r.o 

f ( x) = max { :h ( x) , h ( x) , · · · , A ( x)} 

-~ L>_?-~1 ~ f 0i ~~ 

1Rm o~ ~ ~ 0~1 f- 1 J_r.:)l 0i 2.7 ~_;k.:JI l) L.;iJ ..L_il 

2.2.7 J-r-:JI cJ L:ij LS',~ r ~lS' 1)1 c.l.:Aj}/1 ~L>- ~ b~ ~ _):-1 

-L:)I l.i.t. l) ~ . .!.lb cY' ~ _f.-1 A o~ ~ ~ 0~1 f J_r.:]l ~ 

if ~) ,~\_;) \) t..f'l_rll ~ 'f JL,a;l ~ b~ Lr._..:..,ol>- !JLJ> Ji 

..l>-IJ ~ l) ~\ JIJ.ill ~I o~_;k.:J I if ~..WI ~ if ~.lb J)l_;.:. 

.Jl,a;}/1 Jbl) 

2.8 ~p 

4._y __,...$.\ 0~ ~l_;..o d..Y ~ A c....j\) \)1 .~ f: A C JRn -t JRm ~ 

.~1_;-.o L..a.:i f (A) 
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Function8 on Euclidean Space l3 

The oscillation o(f,a) of f at a is defined by o(f,a) = 
lim[M(a,!,o) - m(a,J,~)]. This limit always exists, since 
HO 

M(a,!,o) - m(a,J,o) decreases as o decreases. There are two 
important facts about o(f,a). 

1-10 Theorem. The boundedfunctionfis continuous at a if 
and only if o(f,a) = 0. 

Proof. Let f be continuous at a. For every number € > 0 
we can choose a number o > 0 so that if(x) - f(a)i < € for 
all x E A with lx - al < o; thus M(a,!,o) - m(a,J,o) ~ 2€. 
Since this is true for every €, we have o(f,a) = 0. The con­
verse is similar and is left to the reader. I 

I-ll Theorem. Let A C R" be closed. lf f: A --+ R is any 
bounded function, and € > 0, then I x E A: o(f,x) ;;:::: €) is 
closed. 

Proof. Let B= lxEA: o(f,x)~e} . We wish to show 
that R" - B is open. If x E R" - B, then either x fl. A 
or else x E A and o(f,x) < €. In the first case, since A is 
closed, there is an open rectangle C containing x such that 
C C R" - A C R" - B. In the second case there is a 
o > 0 such that M(x,f,o) - m(x,f,o) < €. Let C be an open 
rectangle containing x such that lx - Yi < o for all y E C. 
Then if y E C there is a 01 such that lx - z l < ~ for all z 
satisfying lz - yj < h Thus M(y,J,01) - m(y,f,ol) < €, and 
consequently o(y,f) < €. Therefore C C R" - B. I 

Problem•. 1-23. Iff: A-+ R"' and a E A, show that lim /(:r.) • b 
if and only if lim f(x) • b.- for i -= 1, ... ,m. :t-+a 

:o-o 
1-24. Prove that f: A ~ R m is continuous at a if and only if each f' is. 
1-25. Prove that a linear transformation T : R" _, Rm is continuous. 

H i nt: Use Problem 1-10. 
1-26. Let A- f(x,y) E R 2: x >DandO< y < x 2}. 

(a) Show that every straight line through (0,0) contains an 
interval around (0,0) which is in R2 - A. 

(b) Define f: R 2 -+ R by f(x) - 0 if X e A and /(x) - 1 if 
:r. E A. For h E R1 define gA: R-+ R by g11(t) • f(lh) . Show 
that each gA is continuous at 0, but f is not continuous at (0,0). 
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In Exercises 4.29 through 4.33, we assume that/: S --+ Tis a function from one metric 
space (S,ds) to another (T,dr). 

4.29 Prove thatfis continuous on S if, and only if, 

f 1 (intB) c int(f-1 (B)) for every subset B ofT. 

Proof:(=>) Suppose thatfis continuous on S, and let B be a subset ofT. Since 
int(B) c B, we have f 1 (intB) c f 1 (B). Note thatf1 (intB) is open since a pull back of 
an open set under a continuous function is open. Hence, we have 

intlj- 1 (intB)] = f 1 (intB) c int(j- 1 (B)). 

That is,f1 (intB) c int(j-1 (B)) for every subset B ofT. 
( <=) Suppose thatj-1 (intB) c int(f- 1 (B)) for every subset B ofT. Given an open subset 

U(c T), i.e., intU = U, so we have 

f 1(U) =f1(intU) c int(j-1(U)). 

In addition, int(j- 1 (U)) c f 1 (U) by the fact, for any set A, intA is a subset of A. So,fis 
continuous on S. 

,_;---' ~ 4. 3 0 Prove that f is continuous on S if, and only if, 

flcl(A)) c cl(f(A)) for every subset A of S. ~'l_,rv) 
\._ / Proof: ( =>) Suppose that f is continuous on S, and let A be a subset of S. Since 

flA) c cl(f(A) ), then (A c)f1 (f(A)) c f 1 (cl(f(A)) ). Note thatf1 (cl(f(A))) is closed 
since a pull back of a closed set under a continuous function is closed. Hence, we have 

cl(A) c cl[f-1(cl(f(A)))] =f1(cl(f(A))) 

which implies that 

flcl(A)) cj[f-1(cl(f(A)))] c cl(f(A)). 

(<=)Suppose thatflcl(A)) c cl(f(A)) for every subset A of S. Given a closed subset 
C(c T) , and considerf1(C) as follows. Defmef1(C) =A, then 

flcl(j- 1(C))) = flcl(A)) 

c cl(f(A)) = c!W-1(C))) 

c cl( C) = C since C is closed. 

So, we have by (!Ccl(A)) c C) 

cl(A) cf1(f(cl(A))) cf1(C) =A 

which implies that A = f 1 (C) is closed set. So, f is continuous on S. 

4. 3 1 Prove that f is continuous on S if, and only if, f is continuous on every compact 
subset of S. Hint. If Xn --+ p inS, the set {p, x 1, x2, • . . } is compact. 

Proof: ( =>) Suppose that f is continuous on S, then it is clear that f is continuous on 
every compact subset of S. 

( <=) Suppose that f is continuous on every compact subset of S, Given p E S, we 
consider two cases. 

(1) p is an isolated point of S, thenfis automatically continuous at p. 
(2) p is not an isolated point of S, that is, p is an accumulation point p of S, then there 

exists a sequence {xn}(c)Swithxn--+ p. Note that the set {p,x 1,x2 , •.• } is compact, so we 
know thatfis continuous at p. Since pis arbitrary, we know thatfis continuous on S. 

Remark: If Xn --+pinS, the set {p,x 1 ,x2 , ... } is compact. The fact is immediately 



ifx E Q, andg(x) = Oifx E Qc. 

Remark: It is the same rusult for min(f1, .. .fm) since max( a, b) + min( a, b) = a + b. 

~· 4.21 Let f: S --+ R be continuous on an open set in Rn, assume that p E S, and assume 
that flp) > 0. Prove that there is an n -ball B(p; r) such that j(x) > 0 for every x in the 
ball. 

Proof: Since (p E )S is an open set in Rn, there exists a 81 > 0 such that B(p, 8 1) c S. 
Sinceflp) > 0, givens= ~) > 0, then there exists ann -ball B(p;82 ) such that as 
X E B(p;82) n S, we have 

~) = flp)- & < j(x) < flp) + & = 3.tr:). 
Let 8 = min(8t,82), then as x E B(p;8), we have 

j(x) > ~) > 0. 

Remark: The exercise tells us that under the assumption of continuity at p, we roughly 
havethesamesigninaneighborhoodofp, ifflp) > 0 (orf(p) < o.) 

4.22 Letfbe defined and continuous on a closed setS in R. Let 

A = {X : X E S and j(x) = 0} . 
Prove that A is a closed subset of R. 

Proof: Since A = J-1 ( {0} ), andfis continous on S, we have A is closed inS. And 
since Sis closed in R, we finally have A is closed in R. 

Remark: 1. Roughly speaking, the property ofbeing closed has Transitivity. That is, 
in (M, d) let S c T c M, if S is closed in T, and Tis closed in M, then S is closed in M 

Proof: Let X be an adherent point of sin M, then B M(X, r) n s * ¢ for every r > 0. 
Hence, B M(x, r) n T * ¢ for every r > 0. It means that x is also an adherent point ofT in 
M. Since Tis closed in M, we fmd that x E T. Note that since B M(x, r) n S * ¢ for every 
r > 0, we have (S c 1) 

Br(x,r) n s = (BM(x,r) n T) n s = BM(x,r) n (S n T) = BM(x,r) n s * ¢. 
So, we have x is an adherent point of S in T. And since S is closed in T, we have x E S. 
Hence, we have proved that if x is an adherent point of S in M, then x E S. That is, S is 
closed inM. 

Note: ( 1) Another proof of remark 1, since S is closed in T, there exists a closed subset 
U in Msuch that S = U n T, and since Tis closed in M, we have S is closed in M. 

(2) There is a similar result, in (M, d) letS c T c M, if S is open in T, and Tis open 
in M, then Sis open in M. (Leave to the reader.) 

2. Here is another statement like the exercise, but we should be cautioned. We write it 
as follows. Letfandgbe continuous on (S,d1) into (T,d2). LetA= {x: j(x) = g(x)}, 
show that A is closed in S. 

Proof: Let x be an accumulation point of A, then there exists a sequence {xn} c A 
such that Xn --+ x. So, we have f(xn) = g(xn) for all n. Hence, by continuity off and g, we 
have 

j(x) =!(limxn) = limfrxn) = limg(xn) = g(limxn) = g(x). n~oo n-+OCrl \ n-+oo n-+oo 

Hence, x E A. That is, A contains its all adherent point. So, A is closed. 
















































































































































































































































































































































