Chapter 4

Continuous-Time

Fourier Transform



Introduction

Periodic signals are represented as linear combination of harmonically
related complex exponentials (Fourier Series).

Non-periodic (Aperiodic) signals are represented by complex
exponentials using Fourier Transform.
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Fourier Transform - Example 1
Consider the signal  x (f)=e “u(t). a>0

Find its Fourier transform.
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Fourier Transform - Example 2
Find Fourier transform of: Time-domain

x(t) =e"tl a>0

The Fourier transform of the signal Is:

X(jo)= [ x(n)e”dr= [ ee™dr
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Fourier Transform - Example 3 x(1

Find Fourier transform of: )
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X(jw)

Fourier Transform - Example 4
Find the inverse Fourier transform of:

L ol < W
XUw) = {0, | > W = — .
the Inverse Fourier transform X(t)
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Problem 1
Use the Fourier transform analysis equation to calculate the Fourier transforms of :

(a) e " u(t-1) (b) e
“2(e-1) 2l
@ XDyt 1) o el
. . o _ oo |
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Problem 2

Use the Fourier transform analysis equation to calculate the Fourier transforms of :
o(r+1)+o(r—1)

X (o) = T x (t)e™“dt
- Some useful Fourier transform:
x()=6@) |
{ =X (jw)=1
X (1)=o0(t +1j
=X (jo)=e’”

' Ja —jar
=2::<[E +; ]—Zcmsm x(t)=o0(—-1)

- T [5(t +1)+ 5@ —D)k~*dr

_ j 5(t +De™“dt + j 5t Dk~ “dr
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Problem 3

Use the Fourier transform analysis equation i{” (2-1)+u(t —2))
to calculate the Fourier transforms of : dt -

I

X(jo)= ‘[j—r{n(—Z—F)+H (1 —2)je™“di

@ 7 x X(jo)y=—e""+e™°
- .[ —cﬁ(—Z—fﬁ_jﬂdr i .[ o( _219_";“‘5# ple _ 2w
o e =-2j :{[ _ J
:111 ‘|‘JIE Ej
( | =27 sin(2®
I, = j —S(=2—t)e"dt, Let r=-2—t.dr =—dt J sin(2@)
- X (jo)|=2|sin(2w)

= [-0()’ " (~d 1) =" [ 5(r)e’ " dT ="
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I, = j&(r e dr =7



Fourier Transform for Periodic Signals

sin(k o T;)
Ay = Tk
sm(ﬁ moTl) 50—k o) = Z 25111(1{00T1 Sk y)

Fourier transform
]

X (jo)= Z 2

Obtain the Fourier transform of a periodic signal x(t) directly from its Fourier series a;
Inverse FT
_ . . Tk et
X(jo)= Zc:.rkbrﬁ(m ke, my x(t)= Zﬂ% %
Proof o -
x(t) = j Z a 218 (w — kwy) e/“tdw = Z akz j S(w — kwy)e!“tdw = 2 aze’lfwot
k=—co0 " k=—o0
" Kljoo)
Example 5
."-I I | | | | m L1 I-.” :“J “n
-2T -T _T-T, T, T T 27 t 2 1
2 2 ; \
The Fourier series coefficients of the above periodic signal:
e "-_i:“* j 111. -".F“x‘t .
RS R Vi S pra
Fourier transform of a symmetric
periodic square wave




Example 6

Obtain the Fourier transform of x(1)= Eill(fﬂof )

1 1

x (1) =sin(emt) =—e’* ———e ™Y
2] 27
1 1 N
Fourier series coefficients: f’ﬁ:z—jﬂ_l :_Z_j‘ﬂk =0 for |k |#1

Fourier transform  y~ (; i) = Z a, 2mé(o—k w,)

k=—0x

2T 27 S

=—o0(w—-0,)) ——o(v+0,)
2j 2j

— L 50— m) -~ 50+ m,)
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Example 6 )= i 5 —kT)

Obtain the Fourier transform of the impulse train

.E.'=—EE
Solution: x?}
The Fourier series coefficients for this signal are: 1
—f (H)e ™ dt =~ j S0t =& = e e e
T2 Impulse train with a period of T.
Therefore, the Fourier transform is: X (o)
2T Z &
X (jw)= Z 2ra, 6(w—k a,) —? slo—ka,) .. ' ] ] l
k =—ax
____471 _2m 0 2 Ax
¢ T T T
Z ﬂ{m_ ‘Elr Fourier transform of Periodic impulse train

K =—



Determine the Fourier transform of
each of the following periodic signals.

Problem 4

T

(a) 5111{2:?1’?+E] (b) 1+ces(6m‘ +g)

Solution; (@) (f)=sin [ 27t + E]:

comparina with 4

x(t)= siu{mﬂr +§J

and T 2% m) o,=27T =1

@y

. T
eJ(an'Z) .

. T
e/ (2mt+y)

all other k

The Fourier transform of the periodic signal

X(jw) = Z a; 216 (w — kwgy)

k=—o

T T T TT
= ]—,e]ZS(a) —2m) — ]—,e_]Zé(w + 2m)

(b) T(.*‘)—I-I—CUS('@FIT-I— ]» @, =67

J(6ar+m/8) _I_E—j (6t +m/8)

_ 0. &
a, =0
all other k
The Fourler transform of the periodic S|gnal
(0]
X(jw) = z a; 2md(w — kwg)
k=—o0

T I
= 2n8(w) + me’85(w — 6wy) + me 86 (w + 6wy)
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Problem 5

Use the Fourier synthesis equations to determine = Lol
the Inverse Fourier transform of (b)y X,(J@)=1-2. -2<0<0
X,(jo)=275(w)+75(@—47) + 75 (@ + 47) 0. |o]>0
Solution:
(b) 2 | 0 _
(a) 2(;‘)_2— J f”d(quJ.—Ze“’ﬂd(o
s JT N
x, ()= L j [Zm:?(m) +70(w—4r)+ 10 (w+ 4?1')}3“’”({ 0, 2
2 | or 12 o |0 |
) :i e’ _ei :L[(szz—l)—(l—{?_jﬂ):l
— I S(we’“do+— I S(o—4Axe’“do T gt |, Jt || 7t

1 oo
_ : jort g .
2 I Olw+4r)e’"do

1 3 ]-
0 4t
—e +—e’ —

2 2
=1+ cos(4xt)

—Jj 4t
e J

_ L.[(eﬁ )z +(€_ﬂ )z it } _ #(eﬁ it )2

Tt Tt

—4 (e"” —e ] —4
— = ——sin’(¢)
2j J it



Properties of CT Fourier Transform

« Give insight of the relationship between the time-domain and frequency-domain descriptions of a signal.

« Are useful in reducing the complexity of the evaluation of Fourier transforms or inverse transforms.

1. Lmear'l’ry
x(t) ﬁ X(w) F
If F Than ax(t)+by(t)® aX(w)+bY(w)
y(t) @ y(jw)
2. Time shifting (1) =— j X (jo)’d o

F _ Proof
x(t—to) € e 9% X(jw) s 1% o
:>:r(r—r,:,)=¥jl (@)’ d o

If a signal is time-shifted, the magnitude of the

Fourier transform does not change; only there —j ety J 7 oot
. . . ! =x (-t e — | X (jo d o
IS a phase-shift in the Fourier transform. ( ) (] Je

= 3(x (¢ —fD))Ze_‘}'“X(jm) "’



Example 6 <

: 1.5 —
Evaluate the Fourier transform of x(t) Al |__|_|_I
L]

Solution: .

T x(t) EIT

15
1
t
t Xq(t) b x(t)

By Decomposing F 2 sin(®W J 2 sin(3 W
into simpler signals . ‘ — X,(jw) = ( /2) 1 X,(jw) = ( /2)

X(t) =% x4(t-2.5) + x,(t - 2.5)



Example 6 - contd.
From Example 3 and the signals of the previous slide, we get:

2 Sm(a)/z) and Xz(iw) _ 2 Sin(g a)/z)

X;(jw) =

w w
By linearity and time shifting properties:

X(jw) = %T{xl(t —2.5)} + Fix,(t — 2.5)}

_ %Q—Z-Swa{xl(t)} + e 2SI F {1, (¢))

_ le—Z.Sjw 2 Sin(w/z) 4 2570 2 Sin(3 ‘U/Z)
w w

R (gin(w/z) + 2 sin(3 w/2)>

w




Properties of CT Fourier Transform

3. Conjugation and Conjugate Symmetry

F F
It x(t) e X(w) Than x*(t) €& X*(—jw)

Proof

X*(jw) = Uoox(t)e‘j‘”tdt]

= j x*(t)el@tdt

Replace w by -w

X*(—jw) =f x*(t)e 1@tdt

If x(t) is real, x(t) = x*(t), then X(jw) has conjugate symmetry: X(—jw) = X*(jo)

Rectangular form of X (j
Real part of X(jw) au (o)

For real X(t): Imaginary part of X(jw)

Polar form of X(jw)

Re{X (j®)} =Re{X (—j @)} =P Even function of w 4= | X (j@)|= X (—j®)]

Im{X (jo)} =-Im{X (-j®); ™) 0Oddfunctionofw 4m /Y (jo)=-/X (—j0)

From positive frequencies we can determine magnitude and phase of X(jw) for negative frequencies

For real and even x(t): x(t F X(icw For x(¢) = x,(t) + x,(t)
X"(jw) =|X(iw) X(—jw) = X(jw) (®) And Vo) .
rea even 1
For x(t) real and odd ‘ Even {x(t)} ¢ Re {X(jw)}
X(jw) is purely imaginary and odd | 0dd {x(t)} £ iiIm{X(Gw)}




Example 7
Evaluate the Fourier transform of x(t) = e~ fora > 0

have F 1
From Example 6: x(t) = e~ %t fora>0 x1(t) = e~ Hu(t
P X( ) e a ‘ 1( ) ( ) o 7 +ja)
e %y (t) + e u(—t
x(t) = e~ = ety (t) + ey(—t) = 2[ ©) > (=) = 2 Even{e *u(t)}
30 t0
Even{x, (£)} = x1(t) + x1(—t)

2
x(H)=e ™, for a>0

e~ %u(t) is real; from symmetric property, X(t)

_ F 1 a—jw
2 Even{e *u(t)} 7 R = 2R { }
g e a +](U € a2 + w2

‘ X(jw) = 2a mirror image t
a’ + w?




4. Differentiation and Integration

Similarly,

f_(:x(r) dt

dx(t)

<—> jo X(jw)

T

Jw

Properties of CT Fourier Transform

Proof

1 (® .
= — ] Jwt
x(t) 27TJ_OOX(]a))e dw

dx(t) 1 (% d , .
— Y ((pJwt
dt  2nm j_ooX () g7 (&7 )dev
dx(t) 1 f°° X(w)jw e/t de
dt 21 J

dx(t)

X ]wt
7 an [jw X(w)] e!*dw

=) iX(]a)) +1X(0)§(w)
N

DC or average value

20



Example 8 u(t)

Determine the Fourier transform of the unit step function.

xB)=u(@)=>X (jw)="? .

d

(;: = 0(f); For unitimpulse g(t)=45() “G(]a)) =1 . 5(t)

(1 ) =
Now, x(t) = 5(1) dt 4-} + 16 (0)5(w) t
- | Glio)

=) X(]Cl))_]_w+n5(w)‘\G(]w)—1—>G(O)_1 )

Also, we observe that © F

du(t) F 1 | ’ _
“]w +7T6(a)) =1l+4+njwdlw) =1 a)6(a))=0={2):(1) “ =0

21

5(t) =



Properties of CT Fourier Transform

5.Time and Frequency Scaling

F F jw
i x(t) €= X(jw) Than x(at) =p —X(—)

Proof

1
= = dt =—d
T=at=>dr=adt= 73T —

(0] . 0 0) . l 1 1 0] _.9
F{x(at)} =j x(at)e‘f“)tdtzf x(7)e ]waradr =Ef x(t)e Tatdr
f 1 o _'QT
fora >0, EJ x(7)eJa'dr
— < — 00 - 00
1 —j%r —j%e
fora < 0, Ef x(7)e ]adr=—af x(1)e/a'dr ,« Fora<0: t=—c0o=>T=00;at t=00=>7T=—00
\ (0'e) — 00

F Reversing a signal in time reverses
Inparticular, x(—t) = X(—jw) — its Fourier transform also.

72



Properties of CT Fourier Transform
6. Duality

. The FT and IFT relations are N

similar 1 F

* This symmetry leads to oo t
duality property of the
Fourier transform.
Xa(t) Ko (jw)
/Wf'r.r T :
_%\ ,f%

23



Example 8

Use the duality property to determine G (jw), the Fourier transform of g(t) = 2/(1 + t2).

From example 2: 2a

a? + w?

_ F
x(t) = e %t g >0 ) X(jw)=

Fora=1, x(t)= el & X(jw) =

The synthesis equation for this FT pair Is:
Multiplying by 2m

] 1 o 2 . and replacing t by -t it ) joot
- = — jw d 2 — - d
¢ 2T <1+w>e w‘ ne f_oo 1+ w? ¢ @

interchanging g9(t)
t and w [ \ We obtain FT

< ) analysis equation 2 T
» 21T e_|w| — f ( )e_]wtdt ‘ (1 -|—t2) “ 27T e_l(l)l
( — 00

J

1+ w?

1+ t2

G(jw)

[G(jw) = 21 e~ |l ]




Convolution Property

For an LTI system: {y(t) = h(t) * x(t) & Y(jw) =X(w) Hjw) J

A convolution in time domain implies a multiplication in Fourier domain.
Example 9
An impulse response of an LTI system: A (f) = (¢ _fn)

The frequency response of the system: H (j @) = I S(t —fﬂ)e'f‘“dr — o /@0

The Fourier transform of the output: ¥ (jw)=H (l;'.(a)X (jo)=e X (j o)
™~

‘ y(t) = x(t — to) time shifting property.
time shifting property Slide 15.

oo an

Y (jo)= Iy(.**)e e dt —Ix (t —t,)e’“dt =e “T”’”Jlx (r)e7“dr=e”™X (j o)

o 25



Find Y (jw) for the LTI systems X(t) — LTI System |— Y(t)

Example 10: Differentiator

dx (1)
vir) =
v(t) =
This implies that H(j m):ja) <+ Frequency response of a differentiator.

From differential property, Y (j®) = j@X (j @)

Example 11: Integrator

t Y (jo)=H(jo)X (jo)
)% (.f) — —J;JJ: (T)d T _ {L—k ;r{)‘(m)]}( (i o)
The impulse response of this system is a unit step, u(t). ]
2 I . .
h(t)=u(t) & H(jw)= IH (t)e ™ “"dt _EY Ualsmias e
P 1

+ 715 (w) :EX (J @)+ 76(@)X (0)

From example 8 H(jow)=
J@ 2




Example 12

Find the response, y(t) of an LTI system, if x (t)=e " u(t). h(t)=e “u(t); a>0,b >0

o)

H(jw)= Ie_”rzf (e ™ “dr = Ie Tt = _[e_(””m)fdr = l_
2 ’ a a+jo
. T —bt —j et l
X(jm):_[e u(t)e ' “dt =
i b+jow
] o L) 1 4 B
FUo)=H(jot (je)= a+jo)\b+jo) atjo b+jo
—>1l=4Ab+jw)+Ba+jo) m 4= : =—B
—~1=Ab+Ba+ oA +B) — b-a
1 | |
—>Ab+Ba=1. A+B =0 D Y (o) = [ - . ]
— b—ala+jo b+jo

27



Example 12 - contd

F 1 F 1
—t
e "u(t) = . and —bf

(7) a+io e u(t) = bt o

- _ 1 1 1 1 —at —bt
»Y(jm)bﬂ[ﬁ+jmb+jm] i y(r):b—a(e - )HG): b

Ifb=a, the partial fraction expansion is not valid Y ( '{g} — L . - 1
/ a+jo )\b+jo (ﬁ+j{3)2

We know: i(EJ:[VE“E} = d ( 1 ]:((n+jm}([}}—£]}(j))

do\a+jo (n+jm)

d |

» / d o

— | =Y (jo) - Foodf 1
\a+]o) (ﬂ+ﬁﬂ)1 e ™ u 1)) e= J dm(wrjm}
F . d

From Table 1: f:r(f)q—ijX(jm) 2 = y(@)=te “u(t), a

b
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Some Important CT Relationship

Unit Impulse: o(t)

Input: X(t) =——

Continuous
Time LTI System

Unit Impulse Response: h(t)

— Qutput: y(t)

Time Domain

Unit Impulse: 1

Input: X(j) =—

Continuous
Time LTI System

Frequency Response: H(jo)

p— QUutput: Y(jo)

Frequency Domain

29




Differential Equation and Frequency Response of a System

H

d*}r[r} d* x(1)

differential equation

X(t) ——i LTI System {—u Y(t) — H*_ Zb* ko
m dt

The system frequency response H(jw)

Convolution

pr‘oper‘r;, frequency response . Y (] (U)
y(t) = h(t) *x(t) o) Y(jw) = H(w)X(jo) ) | H(jw) = X(o)
Example 13
Consider the system characterized dy(1) _
by the differential equation dr +ay() = x(),

;5 ) + ayit) = (1), i joY(jw)+aY(w) =X(w)

Y(]a)) 1 impulse response

(o +a)Y(jo) = X(jo) )y H(jw) = XGo) it a mmm)  A(t) = e % u(t)

Example 1

the frequency response :

30



Table 1.

sa14dadoud wdJojsubd] ¥IJI¥NOA

Linearity

Time Shifting
Frequency Shifting
Conjugation

Time Reversal

Time and Frequency Scaling

Multiplication

Differentiation

Integration

Differentiation in Frequency

Conjugate Symmetry for Real

Signals

Real and Even Signals
Real and Odd Signals

Even-Odd Decomposition of
Real Signals

Aperiodic Signal

x(t)
y(t)

ax(t) + by(t)
x(t —tp)
el@otx(t)
x*(t)

x(—t)

x(at)
x(t) = y(t)
x()y(t)

dx(t)
dt

J-_;x[t)dt

tx(t)

x(t) real

x(t) real and even

x(t) real and odd

xe(t) = Ev{x(t)},
x,(t) = 0d{x(t)},

x(t) real
x(t) real

X(jw)
Y(jw)
aX(jw) + bY (jw)
e 19 X (jw)
X(j(w — wg))
X (—jw)
X(—jw)

1 x(i®
|al a

X(jw)Y(jw)

% f x(j6) ¥(j(w — 6))do
jwX(jw)
jlmx(im) + X (0)é(w)
cd
J g XUw)

X(jw) = X" (—jw)
Re{X(jw)} = Re{X(—jw)}
Im{X (jw)} = —Im{X(—jw)}
|X(jw)| = 1X(—jw)l
X (jw) = —aX(—jw)
X(jw) real and even

X(jw) purely imaginary and odd

Re(X(jw)) |
j Im{X (jo))



Table 2 BASIC FOURIER TRANSFORM PAIRS (Selected)

I(t} = 1, |t| < Tl 2 sin (MT:[)
|0, |tl>T, @
1

(1)
1

u(t) w + 7T é6(w)

e u(t), Rela}l=>0 1 :
a+jw
te ™ u(t), Re{a}=>0 @ 1;&)2
t‘ﬂ—l o 1
m—1)! e " u(r),Re{a} > 0 (a+ja)"
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