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Solution of the First midterm exam ACTU. 362 + ACTU. 372
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Use ballpoint or ink—jet pens and keep three digits after dot

Problem 1. (5 marks)
1. Express the probabilities associated with the following events in actuarial notation.

(a) (1 mark) A person age 10 now survives to age 35.
(b) (1 mark) A new born infant dies no later than age 40.

(¢) (1 mark) A person age 40 now survives to age 50 but dies before attaining age 65.

2. (3 marks) Assuming that Sy(t) = e %" for ¢ > 0. Calculate the probabilities of questions
(a), (b) and (c)

Solution:
1. According to the actuarial notations we have

(a) The probability that a person age x = 10 now survives to age 35 = 10+ 25 can be expressed
as

S10(25) = P (T > 25) = 25P10-

(b) The probability that a new born infant (z = 0) dies no later than age ¢ = 40 can be
expressed as
P (Ty < 40) = 4090

(c) The probability that a person age 40 now survives to age 50 but dies before attaining age
65 can be expressed as (x = 40, t = 50 — 40 = 10, and u = 65 — 50 = 15)

P (10 < Ty <104+ 15) = 10/15940-
2. Given Sy(t) = e "% for t > 0, we have

50(35) 670.05><35

—0.05%x25
25P10 So(10) — e~0.05x10 €

and
2000 = 1 — 40p0 = 1 — Sp(40) = 1 — 790540 = 0.865.
and
o—0-05x50  ,—0.05x65
10[154940 =  10P40 — 25P40 = 0—005x40  —0.05x40

p—0:05x10 _ ,—0.05x25 __ 390



Problem 2. (6 marks)
The force of mortality u, is given by

for 0 <2x <100,

Ha = J00 = 2

1. (2 mark) Find Sy (t) and foo(t) for 0 < ¢ < 80.
2. (2 mark) Compute 19go0 and the probability that an aged (20) dies within 30 years.

3. (2 marks) Assume that fo(t) = 5t for 0 <t < 20. Find py

Solution:
1. We know that for 0 < u <t < 80, 0 <20+ u <20+t < 100, therefore

2 t d(80—u)
Sao(t) = e~ Jo H20 udu _ =e¢ —Jo sozadu _ = ¢2Jo Tso=u

2
—  2m(E0-H)-In(80)] _ 2In(1-55) _ (1—i) for 0 <t < 80.
80/ -

and
\2)
f2o(t) = _Séo(ﬂ = - ((1 - %) >
1 t
= —([1—-— for 0<t¢ < 80.
40 80
2. We have

80

1\2 7\? 15
— 1—(1-2=) =1-(= — 0.234.
(1-5) =1 () =4

and the probability that an aged (20) dies within 30 years is given by

10
10920 = 1 — 19p20 =1 — 5(10) =1 — (1 - —)

P(0< Ty <30) = Sa0(0) — So0(30)

2
= 1-— 1—§ 39—06094
3 64

3. We know that fo(t) = So(t)u,. So we need to calculate first Sy(t). For 0 <t < 20, we have

20—u

_ _/ 20 _udu {
o 200 400
(20 — t)?
100
and then At 20t ) ) )
Ly = S(())(t) = (232)2 =507’ 0 <t<20, hence p,= 0= 5




Problem 3. (6 marks)

1. (2 marks) Given Liy5) = 1000, 5q5 = 0.04 and 5qus45 = 0.05, calculate £j45)410.
2. (2 marks) Now, assume that qus4, = 0.05 for k£ > 0. Calculate eps).

3. (2 marks) Assume that the future lifetime Ty is subject to force of mortality

Ly for 0 < < 100.

100 — 2

a. Calculate ey, b. Calculate eyzq.

Solution:

Cus)v10

1. We know 10P[45] = 3 then

C1as)

5[45}+10 = 5[45] 10P[45) = 5[45] 5P[45] 5P[45]+5 = 5[45] (1 - 561[45]) (1 - 5(][45}+5)
= 1000 (1 —0.04) (1 — 0.05) = 912.

2. We know that epys = ZZOZI kDj4s] = Z:ozl (0,95)'C =095 _ 19

1-0.95

3. a. We know ey = €, — 0.5,

100—20 ot "
Ea0 = / paodt and ypyg = el To-w = MEO=HTE 1 —
0 80
thence
80 "
égo = / <]_ — —) dt = 40, thus €90 = 40 — 0.5 = 39.5.
0 80
b. and

50 50 50
¢ ¢ 275
Ep—— pdt:/ <1——)dt:/ (1——)dt:—:34.375
20:50 /0 tr20 ) 80 ; 80 8

Therefore using the formula

. 1 1
€20.50] = €20:50] T 5 50420 = €20:57] + 5 (1 — s0p20)

we get
. 1 150
€20:50 = €20:50 ~ 5 (1 — 50p20) = 34.375 — 380 = 34.063



Problem 4. (6 marks)
1. (2 marks) Assume that the life table function is given by ¢, = 10000e~%%* 2 > 0. find 310925

2. Assume that the life table function at some ages is given as follows: (i) f4 = 94,000, (ii)
l41 = 93,000, (ii) ¢4 = 92,000
(2 marks) Assuming Constant Force of Mortality between integral ages, find 1.3g40.5-

3. (2 marks) The force of mortality at some ages of a certain mortality table are given: (i)
teos = 0.02, (ii) pg15 = 0.04 and (iii) pge5; = 0.06. Under UDD assumption, calculate the
probability that a person age 60.5 will die within two years.

Solution:

1. We have

_ _ oy U3g
310925 = 13925 — 3425 = 3P25 — 13P25 = 7 T
25 25
log — lzg ~ €7005%28 _ o—0.05x38
los e—0.05x25

— 670.05><3 _ 670.05><13 — 03386

2. We can write under UDD assumption

1.8P40 P40 X 08Pa1 _ Pao (P41)0'8 _ 0.5 0.8
= = )0,5 = (p10) " (pa1)

1.3P105 =
0.5P40 0.5P40 (p40

0.5 0.8 0.5 0.8
= &ﬂ &ﬁ = % % = (0.9861.
Uy ly 94 93

1.3G940.5 = 1-— 1.3P405 = 1 —0.9861 = 0.0139.

thus

3. The probability that a person age 60.5 will die within two years is given by
P (Tso5 < 2) = 2gs05 = 1 — 2psoss-
First calculate opgo5. We have

2.5P60 _ 2P60 X 0.5P62 _ Peo X Pe1 X 0.5P62

2P60.5 — =

0.5P60 0.5P60 0.5P60
(1 —g60) (1 = ge1) (1 — 0.5¢s2)
(1 —0-5¢g0) -
Remember that under UDD assumption we have
Pogiy = e for all integer  and 0 < r < 1
1—rq,
Therefore g, = 72— and then i) goo = 15555505 = 0-0198, i) g61 = 15550 = 0-0392 and ii)
Qo2 = % = 0.0582, consequently
1 —10.0198) (1 — 0.0392) (1 — 0.5 x 0.0582
( 1 ) . ) _ 0.92351

2P605 = (1— 0.5 x 0.0198).
Finally, the required probability 2ge05 = 1 — 0.92351 = 0.07649.



Problem 5. (6 marks)

1. (3 marks) A 20-year endowment insurance on (45) pays 1000 at the moment of death if death
occurs within 10 years, 500 at the moment of death if it occurs after 10 years, and 500 at the

end of 20 years if the insured is alive. You are given:

(i) Mortality follows the Illustrative Life Table and i = 6%.

(ii) Deaths are uniformly distributed between integral ages.

Calculate the net single premium for the endowment insurance.

2. (3 marks) For a special 3—year endowment insurance on (x), you are given the following death

probabilities and death benefits, payable at the end of the year of death:

The survival benefit is equal to b3. Calculate the expected present value of this insurance for

i =4%.

Solution:

vear k | by | Quyr—1
1 30 | 0.02
2 35| 0.04
3 40 | NA

1. The net single premium NSP is given by APV of future benefits

NSP = 5004555 + 500 A5 = 500 (Ass — 20E5 Aes + 20E45) + 500 (Ass — 105 Ass)

= 1000445 — 500 (20E45/_165 + 10E45/_155) + 500 20 Fiys.

But under UDD A, = £A,. Therefore

i

NSP = In(1 + 1) (1000 Ays — 500 (20 Eas Ags + 10F45 Ass)) + 500,30 Eys
0.06
= 1 (1.00) (201.20 — 0.5 (0.25634 x 439.8 4+ 0.52652 x 305.14)) 4+ 0.5 x 256.34
n(1.

= 194.59.

2. The expected present value or APV (FB), can be calculated as follows

APV(FB), =

3quw + 3502p$Qx+1 + 40U3 2Dz qz42 + 4OU3 3Pz
30vq, + 350°pegui1 + 400°pupyi1 (Guio + Puio)
301}%: + 35U2 (1 - Q:z:) Gz+1 + 401}5 (1 - Qx) (1 - qg:Jrl)

30

1.04
35.119

(0.02) +

(1.04)2

(0.98) (0.04) +

(1.04)3

(0.98) (0.96)



