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Problem 1. (6 marks)

1. A fully continuous whole life insurance on (30) pays a benefit of 50,000 at the moment of death.
The force of mortality is not constant for all ages and is given by:

1

Calculate NSP the net single premium for this insurance when the force of interest is 4%.

2. On January 1, 2020, Sarah, aged 40, purchases a 5-payment, 10-year term insurance of 10°
(i) Death benefits are payable at the moment of death.
(ii) Net premiums of 4000 are payable annually at the beginning of each year for 5 years.
(iii) The effective interest rate is 5%
(iv) oL is the loss random variable at time of issue.
Calculate the value of oL if Sarah dies on June 30, 2024.

3. You are given: £y = 500, {43 = 475, i = 0.06, and A4 = 0.54. Deaths are uniformly distributed
over each year of age. Calculate Ayg.
Solution:

1. We can split the insurance into two components: a 20—year term insurance and a 20—year deferred
insurance. In the initial 20-year period, The APV of the future benefits is

NSP = 50000([‘310% + 20/ A30) = 50000([1310@ + 20E39 Asp)

Moreover
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Thus NSP = 50000 (0.23294 4 0.15024) = 19159.
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2. The loss at issue of this insurance oL = 105pmin(Z10.10) _ 40006 orisy U Tao = 4.5 then

oL = 10°0T0 — 40005 = 10%070 — 400025~ = o — 4000% = 62104.




3. We have
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Problem 2. (6 marks)

1. You are given: (i) A, = 0.28 (ii) Ayzy20 = 0.40 (iii) 90&, = 0.25 (iv) i = 0.05. Calculate a,.55-

2. Ismail is offered the choice of two continuous annuities:
1. a life annuity, paying 50, 000 per year
2. a life annuity with a 5-year certain period, i.e., an annuity paying benefits for life, but with
a minimum payout period of 5 years. The benefit amount for the second annuity is chosen so
that the expected present value of the two annuities is the same.
Determine the annual benefit amount on the second annuity given ¢ = 0.04 and g = 0.06.

3. A special temporary 3—year life annuity—due on (40) pays k x 1000 at the beginning of year k,
k=1, 2, 3. Mortality follows illustrative life table and ¢« = 0.06. Find the actuarial present
value of this annuity.

Solution.
1. We have
a:(::m = axﬂ -1+ 20EI
where
Qy:20) = d = d = 0.05 =11.97
1.05

hence a, 35 = 11.97 — 1+ 0.25 = 11.22.

2. The actuarial present value of the continuous whole life annuity of 1 is - = L = 10. The
pt6 0.1

expected present value of the 5—year certain—and-life annuity is

aﬁ = da + 5|dx

and
1— —5(0.04)
iy = —oop— = 45817
6—5(0.b4+0.06)
a, = —— = 6.0653
54 0.1
thus

dﬁ = 4.5317 + 6.0653 = 10.597.

The APVs of the two annuities are equal thus

b&ﬁ = 50000 x 10

So the level benefit amount of the second annuity is 50000 (%) = 47183.



3. Denote by a the actuarial present value of this annuity, then we have
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= 5536.20.

Problem 3. (6 marks)

1. For a special fully discrete 20—year term insurance on (30):
(i) The death benefit is 1000 during the first ten years and 3000 during the next ten years.
(ii) The premium determined by the equivalence principle, is P for each of the first ten years
and 3P for each of the next ten years.

(iii)

30 | 8.7201 | 15.0364 16.66
40 | 8.6602 — 32.61

Calculate P.

2. For a special 2—year payment whole life insurance on (50):
(i) Premiums of P are paid at the beginning of years 1 and 3.
(ii) The death benefit is paid at the end of the year of death.
(iii) There is a partial refund of premium feature: If (50) dies in either year 1 or year 3, the
death benefit is 1000 4+ 0.8 P. Otherwise, the death benefit is 1000.
(iv) Mortality follows the Illustrative Life Table and i = 0.06.
Calculate P, using the equivalence principle.

Solution:
1. The APV of death benefit is

1000A310:T0’ _'_ 3000 10‘14310:@ - 1000143103@ + 3000 10E30A410:m
16.66 + 3 x 32.61 10E30 = 16.66 4+ 97.83 10E30

The APV of premiums can be written in different forms for example
3Payg.95 — 2Pdyg.19 = P (3 x 15.0364 — 2 x 8.7201) = 27.669 P

: By the equivalence principle, the premium is then

16.66 4 97.83 10E30
27.669

We still need to solve for 39F19. To this end, we note that

P =

d30:70’ - dBO:E‘ + 10E30d401m — 150364 — 87201 + 86602 10E30



so that 19E39 = 0.72935. Therefore

~ 16.66 +97.83 x 0.72935  88.012

P =
27.669 27.669

= 3.1809.

2. The actuarial present value of the insurance is
1000450 + 0.8P (v gso + v* 9g50)

The actuarial present value of the premiums is P (1 + v? 9psp). We have

U5 8840770

2P50 = % = 3050001 0.98770
and
21q50 = 2P50 52 = (0.98770)(0.00697) = 0.00688427.
thus 2 . 0 .
L4+v% 9pso =1+ W T =1+ WO.%WO = 1.8790495.
Hence

APV(FB), = 1000 Az + 0.8P (v g50 + v° 2/50)
0.00592  0.00688427
106 (106 )
= 249.05 + 0.0090920572P

= 249.05+ 08P (

By E.P. we get by equating the two,
1.8790495 P = 249.05 + 0.0090920572P

Finally P = 133.18485.

Problem 4. (6 marks)
Consider a life aged (40) whose mortality follows De Moivre’s law with a limiting age equals to 85.

1. Find the 20" percentile premium of a 10-year payment whole life insurance of 10000;
2. Find the 30" percentile premium of a 10-year payment whole life insurance of 10000;
3. Find the 30" percentile premium of a 10-year term life insurance of 10000
4. Find the 20""-percentile premium of a 10-year term life insurance of 10000;

5. Find the 30" percentile premium of a 10-year endowment life insurance of 10000.
Assume that the force of interest is 0 = 0.05 and that all the policies are fully continuous.

Solution:
1. We first find tg99. This is the solution to Fyo(t) = 4% = 0.20, that is tgo = 45 x 0.2 = 9 < 10.

The 20'"percentile premium is
10000 10000 x 0.05

0.20 — — -
e0.05x9 _ 1

57020

= 879.80.




2. Clearly to3 = 45 x 0.3 = 13.5 > 10, then 30" percentile premium is
10000¢e—9-05%%0.30 10000e—0-05x13.5

1_e—0.05x10

= = 647.01.
a1o| 0.05

0.30 —

3. We have to.30 > 10 thus Py30=0.

4. We know from Q1. tg90 = 9 < 10, so Py the 20" percentile premium is
10000 10000 x 0.05

= o ] = 879.80.

PO.QO =

5. We have an endowment with 10 < t.30, so the 30" percentile premium is
10000 10000 x 0.05

S e0.056x10 _ 1

ST

Po'gg - - 77075

Problem 5. (6 marks)
A fully discrete 4-year term insurance of 10° is sold to a life aged 30. Mortality are given by
G304k = S for k=0, 1, 2, 3. The level net premium is 4275.013

1. Calculate the net premium reserve at time 2 if i = 0.04 in all years.

2. For a fully discrete 10—year deferred whole life insurance of 1000 on (40), you are given: v = 0.95;
pag = 0.98077, pyg = 0.98039, A5y = 0.35076. The annual net premium of 23.40 is payable during
the deferral period. Calculate gV the net premium reserve of this insurance immediately before
the payment of the 10** premium.

3. For a fully discrete whole life insurance of 4000 on (40), you are given f,o,, = 0.02 for ¢ < 10 and
fgo4¢ = 0.04 for ¢ > 10 and the annual effective interest rate i = 0.05. The net level premium is
108.0804. Calculate 19V and use recursion de calculate 195V .

Solution:
1. We shall use prospective method
,V = APV(FB), — APV(FP), = 10° A312:ﬂ — 4275.013 Ggy9
Moreover, we have

0.005  (0.995)(0.006)
1.04 (1.04)2

A312;ﬂ = v g3z + 0% P32 g3 = = 0.010327,

and
0.995

1.04
hence 5V = 10% x 0.010327 — 4275.013 x 1.9567 = 1962.082.
Also by recursion we have

(3V+P)(1+1i) =by gs3+ 4V pss = by gs3

g =1+vpss =1+ = 1.9567

hence b 1000 x 6
L,V = 1433 p_ 10U X0

—4275.013 = 1494.2
1+ 1.04 7.013 )

Similarly

_bsgmt 8Vopm 1000 x5+ 14942 x 0.995

—4275.013 = 1962.2.
141 1.04 75013 %

2V




2. In this question we will use backward recursion since 1oV = 100045, (annual net premium is
payable only during the deferral period).

oV + Py

(V4 Py)(141i) = =bio o + 10V P19 = 10V pag (since by = 0)
SO

oV = (v 10V pag — Py) = (v Asp pag — P) = 0.95 x 0.98039 x 350.76 — 23.40 = 303.2875.

similarly
sV = (v oV pys — P) = 0.95 x 303.2875 x 0.98077 — 23.40 = 259.18.

3. Set p1 = e %2 and py =% thus ¢ =1 — p; = 0.0198 and ¢, = 1 — p, = 0.03921

By the prospective method we have

.
WV = 4000As) — Piisg — 4000—2— — 108.0804—"
gz t+1 G2+t
1 — 004 1.05
— 4000—— & 108.0804—— 2 — 486.0168.
000705 — oot — 108080455

By the retrospective method we have

Piys1g — 40()014415:@ _ 108.0804q11f2. (1 —10Es5) — 4000(;?-1“‘ (1 —10Es5)

wV =

10E45 10E45

. (1 —10E45)
= (108.0804 (1 +4) — 4000q;) —————Z—
( ( ) @) (¢1 + 1) 10Es5

(1 —(1.05)7"7¢02)
(1 —e=00240.05) (1.05) ' 02
(1.05)" €22 — 1
1.05 — e—0-02

= (108.0804 x 1.05 — 4000 (1 — e~*?))

= (108.0804 x 1.05 — 4000 (1 — e~*%%)) = 485.9568.

Now, by recursion we can write

(10V +P) (1 +8)"° =21°74000 o5q55 + 105V 05D55
hence

(10V + P) (1 +0)*° — 0254000 (1 — ¢.5ps5)

0.5P55

(486.0168 4 108.0804) (1.05)*° — (1.05) "> 4000 (1 — ¢~0-04x05)

- e = 542.21.

10.5V =




