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Model Answer

Midterm Exam 2 Actuarial Mathematical Models 1

Exercise 1 (6 marks)

1. A fully continuous whole life insurance on (30) pays a benefit of 17541.64386 at the moment of
death. The force of mortality is not constant for all ages and is given by:

1
Hanse =006 if 0<t<20 and prggp, =z if 20 <1< 60

60

Calculate NSP the net single premium for this insurance when the force of interest is 4%.

2. On January 1, 2020, Sarah, aged 40, purchases a 5—payment, 10—year term insurance of 1000
(i) Death benefits are payable at the moment of death.
(ii) Net premiums of 200 are payable annually at the beginning of each year for 5 years.
(i1i) The effective interest rate is 5%
(v) oL is the loss random variable at time of issue.
Calculate the value of oL if Sarah dies on June 30, 2025.

3. You are given: {49 = 500, {4 = 47?, 0 =0.04, and Ay = 0.520. Deaths a'reium'formly distributed
over each year of age. Calculate Ayy. (Hint: Under UDD A, = 1A, and Alm = ALn).

Solution:

1. We can split the insurance into two components: a 20—year term insurance and a 20—year deferred
insurance. In the initial 20—year period, the APV of the future benefits is

NSP = 17541.64386( Aoz + 4120(]30) = 17541.64386( Aoz + 20E30 Aso)

Moreover
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Thus NSP = 17541.64386 (0.518798 + 0.0675) = 10284.631.

) = 0.0675.
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2. The loss at issue of this insurance oL = 1000v QOOdW. If Tyo = 5.5 then

1—°

oL = 10000°° — 2005 = 10000°° — 200

1000 1 - (1.05)°
= N g x =)
(1.05)55 005

x 1.05 = —144.55.
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3. We have Ay = %‘A41 = 6_1A41 and by recursion As = v quo + v pag A1
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Exercise 2 (6 marks)

1. You are given: (i) Ay = 0.28 (i1) Azio0 = 0.40 (4ii) 20 E, = 0.25 (iv) i = 0.05. Calculate (.30

2. Ismail 1s offered the choice of two continuous annuities:
1. a life annuity, paying 10,000 per year
2. a life annuity with a 5—year certain period, i.e., an annuity paying benefits for life, but with a
minimum payout period of 5 years. The benefit amount for the second annuity is chosen so that
the expected present value of the two annuities is the same.
Determine the annual benefit amount on the second annuity given § = 3% and p = 2%. (Hint:

(g = O + n)ia).

Solution.
1. We have
aaz:m - axm -1 + QOEz
where

1- Axﬂ _ 1 - (Aa: - 20Ew Am+20 + 20Egc)

e d d
_ 1-(028- 05.?)? x0.40.25) _ oo
1.05

hence a, 35 = 11.97 — 1+ 0.25 = 11.22.

2. The actuarial present value of the continuous whole life annuity of 1 is — = -1 = 20. The
prs . 0.05

expected present value of the 5—year certain—and-life annuity is

C_Lﬁ = C_La + 5|C_lx



and
1 — o—5(0.03)
ay = # — 4.6431
6—5(0.'03+002)
G, = — 155760
514 0.05
thus

U 5= 4.6431 + 15.5760 = 20.2191.

The APVs of the two annuities are equal thus
b&ﬁ = 10000&%5 = 10000 x 20 = 20000

So the level benefit amount of the second annuity is

200000
©20.2191

= 9891.637115.

Exercise 3 (6 marks)

1. A special temporary 3—year life annuity—due on (40) pays 1000k at the beginning of year k,
k=1, 2, 3. Find the actuarial present value of this annuity given i = 0.06, g0 = 0.03 and
qa1 = 0.035.

2. For a special 2—year payment whole life insurance on (50):
(i) Premiums of P are paid at the beginning of years 1 and 3.
(ii) The death benefit is paid at the end of the year of death.
(iii) There is a partial refund of premium feature: If (50) dies in either year 1 or year 3, the
death benefit is 1000 + 0.7P. Otherwise, the death benefit is 1000.
Calculate P, using the equivalence principle given i = 0.06, Asy = 0.250, g50 = 0.006, opsg =
0.985 and gso = 0.007)

Solution:

1. Denote by « the actuarial present value of this annuity, then

2

o = kaSk kPi0 = S() +v 95 Pao + v? Sy 2P40
k=0

= So (1 + 20 pao + 307 pao p41)

1- 1-
— 1000 <1 por M0 gm0 (g q41)>
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1+ (1+14)2
1-0.03 _1-0.03
— 1000 (1+2 3 1—0.035) | = 5329.4322.
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2. The actuarial present value of the insurance is

APV(FB), = 1000As0+ 0.7P (v gso + v* 2gs0)
10001450 + 0.7P (U gso + U3 2P50 Q52>
0.006  0.985 x 0.007)

106 7 (1.06)7
= 250+ 0.008015P

= 250+0.7P (



The actuarial present value of the premiums is

APV(FP), = P (1+v* op5o) = P (1 +

By E.P. we get by equating the two,

Finally P =

250
1.8766—0.008015

Exercise 4 (6 marks)

Consider a life aged (40) whose mortality follows De Moivre’s law with a limiting age equals to 100.

1.8766 P =

=133.7911.

250 4 0.008015F

0.985
(1.06)2

) = 1.8766P

1. Find the 20" —percentile premium of a 15-year payment whole life insurance of 10000;
2. Find the 30" —percentile premium of a 15-year payment whole life insurance of 10000;
3. Find the 30" —percentile premium of a 15-year term life insurance of 10000

4. Find the 20% —percentile premium of a 15-year term life insurance of 10000;

5. Find the 30" —percentile premium of a 15-year endowment life insurance of 10000.
Assume that the force of interest is 6 = 0.05 and that all the policies are fully continuous.
Hint:

Type of plan ta<n (0= 1,8 S ale) [ta>n (0= 1,62 > 1)
S Se0ta S Se~ 0t
FC whole life (no n) — = ? — = ?
Sm a@ Sm a@
S Se~0ta S Se™m
FC n—year endowment — = (i — = (i
85‘ CL%‘ Sm éam
S Se~ 0t Se~0te
FC n—year payment whole life — = ? 67
Sm a@t am
S Se~ %
FC n-year term — = ? 0
5%a] A7l
Solution:

1. We first find ¢y9. This is the solution to Fy(t) = 6—% = 0.20, that is tp9 = 06 x 0.2 = 12 < 15.

The 20*"-percentile premium is

10000 10000 x 0.05

0.20 —

Stozo

e0.06x12 _ 1

= 608.18.

2. Clearly tg3 = 60 x 0.3 = 18 > 15, then 30" percentile premium is

PO.3:

10000¢ %09 .0

10000670.05 x18

aty

1_e—0.056x15
0.05

= 385.28.




3. We have toso > 15 thus Po_g() =0.

4. We know from Q1 that tgo9 = 12 < 15, so Py the 20" percentile premium is

~ 10000 10000 x 0.05
02— T g005x12 _ q

519

= 608.18.

5. We have an endowment with 15 < t.30, so the 30" percentile premium is

10000 10000 x 0.05

0'3 pu— — p—
0.05x15 __
Sﬁ’ e 1

=447.63.

Exercise 5 (6 marks)
A fully discrete 4—year term insurance of 10000 is sold to a life aged 40. Mortality are given by
Qao+k = % for k=0, 1, 2, 3. The level net premium is 427.5

1. Calculate the net premium reserve at time 2 if i = 0.04 in all years.

2. For a fully discrete 10—year deferred whole life insurance of 1000 on (40 ), you are given: v = 0.95;
pag = 0.982, pyg = 0.980, Aso = 0.352. The annual net premium of 23.40 is payable during the
deferral period. Calculate gV the net premium reserve of this insurance.

3. For a fully discrete whole life insurance of 3000 on (40), you are given iy, = 0.02 for t < 10
and fiyy,, = 0.04 fort > 10 and the annual effective interest rate ¢ = 0.05. The net level premium
15 81.0603. Clalculate 10V and use recursion to calculate 195V .

Solution:
1. By the prospective method
oV = APV(FB), — APV(FP), = 10000 A5 — 427.5 i3

Moreover, we have

0.005  (0.995)(0.006)

Abz = 2 = =0.010327
42:7) = U Qa2 T V" P42 Qa3 104 (1.04)2 )
and 0.995
dyo05 — 1 =14+ —=1.
y2:3) + U Paz + 104 9567
hence ,V = 10000 x 0.010327 — 427.50 x 1.9567 = —733.219.
By recursion we get
(0V+P)(14+17) =b qo+ 1V pao
thus Py(1+4d)—b 427.50(1.04) — 10 x 3
+1) — 01 quo . . — X
v = b - — 415.848
! 1 — quo 1 —0.003
and

(V4 P)(1+1i)=by g+ 2V pn



thus

V4 P)(1+i)—b 415.848 + 427.50) (1.04) — 10 x 4
o WA A+) Zbagn_ | i JILO) =104 g0 444
1—au 1—0.004

Observe that the two result are different because the premium is too high. But if take the
premium as 42.750 you will get the same values for both methods.

. In this question we will use backward recursion since 17V = 1000 Asp (annual net premium is
payable only during the deferral period).

VP
(oV + Py) (14+1) = &7

=bio quo + 10V pag = 10V pag (since bio = 0)

SO
oV = (’U 10V Pag — Pg) = (U A50 P19 — P) =0.95 x 0.980 x 352 — 23.40 = 304.312.

similarly
sV = (v oV pss — P) = 0.95 x 304.312 x 0.982 — 23.40 = 260.4926.

. Set pr = e %% and py = 7% thus ¢y =1 — p; = 0.0198 and ¢ = 1 — p, = 0.03921

By the prospective method we have

.
WV = 3000As — Piisg = 3000—2— — p—*
g2+ Q2 +1
1 — 00 1.05
— 3000——— — 81.0603—————— — 364.5125,
00705 —eoor — 300 T o >

By the retrospective method we have

Pd40:m - 3000A410:ﬂ _ 81.0603

10E40 10E40

. (1 —10E40)
= (81.0603 (1 +2) — 3000 _
( ( ) a) (1 +17) 10E40

25 (1= 10Ea0) — 30002~ (1 — 10F4)

wV =

(1—(1.05)""e02)
(1 — 902 4 0.05) (1.05) " e—02
(1.05)" €22 — 1
1.05 — 002

= (81.0603 x 1.05 — 3000 (1 — e %))

= (81.0603 x 1.05 — 3000 (1 — e%%)) = 364.46760.

Now, by recursion we can write

(10V + P) (1 414)"° = 0%% 3000 0.5¢50 + 105V 05P50

(10V 4 P) (1+1) —0%% 3000 (1 — o.5p50)

0.5P50

(364.5125 4 81.0603) (1.05)*° — (1.05) "> 3000 (1 — ¢=0-04x05)

= g T — 406.65624.




