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Chapter 1: Introduction 

1.1:   Suppose that 4 out of 12 buildings in a certain city violate the building  code. A building 
engineer randomly inspects a sample of 3 new buildings in the city.  

 

           given that 𝑝 =
4

12
=

1

3
    ⇒ 𝑞 =

2

3
  and 𝑛 = 3 

 

(a) Find the probability distribution function of the random variable X representing the 
number of buildings that violate the building code in the sample.  
 

  𝑷(𝑿 = 𝒙) = (
𝑛
𝑥

) 𝑝𝑥𝑞𝑛−𝑥, 𝑥 = 0,1, … , 𝑛 

  𝑃(𝑋 = 𝑥) = (
3
𝑥

) (
1

3
)

𝑥

(
2

3
)

3−𝑥

, 𝑥 = 0,1,2,3 

 

 
(b) Find the probability that   

 
 (i)  none of the buildings in the sample violating the building code  

 𝑷(𝑿 = 𝟎) = (
3
0

) (
1

3
)

0

(
2

3
)

3−0

= 0.2963 

(ii) one building in the sample violating the building code.  
 

 𝑷(𝑿 = 𝟏) = (
3
1

) (
1

3
)

1

(
2

3
)

3−1

= 0.4444 

(iii) at lease one building in the sample violating the building code.  
 

 𝑷(𝑿 ≥ 𝟏) = 1 − 𝑃(𝑋 < 1) = 1 − 𝑃(𝑋 = 0) = 1 − 0.2963 = 0.7037 

 

      (c) Find the expected number of buildings in the sample that violate the building code.  

                𝜇 = 𝑛𝑝 = 3 (
1

3
) = 1 

       (d) Find Var(X).  

               𝜎2 = 𝑛𝑝𝑞 = 3 (
1

3
) (

2

3
) =

2

3
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1.2:  On average, a certain intersection results in 3 traffic accidents per day. Assuming Poisson 
distribution  
         λ: average number of traffic accident per day day  

          λ: 3 per day 

         𝑋: 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑟𝑎𝑓𝑓𝑖𝑐 𝑎𝑐𝑐𝑖𝑑𝑒𝑛𝑡 𝑝𝑒𝑟 𝑑𝑎𝑦 

        𝑃(𝑋 = 𝑥) =
𝑒−λλ𝑥

𝑥!
=

𝑒−33𝑥

𝑥!
, 𝑥 = 0,1,2, … 

(i) what is the probability that at this intersection  

 

                    (a)  no accidents will occur in a given day?  

   𝑃(𝑋 = 0) =
𝑒−330

0!
= 0.4979 

                    (b) More than 3 accidents will occur in a given day?  

 

    𝑃(𝑋 > 3) = 1 −  𝑃(𝑋 ≤ 3) = 1 − (∑
𝑒−33𝑥

𝑥!

3
𝑥=0 ) = 0.3528 

                    (c)   Exactly 5 accidents will occur in a period of two days?  

                           λ𝟏 = average number of traffic accidents per 2 days  

                               λ1 =  λt = 3(2) = 6  per two days 

                            𝑃(𝑌 = 𝑦) =
𝑒− λ1  λ1

𝑦

𝑦!
=

𝑒−66𝑦

𝑦!
, 𝑦 = 0,1,2, … 

                           𝑃(𝑌 = 5) =
𝑒−665

5!
= 0.1606 

(ii) what is the average number of traffic accidents in a period of 4 days?  
  λ2 = average number of traffic accidents per 4 days  

                   λ2 =  λt = 3(4) = 12 per 4 days 

1.3:  If the random variable X has a uniform distribution on the interval (0,10), then  

   Given that  𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,10)  ⇒   𝑓𝑋(𝑥) =
1

𝑏−𝑎
=

1

10−0
=

1

10
,   0 ≤ 𝑥 ≤ 10 

(a) 𝑃(𝑋 < 6) =  ∫
1

10

6

0
𝑑𝑥 =

3

5
 

(b) The mean of 𝑿 is  𝜇 =
𝑎+𝑏

2
=

10

2
= 5 

(c) The variance 𝑿 is 𝜎2 =
(𝑏−𝑎)2

12
= 8.333 
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1.4:  Suppose that Z is distributed according to the standard normal distribution.  
            (a) the area under the curve to the left of 1.43 is:  
               𝑃(𝑍 < 1.43) = 0.9236 

    (b) the area under the curve to the right of 0.89 is:  
               𝑃(𝑍 > 0.89) = 𝑃(𝑍 < −0.89) = 0.1867 

or   𝑃(𝑍 > 0.89) = 1 − 𝑃(𝑍 < 0.89) = 1 −0.8133 = 0.1867 

(c) the area under the curve between 2.16 and 0.65 is:  
              𝑃(0.65 < 𝑍 < 2.16)= 𝑃(𝑍 < 2.16) − 𝑃(𝑍 < 0.65) = 0.9846 − 0.7422 = 0.2424 

    (d) the value of k such that P(0.93< Z < k) = 0.0427 is:  

                           𝑃(0.93 < 𝑍 < 𝑘) = 0.0427 

              ⇔    𝑃(𝑍 < 𝑘) −  𝑃(𝑍 < 0.93) = 0.0427 

             ⇔   𝑃(𝑍 < 𝑘) −  0.8238 = 0.0427 

             ⇔   𝑃(𝑍 < 𝑘) = 0.8665 

             ⇔          𝑘 = 1.11 

 

1.5:   The finished inside diameter of a piston ring is normally distributed with a mean of 12  
centimeters and a standard deviation of 0.03 centimeter.   𝑋~𝑁𝑜𝑟𝑚𝑎𝑙(12, (0.03)2)  
            Find: 
 
 
         (a) the proportion of rings that will have inside diameter less than 12.05 centimeters.  

                   𝑷(𝑿 < 𝟏𝟐. 𝟎𝟓) = 𝑃 (𝑍 <
12.05−12

0.03
) = 𝑃(𝑧 < 1.67) = 0.9525 

         (b) the proportion of rings that will have inside diameter exceeding 11.97 centimeters.  

                𝑷(𝑿 > 𝟏𝟏. 𝟗𝟕) =  𝑃 (𝑍 >
11.97−12

0.03
) = 𝑃(𝑍 > −1) = 𝑃(𝑍 < 1) = 0.8413 

       (c) the probability that a piston ring will have an inside diameter between  
              11.95 and 12.05  centimeters.  

  𝑃(11.95 < 𝑋 < 12.05) = 𝑃 (
11.95−12

0.03
< 𝑍 <

12.05−12

0.03
) 

                                             = 𝑃(𝑧 < −1.67) − 𝑃(𝑧 < 1.67) 

                                             = 0.9525 − 0.0475 = 0.905 
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1.6:  Let 𝑋 be 𝑵(𝜇,𝝈𝟐) so that 𝑃(𝑋<89)=0.90 and 𝑃(𝑋<94)=0.95. find 𝜇 and 𝜎2.  

                    𝑋~𝑁𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎2) 

       𝑃(𝑋 < 89) = 0.9                                                  𝑃(𝑋 < 94) = 0.95 

       𝑃 (𝑍 <
89−𝜇

𝜎
)=0.9                                                   𝑃 (𝑍 <

94−𝜇

𝜎
)=0.95            

            
 89−𝜇

𝜎
= 1.28                                                               

94−𝜇

𝜎
= 1.645 

          89 − 𝜇 = 1.28 𝜎                                                     94 − 𝜇 = 1.645 𝜎 

          𝜇 = 89 − 1.28 𝜎    …(1)                                          𝜇 = 94 − 1.645 𝜎 …(2) 

         Then,                89 − 1.28 𝜎 = 94 − 1.645 𝜎 

                                           (1.645-1.28) 𝜎=94-89 

                                           ⇒     𝜎   =13.6986, 

                                           ⇒   𝜎2=187.65 

We substitute in (1) or (2) by 𝜎   =13.6986 we get          

                                       ⇒   𝜇 = 71.46575  

1.7:  Assume the length (in minutes) of a particular type of a telephone conversation is a random 
variable with a probability density function of the form:  
 

             𝒇(𝒙) = 𝟎. 𝟐𝒆−𝟎.𝟐𝒙, 𝒙 > 𝟎  ⇒ 𝑋~exp (
1

𝜽
=

1

0.2
) 

       Calculate: 

       (a) 𝑷(𝟑 < 𝒙 < 𝟏𝟎) = ∫ 0.2𝑒−0.2𝑥𝑑𝑥 = 0.2476
10

3
 

       (b)The cdf of X.   𝑭(𝒙) = 1 − 𝑒−𝜃𝑥 = 1 − 𝑒−0.2𝑥 

 

       (c) The mean and the variance of X.  

                        𝜇 =
1

𝜃
=

1

0.2
= 5           𝜎2 = 

1

𝜃2 =
1

0.22 = 25 

 

 

 

𝑃(𝑍 < 1.64) = 0.9495 

𝑃(𝑍 < 1.65) = 0.9505 

1.65 + 1.64

2
= 1.645 
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1.8:  Find the moment-generating function of X, if you know that  

             𝑓(𝑥) = 2𝑒−2𝑥, 𝑥 > 0 ⇒ 𝑋~exp (
1

𝜃
=

1

2
) 

           𝑀𝑋(𝑡) =
𝜃

𝜃−𝑡
=

2

2−𝑡
          or     𝑀𝑋(𝑡) = (1 −

𝑡

𝜃
)

−1

= (1 −
𝑡

2
)

−1

      where,   𝑡 < 𝜃  ⇒   𝑡 < 2 

 

1.9:  For a chi-squared distribution, find  

        𝛘𝟐
𝟎.𝟎𝟐𝟓,𝟏𝟓

= 27.49 

        𝛘𝟐
𝟎.𝟎𝟏,𝟕

= 18.48 

       𝛘𝟐
𝟎.𝟗𝟗,𝟐𝟐

= 9.54 

 

 1.10:    If (𝟏 − 𝟐𝐭)−𝟔,𝑡<12, is the MGF of the random variable 𝑋, find 𝑃(𝑋<5.23).  
                  given that       𝑀𝑋(𝑡) = (1 − 2𝑡)−6 ,  

          We know that if  𝑋~ χ2
𝑣  ⇒       𝑀𝑋(𝑡) = (1 − 2𝑡)−

𝑣

2 ,  

            ⇒ 
𝑣

2
= 6  ⇒  𝑣 = 12en 𝑋~ χ2

12 

       𝑷(𝑿 < 𝟓. 𝟐𝟑) = 𝑃(χ2
12 < 5.23)=1 −  𝑃(χ2

12 > 5.23) = 1 − 0.950 = 0.05 

 

1.11:   Find:  

          (a) 𝒕𝟎.𝟗𝟓,𝟐𝟖 = 1.701 

          (b)  𝒕𝟎.𝟎𝟎𝟓,𝟏𝟔 = −𝑡0.995,16 = −2.921 

          (c)  −𝒕𝟎.𝟎𝟏,𝟒 = −(−𝑡0.99,4) = 0.747 

          (d) 𝑷(𝑻𝟐𝟒 > 𝟏. 𝟑𝟏𝟖) = 1 − 𝑃(𝑇24 < 1.318) = 1 − 0.9 = 0.1 

          (e) 𝑷(−𝟏. 𝟑𝟓𝟔 < 𝑻𝟏𝟐 < 𝟐. 𝟏𝟕𝟗) = 𝑃(𝑇12 < 2.179) − 𝑃(𝑇12 < −1.356) 

= 𝑃(𝑇12 < 2.179) − 𝑃(𝑇12 > 1.356) 

= 0.975 − 0.1  

= 0.875 
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1.12:  If 𝒇(𝒙) = 𝜽𝒙𝜽−𝟏, 𝟎 < 𝒙 < 𝟏, find the distribution of 𝑌=−𝑙𝑛𝑋.                    

       Since 0 < 𝑥 < 1 

⇒𝑙𝑛0 < 𝑙𝑛𝑥 < 𝑙𝑛1 

⇒ −∞ < 𝑙𝑛𝑥 < 0 

⇒ ∞ > −𝑙𝑛𝑥 > 0 

⇒ 0 < 𝑦 < ∞ 

 

      ● 𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 𝒐𝒏𝒆 𝒕𝒐 𝒐𝒏𝒆 𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅: 

         𝑦 = −𝑙𝑛𝑥  ⇒ −y = 𝑙𝑛𝑥  ⇒  𝒙 = 𝒆−𝒚 

         
𝑑

𝑑𝑦
𝑥 = −𝑒−𝑦    ⇒ |

𝑑

𝑑𝑦
𝑥| = 𝑒−𝑦 

      Then, 𝑓𝑌(𝑦) = 𝑓𝑋(𝑥) |
𝑑

𝑑𝑦
𝑥| = 𝑓𝑋(𝑒−𝑦) |

𝑑

𝑑𝑦
𝑥| =  𝜃(𝑒−𝑦)𝜃−1𝑒−𝑦 =  𝜃𝑒−𝜃𝑦 

        ⇒     𝑌~exp (
1

 𝜃
) 

 

       ● 𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 𝑪𝑫𝑭 𝒎𝒆𝒕𝒉𝒐𝒅: 

          𝐹𝑋(𝑥) = 𝑃(𝑋 < 𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
= ∫ 𝜃𝑡𝜃−1𝑑𝑡

𝑥

0
=𝑥𝜃  

          Then, 𝐹𝑌(𝑦) = 𝑃(𝑌 < 𝑦) = 𝑃(−𝑙𝑛𝑋 < 𝑦) 

                                                         = 𝑃(𝑙𝑛𝑋 > −𝑦) 

                                                         = 𝑃(𝑋 > 𝑒−𝑦) 

                                                        = 1 − 𝑃(𝑋 < 𝑒−𝑦) 

                                                        = 1 − 𝐹𝑋(𝑒−𝑦) 

                                                       =1−(𝑒−𝑦)𝜃 = 1 − 𝑒−𝜃𝑦 

         We know that 𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
𝐹𝑌(𝑦)=

𝑑

𝑑𝑦
(1 − 𝑒−𝜃𝑦)= 𝜃𝑒−𝜃𝑦 

         Which is the PDF of  𝑌~exp (
1

 𝜃
). 
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1.13:   If 𝒇(𝒙) = 𝟏, 𝟎 < 𝒙 < 𝟏. Find the pdf of 𝑌=√𝒙.  

 

       Since 0 < 𝑥 < 1 

⇒0 < √𝑥 < 1 

⇒ 0 < 𝑦 < 1 

 

      ● 𝒃𝒚 𝒐𝒏𝒆 𝒕𝒐 𝒐𝒏𝒆 𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅: 

         𝑦 = √𝑥   ⇒ x = 𝑦2   

         
𝑑

𝑑𝑦
𝑥 = 2𝑦   ⇒ |

𝑑

𝑑𝑦
𝑥| = 2𝑦 

      Then, 𝑓𝑌(𝑦) = 𝑓𝑋(𝑥) |
𝑑

𝑑𝑦
𝑥| = 𝑓𝑋(𝑦2) |

𝑑

𝑑𝑦
𝑥| = 2𝑦 

 

 

       ● 𝒃𝒚 𝑪𝑫𝑭 𝒎𝒆𝒕𝒉𝒐𝒅: 

          𝐹𝑋(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
= ∫ 1𝑑𝑡

𝑥

0
=𝑥 

          Then, 𝐹𝑌(𝑦) = 𝑃(𝑌 < 𝑦) = 𝑃(√𝑋 < 𝑦) 

                                                         = 𝑃(𝑋 < 𝑦2)  

                                                         = 𝐹𝑋(𝑦2) 

                                                         =𝑦2  

         We know that 𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
𝐹𝑌(𝑦)=

𝑑

𝑑𝑦
𝑦2= 2𝑦 
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    1.14:  If 𝑋~𝑈(0,1), find the pdf of 𝑌=−2𝑙𝑛𝑋.  
                   Name the distribution and its parameter values.  

                𝑓(𝑥) = 1, 0 < 𝑥 < 1 

 

       Since 0 < 𝑥 < 1 

⇒𝑙𝑛0 < 𝑙𝑛𝑥 < 𝑙𝑛1 

⇒ −∞ < 𝑙𝑛𝑥 < 0 

⇒ ∞ > −2𝑙𝑛𝑥 > 0 

⇒ 0 < 𝑦 < ∞ 

      ● 𝒃𝒚 𝒐𝒏𝒆 𝒕𝒐 𝒐𝒏𝒆 𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅: 

         𝑦 = −2𝑙𝑛𝑥  ⇒ −
y

2
= 𝑙𝑛𝑥  ⇒  𝑥 = 𝑒−

𝑦
2 

         
𝑑

𝑑𝑦
𝑥 = −

1

2
𝑒−

𝑦

2    ⇒ |
𝑑

𝑑𝑦
𝑥| =

1

2
𝑒−

𝑦

2  

      Then, 𝑓𝑌(𝑦) = 𝑓𝑋(𝑥) |
𝑑

𝑑𝑦
𝑥| = 𝑓𝑋 (𝑒−

𝑦

2) |
𝑑

𝑑𝑦
𝑥| =  

1

2
𝑒−

𝑦

2  

        ⇒     𝑌~exp (
1

 𝜃
=

1
1

2

= 2) 

       ● 𝒃𝒚 𝑪𝑫𝑭 𝒎𝒆𝒕𝒉𝒐𝒅: 

          𝐹𝑋(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
= ∫ 1𝑑𝑡

𝑥

0
=𝑥 

 

          Then, 𝐹𝑌(𝑦) = 𝑃(𝑌 < 𝑦) = 𝑃(−2𝑙𝑛𝑋 < 𝑦) 

                                                        = 𝑃 (𝑙𝑛𝑋 > −
𝑦

2
) 

                                                       = 𝑃 (𝑋 > 𝑒−
𝑦

2) 

                                                       = 1 − 𝑃 (𝑋 < 𝑒−
𝑦

2) 

                                                      = 1 − 𝐹𝑋 (𝑒−
𝑦

2) 
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                                                     = 1 − 𝑒−
𝑦

2  

         We know that 𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
𝐹𝑌(𝑦)=

𝑑

𝑑𝑦
(1 − 𝑒−

𝑦

2)=
1

2
𝑒−

𝑦

2 

         Which is the PDF of  𝑌~exp (
1

 𝜃
=

1
1

2

= 2). 

 

    1.15:  Suppose independent random variables X and Y are such that  

                        𝑀𝑋+𝑌(𝑡) =
𝑒2𝑡−1

2𝑡−𝑡2.  

                 If And  𝑓𝑋(𝑥)= 2𝑒−2𝑥, 𝑥 > 0, what is the distribution of Y.  
 

               Given that   𝑓𝑋(𝑥)= 2𝑒−2𝑥, 𝑥 > 0 

        Which is the PDF of  𝑥~exp (
1

2
). ⇒   𝑀𝑋(𝑡) =

𝜃

𝜃−𝑡
=

2

2−𝑡
 

              As  𝑋 𝑎𝑛𝑑 𝑌 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ⇒ 𝑀𝑋+𝑌(𝑡) = 𝑀𝑋(𝑡)𝑀𝑌(𝑡) 

               𝑀𝑌(𝑡) =
𝑀𝑋+𝑌(𝑡)

𝑀𝑋(𝑡)
=

𝑒2𝑡−1

2𝑡−𝑡2 /
2

2−𝑡
=

𝑒2𝑡−1

𝑡(2−𝑡)
.

2−𝑡

2
=

𝑒2𝑡−1

2𝑡
=

𝑒2𝑡−𝑒0𝑡

𝑡(2−0)
 

              Which is the MGF of  𝑥~uniform (𝑎 = 0, 𝑏 = 2) 

 

 

1.16:   If 𝑋1~ 𝛘𝟐
𝒏

 and 𝑋2~ 𝛘𝟐
𝒎

are independent random variables. Find the distribution of 

                       Y=𝑋1 + 𝑋2.  

           𝑀𝑌(𝑡) = 𝑀𝑋1+𝑋2
(𝑡) = 𝑀𝑋1

(𝑡)𝑀𝑋2
(𝑡) 

                                                = (1 − 2𝑡)−
𝑛

2(1 − 2𝑡)−
𝑚

2  

                                                = (1 − 2𝑡)−
𝑛+𝑚

2           

              Which  is the MGF of  𝑦~χ2
𝑛+𝑚. 

We know that if  𝑋~ χ2
𝑣  ⇒       𝑀𝑋(𝑡) = (1 − 2𝑡)−

𝑣

2 


