Chapter 2: Sampling Distribution

2.1: 1f e3t+4" is the MGF of the random variable X with sample size 6,
find P(—2 < X< 6).

given that, Mg(t) = 374" = X~ N(ug, 025)
. 2 pt+io2t?
know that if X~ N(uy,0%x) = My(t) = e" 2

Then, ug = 3 and%azi =4=0%; =8

= X~ N(3,8)

P(—2<X<6)=P(_\2F;3<Z<%)

P(—1.77 < Z < 1.06)
=P(Z < 1.06)—P(Z < -1.77)
=0.8554 — 0.0384

=0.8170

2.2: Let X be the mean of a random sample of size 5 from a normal distribution with g = 0 and

02 = 125. Determine ¢ so that (X< ¢) = 0.975.

given that X~ N(0,125),n=5and P(X < ¢) = 0.975

125

— 2
X~N(po?) = X~N@w )

Since X~ N(0,125) = £~ N(0,2 = 25)
(X<c)=097 =P (Z < %) — 0975
- 2_-C¢_-1096
5 5

c=9.8
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2.3: Determine the mean and variance of the mean Xof a random sample of size 9 from a

3
distribution having pdf f(x) = {04x 'e?s:;hirle

We want to find ug and 625, we have to find first uy and o?y

1 1 1

4
,uX=E(X)=f x4x3dx=f 4x4dx=g
0

0

x f(x)dx = f

0
o2y = E(X?) — (E(X))

E(X?) = folxz flx) = folxz 4x3dx = f01 4x° dx 22

4
Then, Uy = Uy = E O “g=——=

2.4: LetZ,,Z,,...,Z14 be a random sample of size 16 from the standard normal distribution
(0,1). Let X4, X5, ..., X4 be a random sample of size 64 from the normal distribution (g, 1).
The two samples are independent.

(@) P(Z;<2)=09772

(®) P(S1% 2, > 2)

We know that if P(Z>a)=1-P(Z<a)

e 2) = n o~ 2
Xl N(H,O- ))l 1;2;";n :lelxl N(Tl,u,nO' ) or P(Z > a) — P(Z < _a)

Z~N(0,1) Then, Y.}%, Z; ~ N(0,16)

P38, 7, > 2)= (z > ?) = P(Z > 0.5) = P(Z < —0.5) = 0.3085

(©) P(X!%, 7%, > 6.91)
We know thatif  Z;~N(0,1),i =1,2,..,n = Z;*~ le > YE Z%5 ~ in

Then, P(3;%, Z%; > 6.91) = P(x*,, > 6.91) = 0.975

1=
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(a) find c such that P(5? > ¢) = 0.05

since Z;~N(0,1),i = 1,2,..,16

(n—1)S% (16 — 1)S?
I - 1 =158~ = 15
Then, P(S2 > ¢) = 0.05 = P(1552 > 15¢) = 0.05 = P(x?, > 15¢) = 0.05
> 15c=25=c=2=2
15 3

(b) What is the distribution of ¥ = $16, 72, + ¥'54 (X; — p)?

We know from (c) that ¥,;%; 7% ~ %,
. Xi—
Since X;~N (g, 1) = ===~N(0,1) = (X; — 1)*~ x*; = T K — 1)* ~ X4

: 2 2 2
And we know thatif X~ x*, and Y~ x* =X+Y~x*, ...

Then, Y =% 7% + X4 (X — )% ~ x* 16164280

(c) E(Y)=80
(d) Var(Y)=2(80)=160
e > = P(x“,, > = 0.
P(Y > 105) 2., >105) = 0.025
16 2.
(f) Find c such that 021-:71221 ~ F16,80

we know that 3}}%; 2% ~ x?, . and Y~ ¥,

16
i=1ZZi/16~
~v/e0  T1680
=~ g
Then,c=2¢=—=75

z
(8) Let @~ x*,, find csuch that P (\/—% < c) = 0.95

We know that Z ;~ N(0,1) and given that Q~ x*, then LS

60
60

P<ﬁ<c)=0.95:P - =0.95:P<t60<%>=0.95

Q e - [L T
Ve \CANE =
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= P(t60 < \/@C) = 0.95

=>+v60c = 1.671

1.671
Cc = ﬁ = 0.2157

(h) Find c such that P(Fgg 29 > ¢) = 0.99
1 1
= = 0.4545

Fy.01,20,60 2.20

¢ = Fo.99,6020 =

2.5: Let X~ N(5,10) find P(0.04 < (X — 5)% < 38.4)

_ X-5 X=5\* _ 2
Since X~ N(5,10) = —=~N(0,1) = (ﬁ) T X

ey _ p (00t _ (X=5)? ﬂ)
Then, P(0.04 < (X —5)* < 38.4) P((\/ﬁ)z < (\/ﬁ) < (V10)*

= P(0.004 < x*, < 3.84)
= P(x?, < 3.84) — P(x*, < 0.004)
= (1-P(x?, >3.84)) = (1 - P(x?, > 0.004))
=1—P(x*, >3.84) — 1+ P(x*, > 0.004)
= P(x*, > 0.004) — P(x*, > 3.84) = 0.95 — 0.05 = 0.90
2.6: Let 2 be the variance of a random sample of size 6 from the normal distribution (u, 12).
Find
Given that X~N(u,12) n=6
(@) E(§*) =0% =12

4 232 2
20 _ 2(0%) _ 2(12) — 576
n—-1 6—1 5

V(s?) =

(b) Distribution of S

o 2
We know that X~N(u,12) = o 012)5 ~X2n_1

-8’ o 58 o
12 n—1 1z X5

=
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(©) P(2.30 <5%<22.2)
2
We have from (b) % ~X?s

(=(2.30) <=5% < = (22.2))= P(=(2.30) < x%. < —=(22.2))

12 7 12 12 ’ 12 7 X's S 1 '
=P(0.96 < x*. < 9.25)
=P(x*; > 0.96) — P(x*; > 9.25)
=0.975-0.1
=0.875

2.7: Let X4, X, and X;be iid random variable, each with pdf f(x) = e™*,0 < x <0 ; and
let Y, <Y, < Y3 be the order statistics of the random variables. Find:

(a) the distribution of Y; = min (X4, X5, X3)
Since the pdfis fy(x) = e™ = X~exp(1l) =2 Fy(x)=1—¢e7*
fr,v1) =n D[l = F(D]"™, 0<y; <o
= 3eM1[1—-(1—-eY1)3!

— —V1p,72Y1 —Q,—3V1
3e Vie 3e

fr,(v) =371 0<y; <o

¥i~exp G) = Fy,(y,)=P(Y1<y,)=1- e™
M) PB<Y)=P¥;=3)=1-P(;<3)=[1-(1-e3®)]=e7=0.00012

(c) The joint pdf of Y, and Y3

!
[raYr Yi) = =D (k= :_ Ditn— k) [Fx()" ' [Fxi) — Fx)1“ "1 = Fxi)l" *fFx0) fxr)

We have herer = 2,k = 3 and n=3

3!
- DIG-2-1(3-3) [F)I? M F(y3) = F)IP 27 1 = F(y)]" *f (y3) f (72)

fz,s()’z')’3) :(
=6[1—e2][(1-e3) - (1 —e?2)]°[1 - (1 —e™3)]%e3e72

=6[1—eV2]e 02%Y3), 0 <y, <y, < oo,
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2.8: Lety, <Y, < - < Y,be the order statistics from a Weibull distribution.
Find the distribution function and pdf of Y.

. 1
If X~Weibull (a,E)
= fx(x) = aﬁxﬁ‘le‘“xﬁ

SFy)=1-e  x>0,a>0,5>0

fY1(y1) =nfy(y)[1 - Fx ()], 0<y, <o
=n aﬁylﬁ—le—aylﬁ [1 —a- e‘“hﬁ)]n_l
— nafy,Fte= @ [e_aylﬁ]n—1

= naBy," [e‘“ylﬁ]n

— naBy,F-1e-nav:’

= Y;~Weibull (na, %)

Then, F,(y) =1- e~naxf,
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