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Definition

Let (an)n be a sequence of complex numbers, an ̸= 0 for all n ∈ N

and let (pn)n be the sequence defined by pn =
n∏

k=0

ak .

We say that the infinite product
∏
n≥0

an is convergent if the

sequence (pn)n converges to a non zero complex number and we

denote
+∞∏
n=0

an = lim
n→+∞

n∏
k=0

ak .
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Examples

1 If an = 1− 1

n + 1
, then pn =

1

n + 1
−→

n→+∞
0 and the infinite

product
∏
n≥1

an is divergent.

2 If an = 1 +
1

n + 1
=

n + 2

n + 1
, then pn =

n + 2

2
−→

n→+∞
+∞ and

the infinite product
∏
n≥1

an is divergent.

3 If an = 1− 1

n2
, n ≥ 2, then pn =

n + 1

2n
and the infinite

product
∏
n≥1

an is divergent.
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Remark 1 :
If the infinite product

∏
n≥1 an is convergent, then lim

n→+∞
an = 1.

( lim
n→+∞

an = lim
n→+∞

pn
pn−1

= 1.) The converse is not true. It suffices

to take an = 1− 1
n+1 or an = x , with 0 < x < 1.
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Proposition

Let (an)n be sequence of non zeros complex numbers. The infinite

product
∏
n≥0

an is convergent if and only if the series
∑
n≥0

log an is

convergent, with log an = ln |an|+ iθn, and θn is the unique
argument of an in the interval ]− π, π].
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Proof

We set Sn =
n∑

j=0

log aj , pn = eSn . If the series
∑
n≥0

log an is

convergent to S , then lim
n→+∞

Sn = S and lim
n→+∞

pn = eS ̸= 0. The

infinite product is then convergent.
If the infinite product is convergent to p ̸= 0. Let λ ∈ C such that
eλ = p, so lim

n→+∞
eSn = eλ and limn→+∞ eSn−λ = 1. Then there

exists an integer N such that whenever n ≥ N, log(eSn−λ) is
defined. There exists a sequence (kn)n ∈ Z such that

Sn − λ = log(eSn−λ) + 2iknπ.

Since eSn−λ tends to 1, we have

lim
n−→+∞

Sn − λ− 2iknπ = 0,
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Furthermore Sn+1 − Sn = log an tends to 0, then the sequence of
integers (kn+1 − kn)n tends also to 0, then it vanishes from a rank
N1 and lim

n→+∞
Sn = λ+ 2iπkN1 .

Example

an = 1 +
1

n + 1
, ln an = ln(1 +

1

n + 1
) ≈ 1

n
. The series

∑
n≥0

an is

divergent.

an = 1− 1

n2
, ln an = ln(1− 1

n2
) ≈ −1

n2
. The series

∑
n≥2

an is

convergent.
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Definition

Let (an)n∈N be a sequence of complex numbers. We say that the

infinite product
∏
n≥0

an is convergent if there exists a rank n0 ∈ N

such that for n ≥ n0, an ̸= 0 and lim
n→+∞

n∏
p=n0

ap exists and it is a

non zero complex number.

Definition

We say that the infinite product
∏
n≥0

(1 + un) is absolutely

convergent if the infinite product
∏
n≥0

(1 + |un|) is convergent.
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Proposition

An infinite product absolutely convergent is convergent.

Lemma

Let (un)n be a sequence of non negative real numbers. The series∑
n≥0

un converges if and only if the infinite product
∏
n≥0

(1 + un)

converges.
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Proof

We have, for all x ≥ 0 1 + x ≤ ex . We denote Sn =
n∑

k=0

uk and

pn =
n∏

k=0

(1 + uk). We have

1 + Sn = 1 +
n∑

k=0

uk ≤
n∏

k=0

(1 + uk) ≤ eSn .

(This lemma results also because the series
∑
n≥0

un and

∑
n≥0

ln(1 + un) have the same nature since lim
x→0+

ln(1 + x)

x
= 1.)

Proof of the Proposition 1.5

If the infinite product is absolutely convergent, the series
+∞∑
n=0

|un| is

convergent. Then there exists n0 ∈ N such that |un| ≤ 1
2 , for

n ≥ n0.
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To prove that the infinite product
∏
n≥0

(1 + un) is convergent, it

suffices to prove that the series
∑
n≥n0

| ln(1 + un)| is convergent.

For |z | ≤ 1
2 , ln(1 + z) =

+∞∑
n=0

(−1)n

n + 1
zn+1 = zh(z). For |z | ≤ 1

2 ,

|h(z)| ≤ M. Then | ln(1 + un)| ≤ M|un|, for n ≥ n0, thus the series∑
n≥0

| ln(1 + un)| is convergent.
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Corollary

If the infinite product
∏
n≥0

an is absolutely convergent, then for all

permutation σ of N, the infinite product
∏
n≥0

aσ(n) is convergent.

Proposition

Let (un)n be a sequence of real numbers such that 0 ≤ un < 1,
∀n ∈ N.
The infinite product

∏
n≥0

(1− un) is convergent if and only if the

series
∑
n≥0

un is convergent.
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Proof

The sequence (pn =
n∏

k=0

(1− uk))n is decreasing and non negative,

then it converges and 0 < pn ≤ e−
∑n

k=0 uk .

If
+∞∑
n=0

un = +∞, then lim
n→+∞

pn = 0 and then the infinite product

is divergent.

If the series
∑
n≥0

un converges. Let 0 < ε < 1
2 , there exists n0 ∈ N

such that
+∞∑
n=n0

un < ε.
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So for all N > n0,

0 < 1−
N∏

n=n0

(1−un) = |1−
N∏

n=n0

(1−un)| ≤
N∏

n=n0

(1+un)−1 ≤ e
∑N

n=n0
un−1 ≤ eε−1 ≤ 2ε.

0 ≤ pn0 − pN = pn0(1−
N∏

n=n0+1

(1− un)) ≤ 2εpn0 .

It results that 0 < pn0(1− 2ε) and pN ≥ (1− 2ε)pn0 . The
sequence (pn)n is decreasing and bounded above by pn0(1− 2ε),
then it converges to a number L > 0, which proves that the infinite

product
∏
n≥0

(1− un) is convergent.
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(This lemma results also from the fact that the series
∑
n≥0

un and

the series
∑
n≥0

ln(1− un) have the same nature, because

lim
x→0

− ln(1− x)

x
= 1.)
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Theorem

Let (fn)n be a sequence of of bounded functions defined on a non

empty subset E of C. We assume that the series
∑
n≥1

|fn| converges

uniformly on E , then the infinite product
∏
n≥0

(1 + fn) converges

uniformly on E to a function f . Furthermore f (s0) = 0 if and only
if 1 + fn0(s0) = 0 for some integer n0.

Proof

Let Pn =
n∏

p=1

(1 + fp). Forn < m,

|pn − pm| = pn|1−
m∏

p=n+1

(1 + fp)|. For 0 < ε < 1
2 , there exists an

integer n0 such that sup
z∈E

+∞∑
n=n0

|fn(z)| ≤ ε. For m ≥ n ≥ n0, we have
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|1−
m∏

n+1

(1+fj(z))| ≤
m∏

n+1

(1+|fj(z)|)−1 ≤ e
∑m

n+1 |fj (z)|−1 ≤ eε−1 ≤ 2ε, ∀z ∈ E .

Then |pn(z)| ≤ e
∑n

j=1 |fj (z)| ≤ M < +∞, because the series
converges uniformly on E .
If m > n ≥ n0, |pn(z)− pm(z)| ≤ 2εeM .
The sequence of functions (pn)n is then a Cauchy’s sequence for
the topology of uniform convergence, then it converges uniformly
on E .
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Let f (z) =
+∞∏
n=0

(1 + fn(z)). For z ∈ E and m > n ≥ n0,

|1−
m∏

n0+1

(1 + fj(z))| ≤ 2ε.

Then
m∏

n0+1

(1 + fj(z))| ≥ 1− 2ε > 0.

pm(z) = |pn0(z)|
m∏

n0+1

(1 + fj(z))| ≥ |pn0(z)|(1− 2ε).

If there exists z ∈ E such that f (z) = 0, then pn0(z) = 0 and there
exists j ≤ n0 such that 1 + fj(z) = 0. The converse is false.
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Corollary

With the same notations as in theorem 2.1, if f (z0) = 0 and if f is
not the zero function (f ̸≡ 0), there exists a finite number of index
j ∈ N, such that 1 + fj(z0) = 0.

Theorem

Let (fn)n be a sequence of holomorphic functions on a domain Ω.
We assume that fn ̸≡ 0 whenever n and the series

∑
n≥1 |1− fn(z)|

converges uniformly on any compact subset of Ω, then the infinite
product

∏
n≥1 fn converges uniformly on any compact subset of Ω.

The limit f is holomorphic on Ω. The function f ̸≡ 0 and if
f (z0) = 0, then fn(z0) = 0 for at least one index n and the order of
multiplicity of f at z0 is the sum of the orders of multiplicities of z0
in the different factors.
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Proof

We set uj(z) = fj(z)− 1 and pn(z) =
n∏

j=0

fj(z). The sequence

(pn)n converges uniformly on any compact subset of Ω, then the

function f defined by f =
+∞∏
j=0

fj(z) is holomorphic on Ω.

For z ∈ Ω, |f (z)| ≥ |
n0∏
j=0

fj(z)|(1− 2ε) with n0 chosen such that

+∞∑
n0+1

|1− fj(z)| < ε, 0 < ε < 1
2 . The others results are deduced

from the previous theorem.
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Corollary

With the same conditions as in theorem 2.3,
f ′

f
=

+∞∑
j=0

f ′j
fj

and the

series converges uniformly on any compact subset of Ω which not
meeting the set of zeros of f .

Proof
The sequence (pn(z) =

∏n
j=0 fj(z))n converges uniformly on any

compact subset of Ω to f . The sequence (p′n)n converges also
uniformly on any compact subset of Ω to f ′. Let K be a compact
which not intersects the set of zeros of f and M > 0 such that on

K , |1
f
| ≤ M and |pn − f | ≤ 2

M
for n large enough, then | 1

pn
| ≤ 2M

on K for n large enough.
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|p
′
n

pn
− f ′

f
| = | fp

′
n − pnf

′

pnf
| ≤ 2M2|fp′n − pnf

′|.

Then the sequence (
p′n
pn

)n converge uniformly on K to
f ′

f
.
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Examples

1. Let a ∈ C∗ be such that |a| < 1. We consider the infinite

product
∏
n≥1

(1 + anz). The series
+∞∑
n=1

|anz | converges uniformly on

any compact subset of C. The set of zeros of
+∞∏
n=1

(1 + anz) is

{−1
an ; n ∈ N}.

2. Let fn(z) = (1 + z
n ). The infinite product

∏
n≥1

fn(z) converges

only at 0.
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3. Let fn(z) = (1 +
z

n
)e−

z
n . The infinite product

∏
n≥1

fn(z)

converges uniformly on any compact subset of C because

|fn(z)− 1| < |z|2
n2

M, for n large enough.

4. Let f be the function f (z) = z
+∞∏
n=1

(1− z2

n2
). f is holomorphic

on C and f (z) = 0 if and only if z ∈ Z.

For n ̸∈ Z,
f ′(z)

f (z)
= 1 +

+∞∑
n=1

2z

z2 − n2
= πcotanπz , (cf exercise 1,

chapter 6). Then for z ∈ C \ Z, ( f (z)

sinπz
)′ = 0 ⇒ f (z) = C sinπz

on C. But
f (z)

z
=

+∞∏
n=1

(1− z2

n2
) −→

z→0
1. It results then C = π. We

deduce the Euler’s formula.

sinπz = πz
+∞∏
n=1

(1− z2

n2
).BLEL Mongi Infinite Products
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5. We consider the geometric series
∑
n≥1

zn, where z = e2iπq,

Imq > 0. The series
∑
n≥1

zn is absolutely convergent. We can then

define
∏
n≥1

(1 + zn) and
∏
n≥1

(1− zn). The function

+∞∏
n=1

(1 + zn) =
+∞∑
n=0

p(n)zn is holomorphic on the unit disc, p(n) is

the number of partitions of the integer n (i.e. the number of
(n1, . . . , ns) such that n1 + . . . ns = n).
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Definition

We define the following functions

E0(z) = 1− z ; E1(z) = (1− z)ez ; Em(z) = (1− z)e
∑m

j=1
zj

j .

En(z) is an entire function. 1 is a simple zero of En. En is called

the nth elementary Weierstrass’s factor.
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Lemma

For |z | < 1, |En(z)− 1| ≤ |z |n+1.
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Proof

E ′
n(z) = −e

∑n
j=1

zj

j + (1− zn)e
∑n

j=1
zj

j = −zne
∑n

j=1
zj

j .

Since En(z)− 1 =

∫
[0,z]

E ′
n(w)dw , w = tz , t ∈ [0, 1], we have

En(z)− 1 = z

∫
[0,1]

E ′
n(tz)dt = −zn+1

∫ 1

0
tme

∑n
j=1

tj zj

j dt.
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En(1)− 1 = −
∫ 1

0
tne

∑n
j=1

tj

j dt = −1, because En(1) = 0.

For |z | ≤ 1, |1− En(z)| ≤ |z |n+1

∫ 1

0
tne

∑n
j=1

tj

j dt ≤ |z |n+1
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Theorem

Let (an)n be a sequence of complex numbers, an ̸= 0 and
lim

n→+∞
|an| = +∞. Let (kn)n be a sequence of positive integers

chosen such that
+∞∑
n=1

(
r

rn
)1+kn < +∞, whenever r > 0, where

rn = |an|.Then the infinite product
∏
n≥1

Ekn(
z

an
) converges

uniformly on any compact of C. The function

f (z) =
+∞∏
n=1

Ekn(
z

an
)

is holomorphic on C and the set of zeros of f , Zf is the set
{an; n ∈ N}. Furthermore the multiplicity of a zero a of f is equal
to the number of integers n such that an = a.
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Remark 2 :
For all r > 0, there exists a rank n0 such that for n ≥ n0,

r
rn

< 1
2

and the condition of convergence in the theorem is realized with
kn = n.
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Proof
By lemma 3.2, we have |1− Ekn(

z

an
)| ≤ | z

an
|1+kn ≤ (

r

rn
)1+kn . For

|z | ≤ r ≤ rn, the series
∑
n≥1

|1− Ekn(z)| converges uniformly on any

compact subset C. The theorem is deduced since Ekn(
z

an
) has only

an as a simple zero.
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Remark 3 :

If
+∞∑
n=1

1

rn
< +∞, we can take kn = 0. The canonical product is

f (z) =
+∞∏
n=1

(1− z

an
).

If
+∞∏
n=1

1

(rn)2
< +∞, we can take kn = 1 and

f (z) =
+∞∏
n=1

(1− z

an
)e

z
an .
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Theorem (Weierstrass’s Factorization Theorem)

Let f be an entire function and A = {a1, . . . , an, . . .} the zeros of f
repeated as far as their order of multiplicities. Then there exists an
entire function g and a sequence of integers (kn)n such that
f (z) = eg(z)

∏+∞
n=1 Ekn(

z
an
). This factorization is not unique

because there exist an infinite possible choice of kn.
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Proof
If the sequence (an)n is infinite, then lim

n→+∞
|an| = +∞.

Let h be a Weierstrass’s infinite product given in the previous

theorem with the sequence (an)n. The function
f

h
is holomorphic

on C without zeros. C is simply connected, then there exists
g ∈ H(C) such that f

h = eg .
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Theorem

let Ω be an open subset of C and A a discrete closed subset in Ω.
For all mapping a :

m7−→ m(a) from A with values in N, there
exists a function f ∈ H(Ω) such that ∀ a ∈ A, a is a zero of f of
order m(a) and Zf = A = {z ∈ Ω; f (z) = 0}.
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Proof
We can assume that Ω ̸= C. For the proof it is useful to consider a
sequence (an)n such that whenever n, an ∈ A and such that
whenever a ∈ A, #{n ∈ N; a = an} = m(a).
First case The sequence (an)n is bounded.
Let bn ∈ Ωc such that d(an,Ω

c) = |bn − an|. Then necessary
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lim
n→+∞

|an − bn| = 0, (1)

if not the sequence (an)n which is bounded has a cluster point
(accumulation point) in Ω.
Let’s prove that the function defined by the infinite product∏
n≥1

En(
an − bn
z − bn

) is a solution to the problem. Let K be a compact

subset of Ω,

|z − bn| ≥ inf
w∈K ,δ ̸∈Ω

|w − δ| = d(K ,Ωc) > 0 ∀ z ∈ K . (2)
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Since lim
n→+∞

|an − bn| = 0, there exists an integer N such that for

n ≥ N

|an − bn| ≤
1

2
d(K ,Ωc). (3)

For n ≥ N and z ∈ K and by equations (2) and (3),

|z − bn| ≥ 2|an − bn|, let
∣∣an − bn
z − bn

∣∣ ≤ 1

2
. By lemma 3.2,

|En(
an − bn
z − bn

)− 1| ≤ (
1

2
)n+1 for n ≥ N and z ∈ K . Which proves

the theorem in the case where the sequence (an)n is bounded.
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We prove now that lim
|z|→+∞

f (z) = 1 in the case where the open

subset Ω is not bounded.
Since the sequence (an)n is bounded, the sequence (bn)n is also
bounded. (Because lim

n→+∞
an − bn = 0). Let M > 0 be an upper

bound of (|an|)n and of (|bn|)n. For |z | > 5M, we have

|an − bn
z − bn

| ≤ |an|+ |bn|
|z | − |bn|

≤ 2M

5M −M
=

1

2
,

in such a way for |z | > 5M, we have |En(
an − bn
z − bn

)− 1| ≤ 1

2n+1
,

whenever n. The infinite product converges uniformly for |z | > 5M

and since lim
|z|→+∞

En(
an − bn
z − bn

) = En(0) = 1, we deduce that

lim
|z|→+∞

f (z) = 1.
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Second case The sequence (an)n is not bounded.
Let a ∈ Ω different of an, whenever n. There exists ε > 0 such
that |an − a| > ε. We consider the function g : C \ {a} −→ C
defined by g(z) =

1

z − a
. The function g is holomorphic and

injective. The sequence (g(an))n is bounded in the open subset
g(Ω \ {a}) = Ω′. There exists a holomorphic function f on Ω′

which vanishes only at the points (g(an))n with multiplicity m(an)
and lim

|z|→+∞
f (z) = 1. The function f ◦ g is holomorphic on Ω and

a is a removable singularity because lim
z→a

f ◦ g(z) = 1. The

function f ◦ g gives an answer to the problem.
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Corollary

Every meromorphic function on Ω is the quotient of two
holomorphic functions on Ω.

Proof
Let f be a meromorphic function and let (an)n be the sequence
(may be finite) of the poles of f and mn its multiplicity. By the
previous theorem, there exists a holomorphic function g on Ω such
an is a zero of order mn of g . The function h = fg is then

holomorphic one Ω and f =
h

g
.
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We consider the function f defined by

f (z) =
+∞∏
j=1

(1 +
z

j
)e

−z
j .

The infinite product
∏
j≥1

(1 +
z

j
)e

−z
j defines an entire function f

such that −n is a simple zero, whenever n ∈ N.
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Lemma

There exists a constant γ called the Euler’s constant such that
f (z − 1) = zeγf (z).(
γ = lim

n→+∞
(

n∑
j=1

1

j
− ln(n + 1)) ≈ 0, 5772156649

)
.

Proof
The function g(z) = f (z − 1) is holomorphic on C and every non
positive integer (−n), n ∈ N is a simple zero, then the functions
zf (z) and g(z) have the same zeros with the same multiplicity.
There exists then an entire function h such that
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zf (z)eh(z) = g(z) = lim
n→+∞

n∏
k=1

(1 +
z − 1

k
)e

−z+1
k .

For k ̸= 1,

(1+
z − 1

k
)e−

z−1
k = (1+

z

k − 1
)
k − 1

k
e

−z
k
+ 1

k = (1+
z

k − 1
)e−

z
k e

1
k
+ln k−1

k .

n∏
k=1

(1 +
z − 1

k
)e

−z+1
k = ze−(z−1)

n−1∏
k=1

(1 +
z

k
)e−

z
k+1 e

1
k+1

+ln k
k+1

= ze−z(
n−1∏
k=1

(1 +
z

k
)e−

z
k )(

n−1∏
k=1

e
z
k )(

n−1∏
k=1

e
−z
k+1 )(

n−1∏
k=1

e
1

k+1
+ln k

k+1 )

= ze−
z
n e

∑n
j=1

1
j
−ln(n+1)(

n−1∏
k=1

(1 +
z

k
)e−

z
k ) −→

n→+∞
zeγf (z).

Then g(z) = zeγf (z) = f (z − 1).
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We prove that the sequence (
n∑

j=1

1

j
− ln(n + 1))n has a limit.

n∑
j=1

1

j
− ln(n + 1) =

n∑
j=1

(
1

j
− ln(

j + 1

j
)). But for x > 0,

0 < x
1+x < x , then

∫ x

0

t

1 + t
dt <

x2

2
.

Furthermore 0 < x − ln(1+ x) ≤ x2

2
. Then 0 <

1

j
− ln

j + 1

j
<

1

2j2

which is the general term of a convergent series.
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Definition

The function Γ called the Gamma Euler’s function is the
meromorphic function defined by

Γ(z) =
1

zeγz f (z)
,

1

Γ(z)
= zeγz

+∞∏
j=1

(1 +
z

j
)e

−z
j .

Any non positive integer is a simple pole of Γ, then the function 1
Γ

is an entire function such that any non positive integer is a simple
zero.
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Theorem

Γ(z + 1) = zΓ(z); ∀z ̸∈ −N.

Γ(1) = 1, Γ(n + 1) = n!, ∀ n ∈ N.

Γ(z)Γ(1− z) =
π

sinπz
Complement formula .

Γ(z) = lim
n→+∞

n!nz

z(z + 1) . . . (z + n)
, nz = ez ln n.

If Rez > 0, Γ(z) =

∫ +∞

0
e−ttz−1 dt.
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Proof
1.

1

Γ(z + 1)
= (z + 1)eγ(z+1)f (z + 1) = (z + 1)eγzeγf (z + 1)

= eγz(z + 1)eγf (z + 1) = eγz f (z) =
1

zΓ(z)
.

2. Γ(1) =
1

eγf (1)
and f (1)eγ = f (0) = 1, then f (1) = e−γ ,

Γ(1) = 1 , Γ(z + 1) = zΓ(z) and Γ(n + 1) = n!Γ(1) = n!.
3.

1

Γ(z)Γ(1− z)
=

1

−zΓ(z)Γ(−z)

=
−1

z
eγz f (z)(−z)e−γz f (−z)

= zf (z)f (−z) =
sinπz

π
,
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then Γ(
1

2
) =

√
π

2
.

An other method

We compare sinπz and
1

Γ(z)Γ(1− z)
. Since the set of zeros of

sinπz is Z and are simple zeros. The same for the function
1

Γ(z)Γ(1− z)
, there exists an entire function h such that

1

Γ(z)Γ(1− z)
eh(z) =

sinπz

π
(4)

But we have
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sinπz

π
= z

+∞∏
−∞
k ̸=0

(1 +
z

k
)e−

z
k (5)

1

Γ(z)Γ(1− z)
= zeγz

+∞∏
k=1

(1+
z

k
)e−

z
k (1−z)eγ(1−z)

+∞∏
k=1

(1+
1− z

k
)e

−
1− z

k ).

In taking the logarithmic derivative of (4) and (5) we find

π cosπz

sinπz
=

1

z
+

+∞∑
−∞
k ̸=0

(
1

z + k
− 1

k
)

( 1
Γ(z))

′

1
Γ(z)

=
1

z
+ γ −

+∞∑
k=1

(
1

z + k
− 1

k
)

( 1
Γ(1−z))

′

1
Γ(1−z)

=
−1

1− z
− γ −

+∞∑
k=1

(
1

1− z + k
− 1

k
).

Then
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h′(z) =
1

z
+

+∞∑
−∞
k ̸=0

(
1

z + k
− 1

k
)−

(1
z
+ γ +

+∞∑
k=1

(
1

z + k
− 1

k
)
)

−
( −1

1− z
− γ −

+∞∑
k=1

(
1

1− z + k
− 1

k
)
)

=
−1∑
−∞

(
1

z + k
− 1

k
) +

( 1

1− z
+

+∞∑
k=1

(
1

1− z + k
− 1

k
)
)

=
−1∑
−∞

(
1

z + k
− 1

k
)− 1

z − 1
−

+∞∑
k=1

(
1

z − 1− k
+

1

k
).
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1

z − 1− k
+

1

k
=

1

z − 1− k
− 1

k + 1
+

1

k
− 1

k + 1
. Then

h′(z) =
+∞∑
k=1

(
1

z − k
+
1

k
)− 1

z − 1
−

+∞∑
k=2

(
1

z − k
+
1

k
)−

+∞∑
k=1

(
1

k
− 1

k + 1
)

and h′ = 0. Since lim
z→0

h(z) = 0, then h = 0 and

1

Γ(z)Γ(1− z)
=

sinπz

π
.
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4.
1

Γ(z)
= zeγz f (z) and

lim
n→+∞

zez(
∑n

k=1
1
k
−ln n)

n∏
k=1

(1 +
z

k
)e

−z
k =

1

Γ(z)
. The convergence is

uniform one any compact of C \ (−N).
n

nz

n∏
k=1

z + k

k
=

z(z + 1) . . . (z + n)

nzn!
, then

1

Γ(z)
= lim

n→+∞

z

nzn!
(z + 1) . . . (z + n).
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5. If Rez > 0, the integral

∫ +∞

0
tz−1e−t dt is convergent and

defines a holomorphic function on {z ∈ C; Rez > 0}.
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Lemma

The sequence (fn)n defined by fn(z) =

∫ n

0
(1− t

n
)ntz−1 dt

converges to

∫ +∞

0
e−ttz−1 dt, whenever Rez > 0.

Lemma

lim
n→+∞

fn(z) = Γ(z), whenever Rez > 0.
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Proof of lemma 4.4
For 0 < t < n, 0 < e−t − (1− t

n )
n < t2

2n . According to the

convergence of the integral

∫ +∞

0
e−ttz−1 dt, for Rez > 0, then

∀ε > 0, ∃ n0 such that if n ≥ n0∣∣∣∫ +∞

n
e−ttz−1 dt

∣∣∣ ≤ ∫ +∞

n
e−ttx−1 dt <

ε

3
,

with z = x + iy .
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If n ≥ n0,∫ +∞

0
e−ttz−1 dt − fn(z) =

∫ n0

0
(e−t − (1− t

n
)n)tz−1 dt +

∫ n

n0

(e−t − (1− t

n
)n)tz−1 dt

+

∫ +∞

n
e−ttz−1 dt,
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∣∣∣∫ n0

0
(e−t − (1− t

n
)n)tz−1 dt

∣∣∣ ≤ 1

2n

∫ n0

0
tx+1 dt, then there exists

n1 such that, whenever n ≥ n1 ≥ n0,∣∣∣∫ n0

0
(e−t − (1− t

n
)n)tz−1 dt

∣∣∣ ≤ ε

3
.∣∣∣∫ n

n0

(e−t − (1− t

n
)n)tz−1 dt

∣∣∣≤ ∫ +∞

n0

e−ttx−1 dt ≤ ε

3
.∣∣∣∫ +∞

n
e−ttz−1 dt

∣∣∣ ≤ ε

3
, then the sequence (fn(z))n converges to∫ +∞

0
e−ttz−1 dt.
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Proof of lemma 4.5
We introduce a new variable τ = t

n . An integration by part of the
integral yields

fn(z) = nz
∫ 1

0
(1− τ)nτ z−1 dτ =

nz

z
n

∫ 1

0
(1− τ)n−1τ z dτ.

We repeat the same operation, we find

fn(z) =
nzn

z(z + 1) . . . (z + n − 1)

∫ 1

0
τ z+n−1 dτ =

nzn

z(z + 1) . . . (z + n)
.
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Theorem

Γ(
1

2
)Γ(2z) = 22z−1Γ(z)Γ(z +

1

2
).

Proof

d

dz

(Γ′(z)
Γ(z)

)
+

d

dz

(Γ′(z + 1
2)

Γ(z + 1
2)

)
=

+∞∑
n=0

1

(n + z)2
+

+∞∑
n=0

1

(n + z + 1
2)

2

= 4(
+∞∑
n=0

1

(2n + 2z)2
+

+∞∑
n=0

1

(2n + 2z + 1)2
)

= 4
+∞∑
n=0

1

(n + 2z)2
= 2

d

dz

(Γ′(2z)
Γ(2z)

)
.
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This yields that Γ(z)Γ(z + 1
2) = eaz+bΓ(2z).

For z = 1
2 , Γ(

1

2
) =

√
π, Γ(1) = Γ(2) = 1, Γ(32) =

1
2Γ(

1
2) =

√
π
2 ,

then a
2 + b = 1

2 lnπ, a+ b = 1
2 lnπ − ln 2 ⇒ a = −2 ln 2,

b = 1
2 lnπ + ln 2. Then we find the Stirling formula

Γ(
1

2
)Γ(2z) = 22z−1Γ(z)Γ(z +

1

2
). (6)
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Proposition

Γ(x)Γ(y)

Γ(x + y)
=

∫ +∞

0

ty−1

(1 + t)x+y
dt, whenever y > 0 and x > 0.

Proof

Γ(x)Γ(y) =

∫ +∞

0
tx−1e−t dt

∫ +∞

0
sy−1e−s ds, for all x > 0 and

y > 0. The change of variable s = tv yields

Γ(x)Γ(y) =

∫ +∞

0
v y−1(

∫ +∞

0
tx+y−1e−t(1+v) dt)dv . If we set

u = t(1 + v), we have

Γ(x)Γ(y) =

∫ +∞

0
v y−1(

∫ +∞

0
ux+y−1e−u(1+v)−x−y du)dv = Γ(x+y)

∫ +∞

0

v y−1

(1 + v)x+y
dv .
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Remarks 4 :

1 For x = y = 1
2 and the change of variable v = tan2 θ, we

deduce [
Γ(

1

2
)

]2
= 2

∫ π
2

0
dθ = π ⇒ Γ(

1

2
) =

√
π.

2 If y = 1− x ,

Γ(x)Γ(1−x) =

∫ +∞

0

u−x

1 + u
du =

π

sin(1− x)π
=

π

sin(πx)
, for 0 < x < 1.
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because

∫ +∞

0

xa−1

1 + x
dx =

π

sinπa
, for 0 < a < 1, then

Γ(x)Γ(1− x) =
π

sinπx
, for 0 < x < 1.

3.

ln(Γ(n)) = (n − 1

2
) ln n − n + c + o(1), (7)

where c is a constant.
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Indeed, Γ(n + 1) = n!, for n ∈ N, ln n! =
∑n

j=1 ln j ,

∫ j+ 1
2

j− 1
2

ln t dt =

∫ 1
2

0
(ln(j+t)+ln(j−t)) dt =

∫ 1
2

0
(ln j2+ln(1− t2

j2
)) dt = ln j+cj ,

where cj = O( 1
j2
). Then

ln(Γ(n)) = ln(n−1)! =

∫ n− 1
2

1
2

ln t dt−
n−1∑
j=1

cj−
1

2
ln

1

2
+
1

2
= (n−1

2
) ln n−n+c+o(1).
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Lemma

For n large enough

Γ(n)

Γ(n + a)
≈ n−a, for a > 0.

Proof

lim
n→+∞

naΓ(a)Γ(n)

Γ(a+ n)
= lim

n→+∞
na

∫ 1

0
ta−1(1− t)n−1 dt

= lim
n→+∞

∫ n

0
ua−1(1− u

n
)n−1 du =

∫ +∞

0
ua−1e−u du = Γ(a).
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Then lim
n→+∞

naΓ(n)

Γ(a+ n)
= 1.

Remark 5 :
If x is not an integer, we set x = n + a, with 0 < a < 1. We find
for n large enough

Γ(n + a) = Γ(x) ≈ Γ(n)na.

In use of the identity (7), we have
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ln Γ(x) = ln Γ(n + a) = ln Γ(n) + a ln n + o(1)

= (n − 1

2
) ln n − n + c1 + a ln n + o(1)

= (x − 1

2
) ln x − x + c2 + o(1).

We intend to compute the constant c2. By (6), we have

Γ(2x)Γ(
1

2
) = 22x−1Γ(x)Γ(x +

1

2
).

Furthermore

ln
(
Γ(2x)Γ(

1

2
)
)
= (2x − 1

2
) ln 2x − 2x + c + o(1) + ln

√
π

and

ln
(
22x−1Γ(x)Γ(x+

1

2
)
)
= (2x−1) ln 2+(x−1

2
) ln x−x+c+o(1)+x ln(x+

1

2
)−x−1

2
+c+o(1).BLEL Mongi Infinite Products
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Therefore ln
√
π + 1

2 ln 2 + o(1) = c − 1
2 + x 1

2x + o(1) = c + o(1).

Then c = ln
√
2π and ln Γ(x) = (x − 1

2) ln x − x + ln
√
2π + o(1).

We deduce

Γ(x) = xx−
1
2 e−x

√
2π(1 + o(1)). (8)

n! = (n + 1)n+
1
2 e−n−1

√
2π(1 + o(1)). (9)
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Remark 6 :

∀ z ∈ C \ (−N), (
Γ′(z)

Γ(z)
)′ =

+∞∑
k=0

1

(k + z)2
. Then if z = x > 0, the

previous formula shows that the function ln Γ is convex on ]0,+∞[
(i.e. Γ is logarithmic convex on ]0,+∞[).
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Theorem

Let f : ]0,+∞[−→ R be a convex function such that

1 f (1) = 0.

2 ef (x+1) = xef (x) ∀ x > 0, then ef is equal to the restriction of
the function Γ on ]0,+∞[.
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Proof
Let 1 < x < 2 and n ∈ N. From the second property,

f (x + n + 1) = f (x) +
n∑

k=0

ln(x + k)

and

f (x + n + 1) = f (n + 1) + f (x) + ln x +
n−1∑
k=0

ln(1 +
x

k + 1
),

because f (n + 1) = ln n!. We use the convexity of f , we find
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f (n+2)−f (n+1) ≤ f (x + n + 1)− f (1 + n)

x
≤ f (n + 3)− f (n + 1)

2
≤ f (n+3)−f (n+2).

Then

f (x) +
(
γx + ln x +

n−1∑
k=0

(ln(1 +
x

k + 1
)− (

x

k + 1
))
)

is between the two following values (γ + ln(n + 1)−
n−1∑
k=0

1

k + 1
)x

and (γ + ln(n + 2)−
n−1∑
k=0

1

k + 1
)x , this which yields that

f (x) = −γx − ln x −
∞∑
k=0

(ln(1 +
x

k + 1
)− x

k + 1
) and then

f (x) = ln Γ(x) for 1 < x < 2 and the result is deduced by the
second assumption. BLEL Mongi Infinite Products
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