Solutions of Exercises Sheet #4

Solution 1:
Uniform Ula, b)
Parameters: d = minimum, f = maximum, —co < a < b < oo
! fa<x<bh
PDF: f=4b-a
0 otherwise
0 fx<a
CDF: Flx) =4 —— ifa<x<b,
b—a
1 if b>x
Inverse CDF: Flp)=a+pb—a) if0<p<1
Expected value: E[X] = %
Variance: VIX] = “’:;’2

Arena™ generation:
Spreadsheet generation:

UNIF(Min,Max[,Stream])
= a + RAND()*(b-a)

X =12+0.3734*%(22-12) = 15.734

Erlang Erlang(r, §)
Parameters: r = 0, integer., f > 0 (scale)
0 ifx<0
. — r=1 X
Cbr PO —emy et fxyo
j=0
Inverse CDF: No closed form
Expected value: E[X]=rf
Variance: Var[X] = rfi?

Arena™ generation:
Spreadsheet generation:

ERLA(E[X], #[,Stream])
= GAMMA.INV(RAND(), r, f)

- Erlang Variable = 2. iid Exponential variables



Exponential EXPO(1/4)

Parameters: Ai>0

0 ifx<0
PDF: f = {,Le-"-" if x>0

0 ifx<0

CDE FO=912¢#  ifx>0
Inverse CDF: Flpp=(=1/AIn(l-p) if0<p<1
Expected value: E[X]=1/4
Variance: Var[X] = 1/4*
Arena™ generation: EXPO({mean[,Stream])
Spreadsheet generation: = (—1/ALN(1-RAND())

Use convolution to generate 2 exponential random variables
X1 =-3In(1-0.9559) = 9.364
X2 =-3In(1-0.5814) =2.612

X=X1+X2=11.976

X 40 50 60 70 80
P(X=x) 0.44 0.22 0.16 0.12 0.06
F(x) 0.44 0.66 0.82 0.94 1
S0,
40 ,0<u<.44

50 ,.44<u <.66
F'(u)=160 ,.66<u <.82
70 ,.82<u <.94

80 ,94<u<l
H10 - Jr | =IF(F10>0.94;80;1F(F10>0.82;70;IF(F10>0.66;60;IF(F10>0.44;50;40) )}

A B C D E F G H I

X p(x) F(x)

40 0.44 0 0.44

50 022 044 0.66

60 0.16 0.66 0.82

70 0.12 0.82 0.94

80 0.06 0.94 1

Ul= 0.9559 X1= | g0 .l

uz= 0.5814 X= 50
Us= 0.6534 X3= 50
U4= 0.5548 X4= 50

[T A A
R R =R =R R = R R R TR b B



U1=0.9559 -X =80
U,=0.5814— X = 50
U3z =0.6534—X= 50

Us=0.5548— X = 50

Solution 2:

Poisson Pois(4)

Parameters: Ax>0

PMEF: P(X=x} ==X, x=0,1,...
Expected value: E[X]=4 N

Variance: Var[X] = A

Arena™ generation:

POIS(A[,Stream])

Exponential EXPO(1/4)
Parameters: Ax=0

0 ifx<0
PR fo = {,Le-"-" ifx>0

0 ifx<0

CDE FO=91_e=  ifx>0
Inverse CDF: Flp)=(=1/A)In (1=p) ifO<p<1
Expected value: E[X]=1/4
Variance: Var[X] = 1/4?
Arena™ generation: EXPO{mean[,Stream])

Spreadsheet generation:

= (=1/A)LN(1-RAND())

Customers arrive at an ATM via a Poisson process with mean 7 per hour (A = 7).

Ti=F-1(U) = -1/A * In(1-U})

the arrival time for the fixst six customers can be calculated.

Arrival Times\of First Six Customers (in hours)

Inverse CDF of Poisson dis.

AT(i)=ZV

Custo_mer # U, Tizlnte_r-ArrivaI AT(i)=Arrival time

i Time

1 0.943 0.4092 0.4092

2 0.498 0.0985 0.4092+0.0985=0.5077
3 0.102 0.0154 0.5077+0.0154=0.5231
4 0.398 0.0725 0.5231+0.0725=0.5956
5 0.528 0.1073 0.5956+0.1073=0.7029
6 0.057 0.0084 0.7029+0.0084=0.7113
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Solution 3:

To generate the demand for the first four days using the sequence of (0,1)
random numbers, we first need to find the inverse CDF for the discrete
distribution.

CDF of the Discrete Distribution

Xi 0 1 2
f(xi) 0.3 0.2 0.5
F(xi) 0.3 0.5 1.0

The above CDF can also be written as:

Using the above function and the random numbers, the demand for the first four
days is as follows:

Demand for the First Four Days

Day 1 Day 2 Day 3 Day 4
Uij 0.943 0.498 0.102 0.398
Demand 2 1 0 1
Solution 4:
shifted exponential distribution
JAe A s
fr(t) = {O otherwise

with B(T') = § + % and Var(T) = &

A2

Then, the cumulative distribution function and the inverse function are

T =F () =_71ln(1—U)+6,0 <U<1
So (where A = 45 and § = 15),
Ti = 15 +( -(1/45)In(1-.943)) = 15.064
Ty = 15 +( -(1/45)In(1-0.398) )= 15.011



Solution 5:

Weibull WEIB(f, a)
Parameters: g > 0 (scale), a > 0 (shape)
0 ifx<0
CDF: Fx) = { 1= if x>0
Inverse CDF: Flp)=p-In (1 =p]/* if0<p<1
Expected value: E[X] = (E) r (i
Variance: Var[X]z(%)Hl"(f)-(i)ﬂ“(i)}:}
Arena™ generation: WEIB(scale, shape[,Stream])
Spreadsheet generation: = (f)(=LN(1 = RAND) A (1/a)
So,

U; =0.943— X; = 3[-In(1-0.943)]*(1/2) = 5.0776
U, =0.398— X, = 3[-In(1-0.398)](1/2) = 2.1372

Solution 6:

Weibull WEIB(f, a)

Parameters: g > 0 (scale), a > 0 (shape)

CDE: Fix) = 0 ifx<0
‘ @=V1-e*  ifx>0

Inverse CDF: Flp)=p-In (1 =p]/* if0<p<1

Expected value: E[X] = E) r &

Variance: Var[X]z(%)HI‘(E)-(%)H‘(&)}:}

Arena™ generation: WEIB(scale, shape[,Stream])

Spreadsheet generation: = (f)(=LN(1 = RAND) A (1/a)

Simulation from Truncated Dist.

* The new pdf g(x) with a <X <b. 1: Generate u~ U(0,1)
f(x) 2: W=Fla)+ (F(b)— F(a))u

IO =t —F@’ P35, x=Flw)

Notice that the range is truncated, we have (o = 2, p= 3, a=1.5, b=4.5):
F(1.5) = 1-exp(-(1.5/3)"2) = 0.22119

F(4.5) = 1-exp(-(4.5/3)"2) = 0.8946

W =0.22119 + (0.8946 — 0.22119)*0.943 = 0.8562169

X = 3[-In(1-0.8562169)](1/2) = 4.1779



Solution 7:

Uniform Ula,b)
Parameters: a = minimum, / = maximum, —oo < a < b < oo
: ' ifa<x<bh
PDF: fxy=3774
0 otherwise
0 ifx<a
CDF: F(x) = z:z ifa<x<b,
1 ifb>x
Inverse CDF: Flp)=a+pb—a) if0<p<1
Expected value: E[X] = %
Variance: VIX] = %
Arena™ generation: UNIF(Min,Max[,Stream])
Spreadsheet generation: = a + RAND()*(b-a)

Equally likely means uniformly distributed: U(a=0.02, b = 0.05), using inverse
transform:

X=a+ (b-a)*U
For U; =0.943 and U = 0.398
X1 =0.02 + (0.05-0.02)*0.943 = 0.04829

X2=10.02 +(0.05-0.02)*0.398 = 0.03194

Solution 8:
A B 5 D E F
customer u Inter-Arrival
1 Time Arrival time (U server
2 1 0.943 0.2864704 0.2864704| 0498 1
3 2 0.102 [ 0.01075852 | 0297226892 0.398 1
4 3 0.528 0.07507763 | 0.37230655 0.057 1
5 A 0372 [ 004652151 | 0.41882806 0.272 1
B 5 0.409 0.05259393 | 0.47142199 0.943 2
7 6 0.89% [ 022926348 | 070068547 0.398 1
8 | 7 0.204 0.02281561 | 072380107 0.294 1
9 8 0.4 0.05108256 | 0.77458364 0.794 2
10 9 0.156 0.01696028 | 0.79154392 0.997 2



1 A B C D E | F
customer | U l
1 Inter-Arrival Time |Arrival time |U server E
2 |1 0.943 |=-(1/10)*LN(1-B2) |=C2 0.498 |=IF(E2<=0.6.1.2) :
3 |2 0.102 [=-(1/10)*LN(1-B3) |[=D2+C3 0.398 =IF(E3<=0.6,1,2) |
4 |3 0.528 [=-(1/10)*LN(1-B4) [=D3+C4 0057 =IF(E4<=0.6,1,2) !
5 4 0.372 [=-(1/10)*LN(1-B5) [=D4+C5 0.272 =IF(E5<=0.6,1,2) |
6 |5 0.409 |[=-(1/10)*LN(1-B6) [=D5+C6 0.943 =IF(E6<=0.6,12) |
7 |6 0.899 [=-(1/10)*LN(1-B7) |=D6+C7 0.398 =IF(E7<=0.6,1,2) |
8 |7 0.204 |=-(1/10)*LN(1-B8) |=D7+C8 0.294 =IF(EB<=0.6,1,2) |
9 8 0.4  |=-(1/10)*LN(1-B9) |=D8+CS9 0.794 =IF(E9<=0.6,1,2) |
10 0.156 |=-(1/10)*LN(1-B10) [D9+C10 _ [0997 =IF(E10<=06.1.2) |
11
Solution 9:

The triangular(a, ¢, b) distribution has probability density function

2!1-0! i .
f(z) = { o) a<T<
= 2(b—x)
B-a)6-9 csz<b
and cumulative distribution function
(x—a)?

Flz) = T—a){c—a) a<r<c
SR [ € ) <z<h
= [b=a)(b—0) cC=Z -

Equating the cumulative distribution function to u, where 0 < u < 1 yields an inverse
cumulative distribution function

Y c—a
F'(u)= ot Vf(b —Ne—ak e
b—\f-'(b—a}(b—c)(l—u} i Su<l

U1=0.943 and U>=0.398
(c-a)/(b-a) =0.375

For Ur = 0.943, since 0.943 > 0.375, we have X = b-SQRT((b-a)(b-c)*(1-U1)) =
8.8304

For Uz = 0.398, since 0.398 > 0.375, we have X = b-SQRT((b-a)(b-c)*(1-U2)) =
6.1989



Solution 10:
B Forx<-1,F(x)= 0
For—1<x<1L,F(x) =2(x*+1)
Forx >1,F(x) =1
ZF'w)=V2u-1
B F1(0.943) = 0.9604
F~1(0.398) = —0.5886765
Solution 11:
B Forx<2,F(x)= 0
Forz<x<4,F(x)=%-x+1
Forx >4,F(x)=1
Solve the following equation for x:
cx?2—4x+41-u)=0

Using the quadratic equation:

B —b + Vb2 — 4ac
N 2a

X

Yields

4t J16-4+4(1-w)

X

Since the final number must be 2 < x < 4, we have
x=2+2Vu=2(1++Vuw
B F1(0.943) = 3.94216

F~1(0.398) = 3.2617



Solution 12:
B Forx<0,F(x)= 0

2
ForOSxSS,F(x)=;C—5

Forx >5F(x)=1
~ F'(w) =53u
B) F1(0.943) = 4.8554
F~1(0.398) = 3.1544
Solution 13:

B Forx<1,F(x)= 0

1
Forx > 1,F(x) = 1—;

z| 1
O ,‘1 —u

B) F~1(0.943) = 4.1885

F~1(0.398) = 1.2888



