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Functions of Random Variables  

  

# Two-to Two Transformations.  (Joint distribution of Functions of 

Random Variables 

Q1) If 𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1) independent of 𝑌~𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1), find the distribution of  

𝑍 = 𝑋 + 𝑌:  

a. Using the pdf formula derived in class.  (Jacobian) 

b. By first finding the cdf  and then differentiating.  (convolution) 

 Solution :  

𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1)   ⇒    𝑓(𝑥) = 1     , 0 < 𝑥 < 1  

𝑌~𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1) ⇒   𝑓(𝑦) = 𝑒−𝑦    ,    𝑦 > 0  

𝑋 𝑎𝑛𝑑 𝑌 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ⇒ 𝑓(𝑥, 𝑦) = 𝑓(𝑥)𝑓(𝑦) = 𝑒−𝑦     , 0 < 𝑥 < 1   , 𝑦 > 0  

a)  

𝒁 = 𝑿 + 𝒀 ⇒   𝑌 = 𝑍 − 𝑋  ⇒    
𝑼 = 𝑿

𝑌 = 𝑍 − 𝑈
 

0 < 𝑋 < 1
0 < 𝑌 < ∞ 

}    ⇒  
  0 < 𝑋 + 𝑌 < ∞   ⇒      0 < 𝑍 < ∞ 

0 < 𝑈 < 1 
  

0 < 𝑋 < 1
0 < 𝑌 < ∞ 

}    ⇒    
0 < 𝑈 < 1

0 < 𝑍 − 𝑈 < ∞  ⇒    𝑈 < 𝑍 < ∞
   

𝐽(𝑢, 𝑧) = |

𝑑

𝑑𝑢
 𝑥

𝑑

𝑑𝑧
 𝑥

𝑑

𝑑𝑢
 𝑦

𝑑

𝑑𝑧
 𝑦

| = |
1 0
−1 1

| = 1 − 0 = 1 ⇒     | 𝐽(𝑢, 𝑧) | = 1   

𝑓𝑍𝑈(𝑧, 𝑢) = 𝑓𝑋𝑌(𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣)) | 𝐽(𝑢, 𝑧) | = 𝒆
−(𝒛−𝒖)   

𝑓(𝑧) =  ∫𝑓(𝑧, 𝑢) 𝑑𝑢 =  

{
 
 

 
 ∫ 𝑒−(𝑧−𝑢)

𝑍

0

𝑑𝑢    ,       ,0 < 𝑧 < 1 

∫ 𝑒−(𝑧−𝑢)
1

0

 𝑑𝑢   ,       ,1 < 𝑧 < ∞

    

= {
1 − 𝑒−𝑧      ,       ,0 < 𝑧 < 1 
𝑒−𝑧  (𝑒 − 1)   ,       ,1 < 𝑧 < ∞

 

b) Other solution:  By use the convolution - page 320  

𝑓𝑋+𝑌(𝑎) = ∫ 𝑓𝑋(𝑎 − 𝑦)𝑓𝑌(𝑦)
∞

−∞

 𝑑𝑦 =  ∫ 𝑓𝑌(𝑎 − 𝑥)𝑓𝑋(𝑥)
∞

−∞

 𝑑𝑥 
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𝑧 − 𝑥 > 0 ⇒  𝑥 < 𝑧 𝑎𝑛𝑑 0 < 𝑥 < 1 so , if  𝟎 < 𝒛 < 𝟏 

𝑓𝑋+𝑌(𝑧) = ∫ (𝑒−𝑧+𝑥)(1)
𝑧

0

 𝑑𝑥 = 𝑒−𝑧[𝑒𝑥]0
𝑧 = 𝑒−𝑧(𝑒𝑧 − 1) = 1 − 𝑒−𝑧 

If  𝟏 < 𝒛 < ∞ then  

𝑓𝑋+𝑌(𝑧) = ∫ 𝑓𝑌(𝑧 − 𝑥)𝑓𝑋(𝑥)
∞

−∞

 𝑑𝑥 = ∫ (𝑒−𝑧+𝑥)(1)
1

0

 𝑑𝑥 = 𝑒−𝑧[𝑒𝑥]0
1 = 𝑒−𝑧(𝑒1 − 1)  

 

Q2) Let X and Y have joint pdf 𝑓(𝑥, 𝑦) = 1 ;   −𝑦 < 𝑥 < 𝑦 ,  0 < 𝑦 < 1.   

a. Find the conditional pdf of 𝑋|𝑌 = 𝑦.  

b. Find 𝑃(𝑋 <  0|𝑌 =  𝑦).  

c. Find 𝑃(𝑋 >
1

4
 |𝑌 =

1

3
).  

d. Find 𝑃(0 <  𝑋 <
1

4
 |𝑌 =

1

2
).  

 Solution : H.W 

a) 𝑓(𝑋|𝑌 = 𝑦) =
𝑓(𝑥,𝑦)

𝑓(𝑦)
 

𝑓(𝑦) = ∫𝑓(𝑥, 𝑦)
 

𝑥

𝑑𝑥 = ∫  1
 𝑦

−𝑦

 𝑑𝑥 = [𝑥]−𝑦
𝑦

= 𝑦 + 𝑦 = 2𝑦 

 𝑓(𝑋|𝑌 = 𝑦) =
𝑓(𝑥,𝑦)

𝑓(𝑦)
=

1

2𝑦
     ;   −𝑦 < 𝑥 <

𝑦    ( y is fixed value ) 

b) 𝑃(𝑋 <  0|𝑌 =  𝑦) =  ∫
1

2𝑦
 𝑑𝑥

0

−𝑦
=

1

2𝑦
[𝑥]−𝑦

0 =
1

2𝑦
(𝑦) =

1

2
 

c) 𝑃 (𝑋 >
1

4
 |𝑌 =

1

3
) = ∫

1

2𝑦

𝑦

1/4
 𝑑𝑥 = ∫

1

2(
1

3
)

1/3

1/4
 𝑑𝑥 =

3

2
 [𝑥]1

4

1/3
=

3

2
(
1

3
−
1

4
) =

1

8
 

d) 𝑃 (0 <  𝑋 <
1

4
 |𝑌 =

1

2
) = ∫

1

2(
1

2
)

1/4

0
 𝑑𝑥 = [𝑥]0

1

4 =
1

4
 

 

Q3) Let X and Y have joint pdf 𝑓(𝑥, 𝑦) =
2

5
 (𝑥 +  4𝑦)  ;  0 <  𝑥 <  1, 0 <  𝑦 <  1. 

a. Find the conditional pdf of  𝑌|𝑋 = 𝑥.  

b. Find 𝑃 (𝑌 <
1

3
 |𝑋 =

1

2
).  

X=Y X= -Y 
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 Solution :  

a) 𝑓(𝑌|𝑋 = 𝑥) =
𝑓(𝑥,𝑦)

𝑓(𝑥)
 

𝑓(𝑥) = ∫𝑓(𝑥, 𝑦)
 

𝑦

𝑑𝑦 =   ∫
2

5
 (𝑥 +  4𝑦)

 1

0

 𝑑𝑦 =
2

5
 [𝑥𝑦 +

4𝑦2

2
]
0

1

=
2

5
(𝑥 + 2) 

∴ 𝑓(𝑌|𝑋 = 𝑥) =

2
5 
(𝑥 +  4𝑦)

2
5
(𝑥 + 2)

=
𝑥 + 4𝑦

𝑥 + 2 
 

b) 𝑓 (𝑌|𝑋 =
1

2
) =

1

2
 + 4𝑦

1

2
 + 2 

=
1 + 8𝑦

5
 

𝑃 (𝑌 <
1
3 
|𝑋 =

1
2) =

∫ 𝑓 (𝑌|𝑋 =
1
2)

1
3

0

 𝑑𝑦 

= ∫
1 + 8𝑦

5

 1/3

0

 𝑑𝑦 =
1

5
 [𝑦 +

8𝑦2

2
]
0

1
3

=
1

5
(
1

3
+
4

9
) =

7

45
  

 

Q4) If 𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1) independent of 𝑌~𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1), find  

a. The joint density function of 𝑍 = 𝑋 + 𝑌 and 𝑈 = 𝑋/𝑌.  

b. The density function of Z.  

c. The density function of U.  

 Solution :  

a) 𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1)   ⇒    𝑓(𝑥) = 1     , 0 < 𝑥 < 1  

           𝑌~𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1) ⇒   𝑓(𝑦) = 𝑒−𝑦    ,    𝑦 > 0  

𝑋 𝑎𝑛𝑑 𝑌 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ⇒ 𝑓(𝑥, 𝑦) = 𝑓(𝑥)𝑓(𝑦) =  𝑒−𝑦    , 0 < 𝑥 < 1   , 𝑦 > 0  

𝒁 = 𝑿 + 𝒀 ⇒   𝑌 = 𝑍 − 𝑋 

  𝑈 =
𝑋

𝑌
  ⇒     𝑋 = 𝑈𝑌 = 𝑈(𝑍 − 𝑋) = 𝑈𝑍 − 𝑈𝑋 ⇒     𝑋 + 𝑈𝑋 = 𝑈𝑍 ⇒   ∴  𝑿 =

𝑼𝒁

𝟏+𝑼
   

𝑌 = 𝑍 − 𝑋 = 𝑍 −
𝑈𝑍

1 + 𝑈
=
𝑍 + 𝑈𝑍 − 𝑈𝑍

1 + 𝑈
=

𝑍

1 + 𝑈
        ∴ 𝒀 =

𝒁

𝟏 + 𝑼
 

0 < 𝑋 < 1
 

0 < 𝑌 < ∞ 
}  ⇛  

  0 < 𝑋 + 𝑌 < (1 + ∞)    ⇒      0 < 𝑍 < ∞ 

0 <
𝑋

𝑌
< ∞    𝑏𝑢𝑡    0 < 𝑈 < ∞ 
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0 < 𝑋 < 1
 

0 < 𝑌 < ∞ 
} ⇛   

 

0 <
𝑈𝑍

1 + 𝑈
< 1  ⇒   0 < 𝑈𝑍 < 1 + 𝑈 ⇒  0 < 𝑍 <

1 + 𝑈

𝑈

                             𝒐𝒓       0 < 𝑈𝑍 < 1 + 𝑈 ⇒  0 < 𝑈 <
1

𝑍 − 1
  

 0 <
𝑍

1 + 𝑈
< ∞ ⇒    0 < 𝑍 < ∞

   

 

𝐽(𝑥, 𝑦) = |

𝑑

𝑑𝑧
 𝑥

𝑑

𝑑𝑢
 𝑥

𝑑

𝑑𝑧
 𝑦

𝑑

𝑑𝑢
 𝑦

| = |

𝑢

1 + 𝑢

𝑧

(1 + 𝑢)2

1

1 + 𝑢
−

𝑧

(1 + 𝑢)2

|  

= (
𝑢

1 + 𝑢
)(−

𝑧

(1 + 𝑢)2
) − (

1

1 + 𝑢
) (

𝑧

(1 + 𝑢)2
) =  

− 𝑧

(1 + 𝑢)3
[𝑢 + 1] =

− 𝑧

(1 + 𝑢)2
 

 | 𝐽(𝑢, 𝑧)| =
𝑧

(1 + 𝑢)2
   

𝑓(𝑧, 𝑢) = 𝑓𝑋𝑌(𝑢, 𝑧) | 𝐽(𝑢, 𝑧)| = 𝑒
−(

𝑧
1+𝑢

)   
𝑧

(1 + 𝑢)2
       𝑍 > 0  , 𝑢 > 0 , 0 < 𝑧 <

𝑢

1 + 𝑢
 

b) The density function of  Z 

lim
𝑍→∞

1

𝑧 − 1
= 0 , lim

𝑢→∞

1 + 𝑢

𝑢
= 1 

 

𝑧 > 1 ⇒  0 < 𝑢 <
1

𝑧−1
   

0 < 𝑧 < 1 ⇒  0 < 𝑢 < ∞   

 0 < 𝑢 < ∞ ⇒ 0 < 𝑧 <
𝑢+1

𝑢
   

 𝑧 =
1+𝑢

𝑢
 𝑜𝑟  𝑢 =

1

𝑧−1
 

1 

Z 

U 
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 𝑓(𝑧) = {
∫

𝑧

(1+𝑢)2
  𝑒−(

𝑧

1+𝑢
)  

1

𝑧−1
0

𝑑𝑢 = ∫ 𝑒𝑤
1−𝑧

−𝑧
 𝑑𝑤 = 𝑒1−𝑧 − 𝑒−𝑧 = 𝑒−𝑧(𝑒 − 1)       , 𝑧 > 1   

∫
𝑧

(1+𝑢)2
  𝑒−(

𝑧

1+𝑢
)  

∞

0
 𝑑𝑢 = ∫ 𝑒𝑤

0

−𝑧
   𝑑𝑤 = 1 − 𝑒−𝑧                                   ,   0 < 𝑧 < 1  

 

Using that 𝑤 = −
𝑧

1+𝑢
 ⇒    𝑑𝑤 =

𝑧

(1+𝑢)2
𝑑𝑢  

At 𝑢 =  0 ⇒ 𝑤 = −
𝑧

1+0
=  −𝑧    

At 𝑢 =
1

𝑧−1
⇒ 𝑤 =

−𝑧

1+(
1

𝑧−1
)
=

 −𝑧
  𝑧−1+1   

𝑧−1

= −
𝑧(𝑧−1)

𝑧
= −(𝑍 − 1) = 1 − 𝑧     

At 𝑢 = ∞ ⇒ 𝑤 = −
𝑧

1+∞
=  0     

 

c) The density function of  U 

 

𝑓(𝑢) = ∫
𝑧

(1 + 𝑢)2
  𝑒−(

𝑧
1+𝑢

)  

𝑢+1
𝑢

0

𝑑𝑧 =
1

(1 + 𝑢)2
∫  𝑧 𝑒−(

𝑧
1+𝑢

) 𝑑𝑧 

𝑢+1
𝑢

0

 

 

 By use Integration by Parts ∫ 𝑢
𝑏

𝑎
𝑑𝑣 = [𝑢𝑣]𝑎

𝑏 − ∫ 𝑣
𝑏

𝑎
𝑑𝑢    

Let 𝑢 = 𝑧       𝑑𝑣 = 𝑒−(
𝑧

𝑢+1
)    ⇒     𝑑𝑢 = 𝑑𝑧        𝑣 = −(𝑢 + 1) 𝑒−(

𝑧

𝑢+1
)  

𝑓(𝑢) =
1

(1 + 𝑢)2
[−𝑧(𝑢 + 1) 𝑒− 

𝑧
𝑢+1 ]

0

𝑢+1
𝑢
− 

1

(1 + 𝑢)2
∫ −(𝑢 + 1) 𝑒−(

𝑧
1+𝑢

) 𝑑𝑧 

𝑢+1
𝑢

0

 

=
1

(1 + 𝑢)2
[−(

𝑢 + 1

𝑢
) (𝑢 + 1)𝑒

− 
𝑢+1

𝑢(𝑢+1)] − ∫ −(
1

𝑢 + 1
) 𝑒

−(
𝑧

1+𝑢
)
 𝑑𝑧 

𝑢+1
𝑢

0

 

−
1

𝑢
𝑒−

1
𝑢 − [ 𝑒− 

𝑧
𝑢+1 ]

0

𝑢+1
𝑢
= −

1

𝑢
𝑒−

1
𝑢 − [𝑒− 

1
𝑢 − 𝑒0] = −

1

𝑢
𝑒−

1
𝑢 − 𝑒− 

1
𝑢 + 1 

𝑓(𝑢) = 1 − 𝑒−
1
𝑢 (
1

𝑢
+ 1)     ;   𝑢 > 0 

Note:  
𝐴

0
= ∞ ,   

𝐴

∞
= 0 ,   

0

𝐴
= 0      

 

Q5) Let (X,Y) have joint pdf 𝑓(𝑥, 𝑦) =
1

𝑥2 𝑦2 
     ; 𝑥 ≥ 1  , 𝑦 ≥ 1  

a. Find the joint density of 𝑈 = 𝑋𝑌 and 𝑉 = 𝑋/𝑌.  

b. What are the marginal density of U and V?  

 Solution :  
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a) 𝑈 = 𝑋𝑌 ⇒   𝑌 =
𝑈

𝑋 
        

  𝑉 =
𝑋

𝑌
 ⇒     𝑉𝑌 = 𝑋 ⇒    𝑉

𝑈

𝑋
= 𝑋 ⇒    𝑋2 = 𝑉𝑈 ⇒     ∴  𝑿 = √𝑽𝑼   

 𝑌 =
𝑈

𝑋
   ⇒    𝑌 =

𝑈

√𝑉𝑈
   ⇒   ∴ 𝒀 = √

𝑼

𝑽
    

 

𝑥 > 1
𝑦 > 1

} ⇒          

𝑥𝑦 > 1 ⇒    𝑢 > 1 
𝑥

𝑦
> 0 ⇒      𝑣 > 0   

𝑥 > 1
𝑦 > 1

} ⇒     
√𝑣𝑢 > 1 ⇒     𝑣𝑢 > 1 ⇒ 𝑢 >

1

𝑣
 

√
𝑢

𝑣
 > 1 ⇒   

𝑢

𝑣
> 1 ⇒    𝑢 > 𝑣   

 

 

 

 

𝐽(𝑢, 𝑣) = |

𝑑

𝑑𝑢
 𝑥

𝑑

𝑑𝑣
 𝑥

𝑑

𝑑𝑢
 𝑦

𝑑

𝑑𝑣
 𝑦

| =
|
|

√𝑣

2√𝑢
 
√𝑢

2√𝑣

1

2√𝑣𝑢

−√𝑢

2𝑣
3
2

|
|
=  

√𝑣

2√𝑢
 (
− √𝑢

2𝑣
3
2

) −
1

2√𝑣𝑢
(
√𝑢

2√𝑣
)  

 =
−1

4𝑣
−
1

4𝑣
= −

1

2 𝑣
 

lim
𝑣→∞

1

𝑣
= 0 

1

𝑢
< 𝑣 < 𝑢 ⇒  1 < 𝑢 < ∞ 

{
1

𝑣
< 𝑢 < ∞ ⇒  0 < 𝑣 < 1 

 𝑣 < 𝑢 < ∞   ⇒  1 < 𝑣 < ∞

 

𝑢 = 1/𝑣  

 𝑢 = 𝑣 

1 

1 
-1 

-1 

 V 

U 

𝑢 = 1/𝑣  
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| 𝐽(𝑢, 𝑣)| =    
 1

2 𝑣
 

𝑓𝑈𝑉(𝑢, 𝑣) = 𝑓𝑋𝑌(𝑢, 𝑣)| 𝐽(𝑢, 𝑣)| =
1

(𝒖𝑣) (
𝒖
𝑣
)
  
1

2𝑣
=

𝟏

𝟐 𝒖𝟐 𝒗
   ; 𝑢 > 1 , 𝑢 >

1

𝑣
 , 0 <  𝑣 < 𝑢   

b) marginal density of U and V 

𝑓(𝑢) = ∫  
1

2 𝑢2 𝑣
 

𝑢

1
𝑢

 𝑑𝑣 =
1

2𝑢2
 ∫  

1

 𝑣
 

𝑢

1
𝑢

 𝑑𝑣 =
1

2𝑢2
 [ln𝑣]1

𝑢

𝑢 =
1

2𝑢2
 (ln𝑢 − ln

1

𝑢
) 

=
1

2𝑢2
(ln 𝑢 − ln 1 + ln𝑢) =  

1

2𝑢2
 (2 ln 𝑢 − 0) 

𝒇(𝒖) =
𝟏

𝒖𝟐
𝐥𝐧 𝒖     , 𝟏 < 𝒖 < ∞ 

𝑓(𝑣) =

{
 
 

 
  ∫

1

2 𝑢2 𝑣

∞

1
𝑣

 𝑑𝑢 =
1

2𝑣
  ∫

1

𝑢2

∞

1
𝑣

 𝑑𝑢 = −
1

2𝑣
  [
1

𝑢
]
1
𝑣

∞

= 
𝟏

𝟐
      , 𝟎 < 𝒗 < 𝟏

∫
1

2 𝑢2 𝑣

∞

𝑣

 𝑑𝑢 =
1

2𝑣
 ∫

1

𝑢2
 𝑑𝑢

∞

𝑣

=  −
1

2𝑣
 [
1

𝑢
]
𝑣

∞

= 
𝟏

𝟐𝒗𝟐
     ,   𝟏 < 𝒗 < ∞

 

 

Q6) Let 𝑋1 and 𝑋2 be independent 𝐸𝑥𝑝(𝜆) r.v. Find the joint density of   

𝑌1  =  𝑋1  +  𝑋2 𝑎𝑛𝑑 𝑌2  =  𝑒
𝑋1  .  

Solution :  

𝑋1~𝐸𝑥𝑝(𝜆) ⇒   𝑓(𝑥1) = 𝜆 𝑒
−𝜆𝑥1        , 𝑥1 > 0   

 𝑋2~𝐸𝑥𝑝(𝜆) ⇒   𝑓(𝑥2) = 𝜆 𝑒−𝜆𝑥2        , 𝑥2 > 0 

 𝑋1 𝑎𝑛𝑑 𝑋2 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ⇒ 𝑓(𝑥1, 𝑥2) = 𝑓(𝑥1)𝑓(𝑥2) = 𝜆2 𝑒−𝜆(𝑥1+𝑥2)      , 𝑥1 > 0 , 𝑥2 > 0  

𝑌1 = 𝑋1 + 𝑋2 ⇒   𝑋2 = 𝑌1 − 𝑋1 

𝑌2 = 𝑒
𝑋1 ⇒  ∴ 𝑿𝟏 = 𝐥𝐧 𝒀𝟐    

𝑋2 = 𝑌1 − 𝑋1 = 𝑌1 − ln𝑌2  ⇒     ∴ 𝑿𝟐 = 𝒀𝟏 − 𝐥𝐧𝒀𝟐  

 
0 < 𝑥1 < ∞
0 < 𝑥2 < ∞

} ⇒  
0 < 𝑥1 + 𝑥2 < ∞ ⇒    0 < 𝑦1 < ∞

1 < 𝑒𝑥1 < ∞ ⇒     1 < 𝑦2 < ∞
 

0 < 𝑥1 < ∞
0 < 𝑥2 < ∞

} ⇒   
0 < ln 𝑦2 < ∞                                                
0 < 𝑦1 − ln𝑦2 < ∞ ⇒   ln 𝑦2 < 𝑦1 < ∞

    

𝐽(𝑥1, 𝑥2) = ||

𝑑

𝑑𝑦1
 𝑥1

𝑑

𝑑𝑦2
 𝑥1

𝑑

𝑑𝑦1
 𝑥2

𝑑

𝑑𝑦2
 𝑥2

|| = |
0  1/𝑦2
1 −1/𝑦2

| =
−1

𝑦2
 

| 𝐽(𝑦1, 𝑦2)| =
1

𝑦2
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 𝑓(𝑦1, 𝑦2) = 𝑓𝑋1𝑋2(𝑦1, 𝑦2)| 𝐽(𝑦1, 𝑦2)| = 𝜆
2
 𝑒−𝜆 (ln𝑦2+𝑦1−ln𝑦2)   

1

𝑦2 
       

𝒇(𝒚𝟏, 𝒚𝟐) =  
𝝀𝟐

𝒚𝟐
 𝒆−𝝀 𝒚𝟏      ; 𝟎 < 𝐥𝐧𝒚𝟐 < 𝒚𝟏   ,   𝒚𝟐 > 𝟏   

 

 

 

Q7) Let 𝑋1~𝐸𝑥𝑝(𝜆1) independent of  𝑋2~𝐸𝑥𝑝(𝜆2) r.v.. Find:  

a. The cumulative distribution function of  𝑍 =
𝑥1

𝑥2
 

b. 𝑃(𝑋1  <  𝑋2).  
 Solution :  

𝑋1~𝐸𝑥𝑝(𝜆1) ⇒   𝑓(𝑥1) = 𝜆1 𝑒
−𝜆1𝑥1       , 𝑥1 > 0   

𝑋2~𝐸𝑥𝑝(𝜆2) ⇒   𝑓(𝑥2) = 𝜆2 𝑒
−𝜆2𝑥2        , 𝑥2 > 0 

a)  𝑋1 𝑎𝑛𝑑 𝑋2 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 

⇒ 𝒇(𝒙𝟏, 𝒙𝟐) = 𝒇(𝒙𝟏)𝒇(𝒙𝟐) = 𝝀𝟏𝝀𝟐 𝒆
−(𝝀𝟏𝒙𝟏+𝝀𝟐𝒙𝟐)        , 𝒙𝟏 > 𝟎 , 𝒙𝟐 > 𝟎  

𝑍 =
𝑋1
𝑋2
 ⇒    𝑋2 =

𝑋1
𝑍
=
𝑈

𝑍
 ⇒      ∴ 𝑿𝟐 =

𝑼

𝒁
     

      𝑈 = 𝑋1   ⇒     ∴ 𝑿𝟏 = 𝑼    

 
0 < 𝑥1 < ∞
0 < 𝑥2 < ∞

} ⇒  
0 < 𝑢 < ∞   
0 < 𝑧 < ∞    

 

𝐥𝐧 𝒚𝟐 

𝑦2 

𝑦1 

𝑦2 = 1 
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0 < 𝑥1 < ∞
0 < 𝑥2 < ∞

} ⇒ 
0 < 𝑢 < ∞                                           

0 <
𝑢

𝑧
< ∞    ⇒     𝑢 > 0 , 𝑧 > 0     

𝐽(𝑢, 𝑧) = |

𝑑

𝑑𝑢
 𝑥1

𝑑

𝑑𝑧
 𝑥1

𝑑

𝑑𝑢
 𝑥2

𝑑

𝑑𝑧
 𝑥2
| = |

1 0
1/𝑧 −𝑢/𝑧2

| = −
𝑢

𝑧2
  ⇒      | 𝐽(𝑢, 𝑧)| =

𝑢

𝑧2
    

𝑓(𝑧, 𝑢) = 𝑓𝑋1𝑋2(𝑢, 𝑧)| 𝐽(𝑢, 𝑧)| = 𝜆1𝜆2 𝑒
− (𝜆1 𝑢 + 𝜆2 

𝑢
𝑧
 ) 𝑢

𝑧2
       

𝒇(𝒛, 𝒖) =  𝝀𝟏𝝀𝟐
𝒖

𝒛𝟐
 𝒆−𝒖 (𝝀𝟏+ 𝝀𝟐  

𝟏
𝒛
 )     ;   𝒖 > 𝟎, 𝒛 > 𝟎  

𝑓(𝑧) =  ∫ 𝑓(𝑧, 𝑢) 𝑑𝑢
∞

0

= 𝜆1𝜆2
1

𝑧2
  ∫ 𝑢 𝑒−𝑢 (𝜆1+ 𝜆2  

1
𝑧
 )  𝑑𝑢

∞

0

 

 ∵ ∫ 𝑥𝑎 𝑒−𝑏 𝑥  𝑑𝑥
∞

0
=

Γ(𝑎+1)

𝑏𝑎+1
   , Γ(𝑎) = (𝑎 − 1)!  

= 𝜆1𝜆2
1

𝑧2
   

Γ(2)

(𝜆1 + 𝜆2  
1
𝑧 )

2 = 𝜆1𝜆2
1

𝑧2
 

Γ(2)

 (
𝜆1𝑧 + 𝜆2 

𝒁  )
2  

𝒇(𝒛) =  
𝝀𝟏𝝀𝟐

 (𝝀𝟏𝒛 + 𝝀𝟐  )𝟐
       , 𝒛 > 𝟎 

 

𝐹(𝑧) = 𝑃(𝑍 ≤ 𝑧) = ∫
𝜆1𝜆2

 (𝜆1𝑡 + 𝜆2  )2
  𝑑𝑡

𝑧

0

= 𝜆1𝜆2   ∫ (𝜆1𝑡 + 𝜆2  )
− 2  𝑑𝑡

𝑧

0

 

= [𝜆2  
(𝜆1𝑡 + 𝜆2  )

− 1

−1 
]
0

𝑧

= [
− 𝜆2

𝜆1𝑡 + 𝜆2 
]
0

𝑧

=
− 𝜆2

(𝜆1𝑧 + 𝜆2  )
+ 1 =    

𝝀𝟏 𝒛 

(𝝀𝟏𝒛 + 𝝀𝟐  )
  

𝐹(𝑧) =  {

       0                     , 𝑧 < 0

  
𝜆1 𝑧 

(𝜆1𝑧 + 𝜆2  )
       , 𝑧 > 0 

     

 

b) 𝑃(𝑋1  <  𝑋2) = ∫ ∫ 𝑓(𝑥1, 𝑥2)
𝑥2

0
  𝑑𝑥1 𝑑𝑥2

∞

0
 =  

∫ ∫ 𝜆2 𝑒
− 𝜆2𝑥2 𝜆1𝑒

−𝜆1𝑥1  
𝑥2

0

  𝑑𝑥1 𝑑𝑥2

∞

0

 

= ∫ 𝜆2𝑒
−(𝜆2𝑥2)  [− 𝑒−(𝜆1𝑥1)]

0

𝑥2
   𝑑𝑥2

∞

0

 

= ∫ 𝜆2𝑒
−(𝜆2𝑥2)  (1 − 𝑒−𝜆1𝑥2)   𝑑𝑥2

∞

0

 

= ∫ 𝜆2𝑒
−(𝜆2𝑥2)  𝑑𝑥2

∞

0

−
𝜆2 

𝜆1 + 𝜆2
∫ (𝜆1 + 𝜆2)𝑒

−(𝜆1+𝜆2)𝑥2  𝑑𝑥2

∞

0

  

= [−𝑒−(𝜆2𝑥2)]
0

∞
−

𝜆2 

𝜆1 + 𝜆2
[−𝑒−(𝜆2𝑥2)]

0

∞
= 1 −

𝜆2 

𝜆1 + 𝜆2
=

𝜆1 

𝜆1 + 𝜆2
 ;    {𝑒−∞ = 0, 𝑒0 = 1}  
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Q8) Let X and Y be distributed as independent 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1) r.v.  

a. Find the joint density function of 𝑍1 =  𝑋 + 𝑌 and 𝑍2 =  𝑌.  

b. Find the marginal pdf of Z1 from the joint density.  

Solution : HW 

𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1) ⇒     𝑓(𝑥) = 1      ,0 < 𝑥 < 1  

a)   𝑋 𝑎𝑛𝑑 𝑌 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ⇒ 𝑓(𝑥, 𝑦) = 𝑓(𝑥)𝑓(𝑦) = 1 

𝑍1 = 𝑋 + 𝑌  ⇒ 𝑋 = 𝑍1 − 𝑌 ⇒ ∴ 𝑿 = 𝒁𝟏 − 𝒁𝟐  

𝒁𝟐 = 𝒀   
 

 
0 < 𝑥 < 1
0 < 𝑦 < 1

} ⇒   
0 < 𝑥 + 𝑦 < 2 ⇒   0 < 𝑧1 < 2    
        0 < 𝑦 < 1 ⇒    0 < 𝑧2 < 1 

 

0 < 𝑥 < 1
0 < 𝑦 < 1

} ⇒
0 < 𝑧1 − 𝑧2 < 1 ⇒  𝑧2 < 𝑧1 < 1 + 𝑧2
                 𝑜𝑟        ⇒ 1 − 𝑧1 < 𝑧2 < 𝑧1

0 < 𝑧2 < ∞
 

 

 

𝐽(𝑥, 𝑦) = ||

𝑑

𝑑𝑧1
 𝑥

𝑑

𝑑𝑧2
 𝑥

𝑑

𝑑𝑧1
 𝑦

𝑑

𝑑𝑧2
 𝑦
|| = |

1 −1
0 1

| = 1     ;  | 𝐽(𝑧1, 𝑧2)| = 1  

𝑓(𝑧1, 𝑧2) = 𝑓𝑋𝑌(𝑧1, 𝑧2)| 𝐽(𝑧1, 𝑧2)| = 1 

( 2,1) (1,1) 

𝑍2 

𝑍1 
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b) marginal pdf of  Z1 

𝑓(𝑧1) =  

{
 
 

 
  ∫ 1  𝑑𝑧2

𝑧1

0

= 𝑧1                  , 0 < 𝑧1 < 1

 ∫ 1  𝑑𝑧2

1

𝑧1−1 

= 2 − 𝑧2              , 1 < 𝑧1 < 2 

     

Additional part: marginal pdf of  Z2 

𝑓(𝑧2) = ∫ 1  𝑑𝑧1

1+𝑧2

𝑧2

= 1 + 𝑧2 − 𝑧2 = 1               , 0 < 𝑧2 < 1 

 

Q9) Let X and Y be distributed as independent Exp(1) r.v., find:  

a. The joint density function of 𝑍 =  𝑋 +  𝑌 and 𝑈 =
𝑋

𝑋+𝑌
.  

b. Find the marginal pdf of 𝑈.  

 Solution :  

a) 𝑋~𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1)   ⇒    𝑓(𝑥) = 𝑒−𝑥      , 𝑥 > 0   

 𝑌~𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1) ⇒   𝑓(𝑦) = 𝑒−𝑦    ,    𝑦 > 0 

𝑋 𝑎𝑛𝑑 𝑌 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ⇒ 𝑓(𝑥, 𝑦) = 𝑓(𝑥)𝑓(𝑦) =  𝑒−(𝑥+𝑦)    , 𝑥 > 0  , 𝑦 > 0  

 𝑍 = 𝑋 + 𝑌 ⇒   𝑋 = 𝑍 − 𝑌  

 𝑈 =
𝑋

𝑋+𝑌
⇒     𝑈 =

𝑍−𝑌

𝑍
⇒    𝑈𝑍 = 𝑍 − 𝑌 ⇒     𝑌 = 𝑍 − 𝑈𝑍 ⇒     ∴ 𝒀 = 𝒁(𝟏 − 𝑼) 

 𝑋 = 𝑍 − 𝑌 ⇒       𝑋 = 𝑍 − 𝑍(1 − 𝑈)  ⇒        ∴ 𝑿 = 𝒁𝑼 

 
𝑥 > 0
𝑦 > 0

} ⇒   
𝑥 + 𝑦 > 0 ⇒    𝑧 > 0                                    

  
𝑥

𝑥+𝑦
> 0   𝑎𝑛𝑑  𝑥 + 𝑦 > 𝑥 ⇒    0 < 𝑢 < 1    

 
𝑥 > 0
𝑦 > 0

} ⇒   
𝑧𝑢 > 0 ⇒    𝑧 > 0    𝑜𝑟   𝑢 > 0                                                             
  𝑧(1 − 𝑢) > 0 ⇒   𝑧 > 0  𝑜𝑟   (1 − 𝑢) > 0 ⇒   𝑧 > 0  𝑜𝑟  𝑢 < 1   

 

u =1 

z  

u  
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 𝐽(𝑥, 𝑦) = |

𝑑

𝑑𝑧
 𝑥

𝑑

𝑑𝑢
 𝑥

𝑑

𝑑𝑧
 𝑦

𝑑

𝑑𝑢
 𝑦
| = |

𝑢 𝑧
1 − 𝑢 −𝑧

| = −𝑧𝑢 − 𝑧(1 − 𝑢) = −𝑧  

 | 𝐽(𝑧, 𝑢)| = 𝑧 

𝑓(𝑧, 𝑢) = 𝑓𝑋𝑌(𝑧, 𝑢) | 𝐽(𝑧, 𝑢)| = 𝑧 𝑒
−(𝑧𝑢+𝑧(1−𝑢)) = 𝑧 𝑒−𝑧      ;   𝑧 > 0 , 0 <  𝑢 < 1   

 

 

b)  Marginal pdf of 𝑈  

𝑓(𝑢) = ∫ 𝑧 𝑒−𝑧   𝑑𝑧 
∞

0

=
Γ(2)

12
= 1   ,0 < 𝑢 < 1 

Additional part : marginal pdf of Z  is 𝑓(𝑧) = ∫ 𝑧 𝑒−𝑧   𝑑𝑢 
1

0
= 𝑧 𝑒−𝑧   

 

Q10) Let X and Y have independent 𝐺𝑎𝑚𝑚𝑎(𝛼, 𝜆) distributions.  

a. Find the joint pdf of 𝑈 =
𝑋

𝑋+𝑌
  and 𝑉 =  𝑋 +  𝑌.  

b. Show that the marginal density of  𝑈 is a Beta distribution.  

 Solution :  H.W 

 𝑋~𝐺𝑎𝑚𝑚𝑎(𝛼, 𝜆) ⇒ 𝑓(𝑥) =
𝜆𝛼

Γ(𝛼)
 𝑥𝛼−1 𝑒−𝜆 𝑥           , 𝑥 > 0   

 𝑌~𝐺𝑎𝑚𝑚𝑎(𝛼, 𝜆) ⇒ 𝑓(𝑦) =
𝜆𝛼

Γ(𝛼)
 𝑦𝛼−1 𝑒−𝜆 𝑦          , 𝑦 > 0 

a)  𝑋 𝑎𝑛𝑑 𝑌 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 ⇒ 

𝑓(𝑥, 𝑦) = 𝑓(𝑥)𝑓(𝑦) = (
𝜆𝛼

Γ(𝛼)
)
2

 𝑥𝛼−1 𝑦𝛼−1 𝑒−𝜆 (𝑥+𝑦)    , 𝑥 > 0  , 𝑦 > 0  

 𝑉 = 𝑋 + 𝑌 ⇒   𝑋 = 𝑉 − 𝑌 

 𝑈 =
𝑋

𝑋+𝑌
⇒     𝑈 =

𝑉−𝑌

𝑉
⇒    𝑈𝑉 = 𝑉 − 𝑌 ⇒     𝑌 = 𝑉 − 𝑈𝑉 ⇒    ∴  𝒀 = 𝑽(𝟏 − 𝑼) 

 𝑉 = 𝑋 + 𝑌 ⇒  ∴ 𝑿 = 𝑽𝑼 

 
𝑥 > 0
𝑦 > 0

} ⇒   
𝑥 + 𝑦 > 0 ⇒    𝑣 > 0                                    

  
𝑥

𝑥+𝑦
> 0    ⇒    0 < 𝑢 < 1    

𝑥 > 0
𝑦 > 0

} ⇒  
𝑣𝑢 > 0 ⇒    𝑣 > 0    𝑜𝑟  𝑢 > 0                                                             
  𝑣(1 − 𝑢) > 0 ⇒   𝑣 > 0 𝑜𝑟   (1 − 𝑢) > 0 ⇒   𝑣 > 0  𝑜𝑟  𝑢 < 1   
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 𝐽(𝑢, 𝑣) = |

𝑑

𝑑𝑢
 𝑥

𝑑

𝑑𝑣
 𝑥

𝑑

𝑑𝑢
 𝑦

𝑑

𝑑𝑣
 𝑦
| = |

𝑣 𝑢
−𝑣 1 − 𝑢

| = 𝑣(1 − 𝑢) + 𝑣𝑢 = 𝑣 

 | 𝐽(𝑢, 𝑣)| = 𝑣  

𝑓(𝑣, 𝑢) = 𝑓(𝑥, 𝑦) | 𝐽(𝑢, 𝑣)| = (
𝜆𝛼

Γ(𝛼)
)
2

(𝑣𝑢)𝛼−1(𝑣(1 − 𝑢))
𝛼−1

 𝑒−𝜆 (𝑣)    𝑣  

𝑓(𝑣, 𝑢) = (
𝜆𝛼

Γ(𝛼)
)
2

 𝑣2𝛼−1    𝑢𝛼−1 (1 − 𝑢)𝛼−1  𝑒−𝜆𝑣       ; 𝑣 > 0 , 0 < 𝑢 < 1  

 

b) 𝑓(𝑢) = ∫𝑓(𝑣, 𝑢) 𝑑𝑣 

𝑓(𝑢) = (
𝜆𝛼

Γ(𝛼)
)
2

𝑢𝛼−1 (1 − 𝑢)𝛼−1  ∫ 𝑣2𝛼−1   𝑒−𝜆𝑣
∞

0

 𝑑𝑣 

 ∵ ∫ 𝑥𝑎 𝑒−𝑏 𝑥  𝑑𝑥
∞

0
=

Γ(𝑎+1)

𝑏𝑎+1
   , Γ(𝑎) = (𝑎 − 1)!  

= (
𝜆𝛼

Γ(𝛼)
)
2

𝑢𝛼−1 (1 − 𝑢)𝛼−1     
Γ(2𝛼)

𝜆2𝛼
= 

Γ(2𝛼)

(Γ(𝛼))
2   𝑢

𝛼−1 (1 − 𝑢)𝛼−1   

=
Γ(𝛼 + 𝛼)

Γ(𝛼)Γ(𝛼)
  𝑢𝛼−1 (1 − 𝑢)𝛼−1     ,0 < 𝑢 < 1  

Note (unimportant): 

 𝑋~𝐵𝑒𝑡𝑎(𝑎, 𝑏) ⇒ 𝑓(𝑥) =
Γ(𝑎+𝑏)

Γ(𝑎)Γ(𝑏)
  𝑥𝑎−1(1 − 𝑥)𝑏−1    ,0 < 𝑥 < 1 

∴   𝑈~ 𝐵𝑒𝑡𝑎(𝛼, 𝛼) 

 

 

 

 

 

u 

=1 

v  

u  
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Summary of Differentiation Rules: 

 

if 𝑓(𝑥) = √𝑢 𝑡ℎ𝑒𝑛 𝑓′(𝑥) =
𝑢′

2√𝑢 
 

𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑓(𝑥)√𝑥 = 𝑥
1
2  𝑡ℎ𝑒𝑛 𝑓′(𝑥) =

1

2
 𝑥
1
2
−1  =

1

2
 𝑥−

1
2 =

1

2√𝑥 
 

Exponential and Logarithm Functions: 

 

Summary of Integration Rules 

 

Natural Log Rules  

 

 ln1 = 0 

 ln0 = −∞    

 ln∞ = 0   

 ln 𝑒 = 1   , ln 𝑒𝑥 = 𝑥  

  



 

 Bayan Almukhlif                                                                    | بيان المخلف                   15

 

 𝑒0 = 1 ,   𝑒−∞ = 0 , 𝑒∞ = ∞ 

 

 


