i. JOINT, MARGINAL, AND CONDITIONAL DISTRIBUTIONS
ii. COVARIANCE, CORRELATION, INDEPENDENCE OF VARIABLES
(STOCHASTIC INDEPENDENCE)

Q1) The joint probability function of two discrete random variables X and Y is given
by f(x,y) = cxy forx =1,2,3andy = 1, 2,3 and equals zero otherwise. Find:

a. The constant c.
b. P(X=2,Y =3).
c. P <X <2Y <2).
d PX = 2).
e. P(Y < 2).
f. PX =1).
g P(Y =3).
Solution :

fl,y)=cxy ;x=123;y=12,3

a) Weknowthat Y, f(x,y) =1
i X flxy) =1
C+2C+3C+2C+4C+6C+3C+6C+9C=1> C=—

36
Oor 6C+12C+18C=1 = Czi

flx,y) = ixy ;x=1,23;y=123

X 1142 |3 | /O =2 f(0y)
Y
1 1Ic| 2c | 3C 6C
2 2c | 4c | 6C 12C
3 3C|6C | 9C 18C
fx() =%, f(x,y) | 6C | 12C | 18C 1

b) PX=2,Y=3)=f(23)=6C=—=1

) Pl<X<2,Y<2) sx=12 ,y=1.2
P(1<X<2,Y<2)=PX=1Y=1)+PX=1Y=2)
+P(X=2Y=1)+P(X =2,Y =2)

=fAD+f(12) + 21D +£(22)

_ 1 [14+2+2+4]= i
" 36 " 36
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d P(X =2) ; x=23

P(X = 2)=fy(2) + fx(3) =

e) P(Y <2) ;y=1

PY <2) =)=
f) PX =1 =K0)=

g PY =3)=£/B) =

12+18_30
36 36 36

6_

36

6 _1

36

E

36

Q2) For the random variables of Problem 1, find the marginal probability function of
X and Y. Determine whether X and Y are independent.

Solution :
Marginal dis of X :

x x1=1 | x,=2 | x3=3 | total
6/36 12/36 18/36 1
x)=PX=x)= Z X,
fx(x) = P(X=2x) a S = 1/6 ~2/6 =3/6
Marginal dis of Y :
y y1=1 Y2 =2 y3 =3 total
fr&) 6/36 12/36 18/36 1

Are X and Y independent ?

If fiv(e,y) = fx() () VX =123 ;y=123
Then Xand Y are independent. But if there some values of (x) and (y) which make

that fyy (x,v) # fx(x) fy(y) then X and Y are not independent .

(56) o

In this example, we have :

FAL1) = f(Df (1) = % _

F1,2) = f)f(2) = % _

9
F33) = DG = 5= (

(5) o

5%) (o)

Soas f(x,y) =fx(x)fy(y) Vx =123 ;y =1,2,3, then Xand Y are independent.
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Q3) For the distribution of Problem 1, find the conditional probability function of X
given Y, Y given X.

Solution :
Distribution of X|Y: fxy(x) = &y .y =1,2,3
fy(}’)
=1: _ &y _fx1)
FY=1: fay=s ()= )~ 6/36
x x1=1 X, =2 x3 =3 total
1,1 2,1
D 7D |5 s
6/36 6/36 cse = ¢
fm @) | _136 | _2/36_2 | e 1
6/36 " 6/36 6 |
=1/6 =1/3
— 9. _fx2) _ f(x,2)
FY=2: foyeo () =700 =170
x x;=1 X, =2 x3 =3 total
f, 2) f(2,2) f@3,2)
12/36 12/36 12/36
faw=2 &) | _ 2/36 _ 4/36 _ 6/36 1
12/36 12/36 12/36
=1/6 =2/6 =3/6
—2. _f&x3) _ f(x,3)
IfY=3: fyy ()= G~ 18/%
x x1=1 X, =2 x3 =3 total
f(1, 3) f(2, 3) f@3, 3)
18/36 18/36 18/36
friv=s @) _3/36 _6/36 _9/36 1
18/36 ~18/36 ~18/36
=1/6 =2/6 =3/6
. . _ &y _ fx@®fy() _ _x
Note: Since X and Y are independent so fxy(x) = Lo - Loy - fx(x) = c

Bayan Almukhlif i) ol | 3



Distribution of ¥|X: fyx(3) =222 .y =1,2,3
fx(x)
=1: _fay) _fa.y
If X=1: fY|X=1(y) =M - e/36 =
y y1=1 Y2 =2 y3 =3 total
f, 1) f(, 2) f(, 3)
6/36 6/36 6/36
Frix=1 ) _1/36 _2/36 _3/36 1
6/36 6/36 6/36
=1/6 =2/6 =3/6
=2 ey _ 1@y
If X=2: fY|X=2(y) =@  12/36
y y1=1 Y2 =2 y3 =3 total
f2, 1) f(2,2) f(2, 3)
12/36 12/36 12/36
fox=2() | _ 2/36 _ 4/36 _ 6/36 1
12/36 12/36 12/36
=2/12 =4/12 =6/12
— 2. _fBy) _ fBYy)
If X=3: fY|X:3()’) =) _ 18/36
y y1=1 Y2 =2 y3 =3 total
f3, 1) f@3, 2) f(3,3)
18/36 18/36 18/36
frix=2(y) _2/36 _ 4/36 _ 6/36 1
~ 18/36 ~18/36 - 18/36
=3/18 =6/18 =9/18

Note: Since X and Y are independent so fyx(¥) = [y _ xOND) _ () =2
fx(x) fx(x) 6

Q4) Let X and Y be continuous random variables having joint density function

Flxy) = {c(x2+y2) 0<x<1, .
0 otherwise

0<y<l1

Determine:

a. The constant c.
b. P(x<i,v>3)
C. PG<X<Z).
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1
d. P (Y < E)'
e. Whether X and Y are independent.
Solution :
flx,y) =C(x*+vy?), 0<x<1, 0<y<1

a) We know that ff(x pee Fuy)dedy =1

1 ~1 1 1
j jC(x2+y2)dxdy=1 :»Cf U (x2+y2)dxldy=1
0o Jo o LJo

11,3 L
= Cj l—+xyzl
o |3

0

1 1 1 :y31
dy=1:Cf (—+y2)=1=~ Clzy+=| =1
o \3 3 30

C[1+1] 1 C 5
=5Cl=-4+==1= =—
3 3 2

b)
1 1/2
P(X<— Y> j U (x? +y2)dxldy——j [—+xyl dy
2’ 1/2 1/2
3 (/1 1 3[y  y3 3r71 1 1 1 1
= — —_ —y2 — | — — ) = — J— — —
2£/2(24+2y>dy 224+61 2[(24+6) (48+48)] 4
2
c)
3
P(1<X<3>—3f1 f%(2+ 2yax|d _3f1 x3+ sz
4 4_20%’“3”“3’_203”%3’
‘3f1[(9+3 )~z p)o=3 [, (Ger377)e
2 ), Nea™2” ) " \10272” )|~ 2 ) G627 )Y
7], =36+ - 5
6y y 9% "6) 64
d)

1 1
1y 3 [(z[(* 3 [2[x3 !
P(Y<—>=—f f(x2+y2)dx dyz—f — +xy?| dy
2) =2 ), |, 2 ), 3 .
1/2 31
3 1 3[y y*2 311 17 5
= — — 2 d = —|— —_— = — |— —_— = —
zfo (3+y>y 2[3+30 2[6+24] 16

e) Xand Y are independent if satisfy :

1) floy) =) Vxy.
2) the ranges of X and Y are independent.
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In this example , we can see that

fx,y) # fx()fy(y) ~ X andY arenot independent.

fry) = —f (x%2 + y?)dx = % [_ + xyz]: _

fX(x)—_f (x2 +y2)dy— [X y+y?3]:= (x2+l)=

3 1\ /3 1\ 9 3 3 1
—(Z 2o )V (222 Y222 2 0 2, ©
&&Uﬂw—(zx+2)gy +2) 72Xy +y¥+4Y'+4¢f@J)

Q5) For the random variables of Problem 4, find the marginal probability function of
Xand.

Solution :
Marginal distribution of X : f(x) = folf(x, y)dy

_3 (L2 o2ygy = 3[h2y ¥ 32 1] 3 2,1
f(x)—zfo(x +y)dy—2[xy+3]0—2[x +3]—2x *3

3 1
.-.fX(x)=§x2+E ;0<x<1

Marginal distribution of Y : f(y) = folf(x, y)dx

1

3 1 3 3 3 /1 3 1
FO) =3 G +yDdx =254y =2(G+y2) =2y 4]

3 1
"-fY(Y)ZEYZ‘FE ; 0<y<1

Q6) For the distribution of Problem 4, find the conditional probability function of X
given'Y, Y given X.

Solution :
Conditional distribution X|Y:

3 3
f(xy) _j(xz"‘yz) _7(xz+y2) _xt+y?

) 3,1 3 1y - 1
' vty 3(+3) v

fX|Y=y(x) =

for 0 < x < 1wher 0 <y <1 fixed value .
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Conditional distribution Y|X:

3 3
f(xy) _j(xz +y%) _7(962 +y?) _xt+y?

fX(X)_Ezl izl_zl
2%t 73 2(" +3) X" +3

fY|X=x () =

for0 <y < 1wher 0 < x <1 fixed value .

x+y 0<x<1,0<y<1
0 otherwise

Q7) Let f(x,) = {

Find the conditional probability function of X given Y, Y given X.

Solution : HW
fx,y)=x+y ;0<x<1,0<y<1

1

Marginal pdf of X : f(x) = folf(x,y)dy = fol(x +y)dy = [xy + 3/2_2]0 — +%
Marginal pdfof Y : f(y) =y +§

Conditional distribution X|Y:

feoy) _x+y _2(x+y)
O, 4 @y+1)
2

fX|Y:y(x) =

Conditional distribution Y|X:

feoy) _x+y _2(x+y)
fx () x+% (2x+1)

fY|X=x(Y) =

—(x+y)
Q8) Let f(x,y)z{e Ty xzo,y;o
0 otherwise

be the joint density function of X and Y. Find the conditional probability function of
X given Y, Y given X.

Solution :
Marginal pdf of X : f(x) = ["e ¢ dy =e™[—e V|7 =e*[0+1] =e™*

Marginal pdf of Y : f(y) = [" e ® N dx =™

fley) e @

-y - - H H . — = — X
Conditional distribution XY fyy =, (x) Fr ) ey €

fey) _el® oy
fx(x) e

Conditional distribution Y|X: fyx=x () =
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Q9) Let X and Y be random variables having joint density function

c(2x+y) 0<x<1, 0<y<?2
0 otherwise

floy) = {
Find:
a. The constant c.
1 3
b. P(x>3v<3).
c. The (marginal) density function of X.
d. The (marginal) density function of Y.

Solution : HW

Q10) The joint probability function for the random variables X and Y is given in
following table, then find:

0 1/18 1/9 1/6
1 1/9 1/18 1/9
2 1/6 1/6 1/18

a. The marginal probability functions of X and Y.
b. P(1 <X < 3,Y > 1).
c. Determine whether X and Y are independent.

Solution : HW
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Q11) Let X and Y be random variables having joint density function
_[x+y 0<x<1, 0<y<1
feoy) = { 0 otherwise

Find: a. Var(X). b.Var(Y). c¢.0x. d.9. ey fP

Solution :
241
fG) = fy Feaydy = [ +ydy =[xy +5] =x+]
f(x)=x+% ,0<x<1
f=y+5 ,0<y<1
a,b)
1 1 1
E(X) = dx = +=)d
x) foxf(x)x fox(x )
1 x 2 1.1 1 1 7
= 2o )dx = |5+ -x*| =c+-=—
fo(x ;) & [3 4xL 374 12
1 7
E(Y) = dy = —
(Y) foyf(y)y 17
1 1 1
E(X?) = | «x2 dx = 2 Z)a
(X*) foxf(x)x fox (x+2>x
_f(xzﬁ_z)dx-[x_‘ux_“-hl-i
. 2 47 6| 4 6 12
1 5
E(Y?) = | y2f(y)dy = —
(Y?) foy f(y)dy 12
5 7\* 11
var(0) = EG) - [EQOP = 55— (33) =122
11
var(Y) = E(Y?) = [E(V)]? = 142
c,d)

ox =+Jvar(X) =/11/144 = 0.2764

oy = Jvar(Y) =,/11/144 = 0.2764

e) oxy = cov(x,y) = E(XY) — E(X)E(Y)
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1

1 ~1 1 x3 xZ
E(XY) = j fxy(x+y)dxdy =f [—y+—yzl dy
0o Jo o L3 2 0
1/ y2 y2 ys 1 1 2
—fo <§y+7>dy —[€+EL—3+5—3

@ =3~ (55)(55) =1
covnyY) =e\12)\12) = " 142

. . cov(x,y) __~1/144 -1 _
f) p=cor(x,y) = Trartora oy \/(£)(£) = =-0091

144/ \144

(Weak negative correlation)
Q12) The joint density function is

e~ x>0,y>0
X, V) = =)=
f&y) { 0 otherwise

Find: a. Var(X). b.Var(Y). c¢.%x d.%. ey f.P

Solution : HW

Q13) Find a. The covariance. b. The correlation coefficient of two random variables X
andY. If E(X) =2, E(Y) =3, E(XY) =10, E(X?) =9, E(Y?) = 16.

Solution :
a) cov(x,y) =EXY)—EMX)E(Y)=10—-(2)(3) =4
b) var(x) = E(x?)—[E(x)]?=9—-2%2=5

var(y) = E(y*) - [E(Y)]* =16 —-3*=7

_ cov(x,y) _ 4 _ 4 _
P = ParGvare) _ J®@ V35

0.676123 (Moderate positive correlation)

Q14) The correlation coefficient of two random variables X and Y is (-1/4) while their
variances are 3 and 5. Find the covariance.

Solution : HW
1
P=-7 ;var(x) =3 ,var(y) =5
cov(x,y)
p = cor(x,y) =
\/ var (x)var(y)
1 cov(x,y) 1
——=— = ——V15 = cov(x,y) = cov(x,y) = —0.9682
4 JB3)(G) 4

(Strong negative correlation)
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Q15) The joint probability function of two discrete random variables X and Y is
given by f(x,y) = c(2x + y), where x and y can assume all integers such that
0<x<1 0<y<3,andf(x,y) = 0 otherwise. Find:

a. The value of the constant c.

b. PX=2Y=1),

c. PX=1Y<2)
Solution : HW

fl,y)=c@x+y) ;x=01; y=0,123

a) YioXjof(xuy) =1
1
6c+14c=1 = 20c=1=>c=—

20
x |0 |1 fr)

y

0 0 |2c 2C
1 c | 3c 4c
2 2Cc | 4c 6C
3 3c| 5c 8c
fx(x) |6c| l4c 1

BPX=2Y=1)=0
OP(X>1Y<2)=P(X=1Y=0)+P(X=1Y=1D)+PX=1Y=
2)

- 2+3+4)= k
20 20

Q16) For the Problem 15, find a. E(X). b. E(Y). ¢. E(XY). d. E(X?). e. E(Y?). f.
Var(X). g. Var(Y). h. Cov(X,Y). i. P.

Solution :

E(X) 1 1[0 6+ 1+ 14] 7
= = — * * = — = —
fo(x) 20 20 10
x=0

1

E(XZ)—Z 2 f( —i[0*6+1*14]—g—1
- Oxfx)_zo =20 10
xXx=

22

v(x)=E(X2)—[E(X)]2—l (7> ~ 100

10 \10
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3
1 40
E(Y)=ny(y)=—[0*2+1*4+2*6+3*8]=—=2
20 20
y=0
3
1 100
E(Y2)=Zy2f(y)=2—0[0*2+1*4+4*6+9*8]=W=5
y=0

V) =EXY?) - [EM)]?=5-(2)*=1

E(XY) = AN —1(1 1%3+1%x2x4+1%3 5)—26—13
_Z.)Z)yxf(x’y)_zo Flesdlwswat sy 20 10
y=0x=

oy = covlx,y) = E(XY) — EQOE(Y) = = — (17—0) 2) = —0.1

10
cov(x, —-0.1
p= &y = -0.2182
\/ var(x)var(y) 21 1
100

weak negative correlation.

Q17) The joint density function of X and Y is given by

_Bxy 0<x<1,05y<x
fxy) _{0 otherwise

Find:

The marginal density of X.
The marginal density of Y.
The conditional density of X.
The conditional density of Y.

oo o

Solution :
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8) fx() = J; fCy)dy
X yz X XZ
=8f xydy=8xl7l =8x[7l =4x3 for 0<x<1
0 0
b) fr(¥) = [ f(x,y)dx
1 x2 1
= 8y f xdx = SyI?l = 4y[1 — y?] =4y — 4y3
v y
() =4(y—-y3) for0<y<1
¢) Conditional distribution X|Y: fyjy—y(x) = L& = 8x¥_ _ 2% 2x

fr0)  A—y®) | ya-y?)  1-y?

for y<x <1lwher0<y<1fixed value.

d) Conditional distribution Y|X: fyx—y(y) =282 =822 _ 2

fx(x)  4x3 x2

for 0 <y <x wher0<x <1 fixed value .

Q18) Find the conditional expectation of X given Y and Y given X in Problem 17.

Solution :

1 2 1
EX|Y =y) = f XfX|Y=Y(X)dx=1_ 5 J- x? dx
y Yo Jy

1
L x_3 :EL( _ 3);%@
1—y2 3y 31—y? 3(1-y?

x 2 (% 2 [y31" 21
EY|X=x)= j;ny|X=x(Y)dy:Fj; y?dy =Fl?lo=§;[x3] =z X

Q19) Find the conditional variance of Y given X for Problem 17.

Solution :
var(Y|X) = E(Y?|X) — E(Y|X)?

x 2 (¥ 2 [y*]* 21 x2
V2 frix=x(y)dy = ;fo yidy = el IL =1z [x*] = —

2
x2 2 1P (1 22\, 1
var(ri0) =5 = [5x] = (53 ) = g5

E(Y?|X) = f

0

Note: Q13,014,Q16,Q18,Q19, Q20, Q21, Q22 = we will solve it later.

Bayan Almukhlif i) oln | 13



e_y

Q20) The joint pdf of (X,Y) is given by f(x,y) = > 0<x<y, 0<y< o

Find E(X),E(Y),V(X),V(Y) and Cov(X,Y).
Solution : HW

©ry 1 ® 1 xZ
E(X)=j j x—e dxdy=f —e V| —
o Jo Y o YV 2

Note: X~ exponential(1) - f(x) = e ™ x> 0; E(x) = %; V(x) = %2

y

®1

dy =f SyeYdy
o 2

0

let W =eY~Exp(1) ;EW)=VW)=1

~E(X) = %E(W) =%

_Tla+1)

orusef x% e bx dx—W , I'(a) =(a—1)!
0

© ry 1 © 1 x3 y
E(X?) =f f x?> —e™V dxd =j —e™Y l—l d
o Jo y Y o Y 3 Y

0

“1 1 1 2
= —Z_yd :—E']/V2 =—(2) =—
| e wr= 3w =3@

3
=3 -3

© ry 1 ©
E(Y)=f f y—e™ dxdy=f e Vdy=1
o Jo Y 0

[ee)

E(Yz)zfyze‘ydy=2 ;o V) =2-1=1
0

E(XY) =f f xy —e™V dx dyzf f xe™ dx dy
o Jo y o Jo

0 x2]” ©q 1r3) 1
= -V | — = — y2p7Y = — = — 1) =
j(; e lzl dy _]; 5 ye dy 2(2.) 1

0

cov(x,y) = EQCY) ~ EQOE(Y) = 1- (1) ==
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Q21) Let (X,Y) have joint density given by
fx,y) = 24xy ;0<x<1, 0<y<l1l x+y<1

Find:
A. The marginal pdf's.
B. The following expectations:
i. E(X)and E(X?).
ii. E(Y)andE(Y?).
iii.  E(XY)and E(X? Y3).
iv. V(X), V(Y), Cov(X,Y). Do X and Y have a positive or negative relationship?

Solution : HW

R 0

(1,0)

B 1-x
2) fGO) = [ 24xy dy = 24x [y;]o —12x(1-x)?%;0<x<1

1-y x2117Y X
fG) =, ~24xy dx = 243/[7]0 =12y(1-y)* ;0<y<1

b) Expectations E(X) = [ xf(x) dx

1
12x%2(1 —x)? dx = f 12x%2(1 — 2x + x2) dx

0

x3  2x* x5 1 1 1
=12 |5 ———+T =12<———+—>
0

1

E(X) = f

0

3 4 3 25
EX—2

. 1 iy 1 £3117Y
Oryoucansolveitas E(X) = [ [~ 24x?ydx dy = [, 24y [?] dy
0
1 1
=J,8y(1—y)* dy=[ 8y(1-3y+3y*-y?) dy

2 3 4 511
:8[3’__3L+3L_y_] :8[E_1+§_l]:i:3
2 3 4 51y 2 4 5 5

Bayan Almukhlif i) oln | 15



1

E(X?) =j

12x3(1 — x)? dxzf 12x3(1—-2x+x?)) dx =12 |— ——+ —
0

1 xt  2x5  x6]"
, 775 +6]
0

V(X) = E(x?) — (E(X))" = % = (é) L 004

By similarly, E(Y) = 3 : E(Y?) =§ s V(Y)

1 31 1 y31
E(XY)—] f24x 2dx dy = fZ4y2 l?l dy='[8y2 dy=8[?]
0 0 0

E(XY)=8

2

cov(x,y) =E(XY)—EX)E(Y) =8— (%) =7.96

Since cov(x,y) > 0, then X and Y have a positive relationship.

Q22) Let joint pdf of (X,Y) given by f(x,y) =§ eYe vy ;x> 0,y > 0,find:
a. E(X)and E(X?).
b. E(Y) and E(Y?).
c. Show that Cov(X,Y)=L1.
d. p(X, ).

Solution :

o X

1 X
f(x)zf —e Ve VYdy=7?
o YV

(o 9] X X

f) =J- % eVe Ydx=eV [—e_§] =eV(0+1)=eY
0

0

E(X) =J- J- —eYe Ydxdy = f —e™Y [f xe ydxldy
o Jo ¥ o Y 0

usef x% e P* dx Fiiill) , T(@) =(a—1)!

[l
0 (y

dy = f yeYdy {f(y) =e ¥ ~Exponential(1),E(y) = 1}
0

EX)=1
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[oe] 00x2 X 001 oo X
E(X?) =f f —e Ve dedyzf —e Y lf x2e deldy
o Jo Y o Y 0
1 ra * 2r(3
=f ye (2dy=f 297 e dy = 2o
o Y 1 0

5)
E(Y) =LmLm%e‘y6_§dxdy=Lme‘y Uom—y (—%)e_gdxldy

X9

=] ye‘y[—e7 dy=f ye¥ dy=1
0 0 0

E(Y2)=j f —e Ve ydxdy=f ye‘yU -y (——) ldy
o Jo Y 0 0 y

o X4 o
= f yz e Y [— ey dy = j y2 eV dy= raa3)= 2
0 0

0
E(XY)=f f —e Ve dedy=f e‘yf xe Ydxdy
o Jo ¥ 0 0
=f eV (2dy=f y2e™V dy=T3)=2
0 (l) 0
y

COVX,Y)=EXY)-EX)EY)=2-(1D1) =1

Note:
Negative (indirect) correlation No Relationship Positive (direct) correlation
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0,8 1
} t 4 + }
- moderate mild Weak - None mild

moderate -
o i . : ] [.;:.-.

I~
|
|
l

i
r %
. .o ‘
|
!
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