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Functions of Random Variables  

  

 

#Distribution Functions of Random Variables 

Q1) If 𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1), find the pdf of    𝑌 = −2 ln 𝑋.  Name the distribution and its 

parameter values.  

 Solution :       𝑼𝒏𝒊𝒇𝒐𝒓𝒎(𝒂, 𝒃):  𝒇𝑿(𝒙) =
𝟏

𝒃−𝒂
        𝒊𝒇 𝒂 ≤ 𝒙 ≤ 𝒃 

𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1):  𝑓𝑋(𝑥) = 1  , 0 ≤ 𝑥 ≤ 1 

𝑌 = −2 ln 𝑋    ⟹   𝑋 = 𝑒− 
𝑌
2     ⟹   

𝑑

𝑑𝑦
 𝑋 = − 

1

2
𝑒− 

𝑦
2    ⟹     |

𝑑

𝑑𝑦
 𝑋| =

1

2
 𝑒− 

𝑦
2

 
 

 0 ≤ 𝑥 ≤ 1   ⇒     ln 0 ≤ ln 𝑥 ≤ ln 1     ⇒     −∞ ≤ ln 𝑥 ≤ 0      

⇒     0 ≤ −2 ln 𝑥 ≤  ∞      ⇒     0 ≤ 𝑦 ≤  ∞       

𝒇𝒀(𝒚) = 𝒇𝑿(𝒈−𝟏(𝒚)) |
𝒅

𝒅𝒚
 𝒈−𝟏(𝒚)| = 𝒇𝑿 (𝑒− 

𝑦
2) |

𝒅

𝒅𝒚
 𝑿| =

1

2
𝑒− 

𝑦
2         ∴ 𝑌~ exp (𝜆 =

1

2
)   

 

Q2) If 𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(𝑎, 𝑏) , find the constants (𝑐) and (𝑑) such that 𝑌 = 𝑐 + 𝑑𝑋 

𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1) .  

Solution : same example 28.4  in lecture  

𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(𝑎, 𝑏):  𝑓𝑋(𝑥) =
1

𝑏 − 𝑎
  , 𝑎 ≤ 𝑥 ≤ 𝑏   ; 𝐸(𝑥) =

𝑏 + 𝑎

2
 , 𝑉(𝑥) =

(𝑏 − 𝑎)2

12
  

𝑌~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1):  𝑓𝑌(𝑦) = 1  , 0 ≤ 𝑥 ≤ 1 

𝑌 = 𝑑𝑋 + 𝑐   ⇒    𝑋 =
𝑌 − 𝑐

𝑑
    ⇒   |

𝑑

𝑑𝑦
 𝑋| = |

1

𝑑
|  

𝒇𝒀(𝒚) = 𝒇𝑿(𝒈−𝟏(𝒚)) |
𝒅

𝒅𝒚
 𝒈−𝟏(𝒚)| =   𝑓𝑋 (

𝑦 − 𝑐

𝑑
) |

1

𝑑
| =   

1

𝑏 − 𝑎
 

1

|𝑑|
  

𝑎 ≤ 𝑥 ≤ 𝑏     ⇒     {
 𝑓𝑜𝑟 𝑑 > 0 ∶    𝑎 ≤

𝑦 − 𝑐

𝑑
≤ 𝑏     ⇒      𝑎𝑑 + 𝑐 ≤  𝑦 ≤ 𝑏𝑑 + 𝑐 → (1)

𝑓𝑜𝑟 𝑑 < 0 ∶   𝑎 ≤
𝑦 − 𝑐

𝑑
≤ 𝑏     ⇒      𝑏𝑑 + 𝑐 ≤  𝑦 ≤ 𝑎𝑑 + 𝑐  → (2)

 

 



 

 Bayan Almukhlif                                                                    | بيان المخلف                   2

𝟏: { (−)    
𝑎𝑑 + 𝑐 = 0   →    (∗)

𝑏𝑑 + 𝑐 = 1    →    (∗∗)
       

𝑎𝑑 − 𝑏𝑑 = −1 

 𝑑(𝑎 − 𝑏) = −1  ⇒    𝒅 = −
𝟏

𝒂−𝒃
=  

𝟏

𝒃−𝒂
 

substitute  (d) into equation (*) we get 

  𝑎 (
1

𝑏 − 𝑎
) + 𝑐 = 0  ⇒     𝑐 = −

𝑎

𝑏 − 𝑎
 

𝒄 =
𝒂

𝒂 − 𝒃
 

𝟐: { (−)   
𝑏𝑑 + 𝑐 = 0  →    (𝑖)
𝑎𝑑 + 𝑐 = 1  →    (𝑖𝑖)

       

𝑏𝑑 − 𝑎𝑑 = −1  

 𝑑(𝑏 − 𝑎) = −1 ⇒    𝒅 = −
𝟏

𝒃−𝒂
=  

𝟏

𝒂−𝒃
 

substitute  (d) into equation (i) we get 

𝑏

𝑎 − 𝑏
+ 𝑐 = 0 ⇒ 𝑐 = −

𝑏

𝑎 − 𝑏
  

𝒄 =
𝒃

𝒃 − 𝒂
 

Therefore (𝑐, 𝑑) = { (
𝒂

𝒂−𝒃
,

𝟏

𝒃−𝒂
) ; (

𝒃

𝒃−𝒂
,

𝟏

𝒂−𝒃
 ) }. 

Another method: 

𝑓𝑌(𝑦) = 𝑓𝑋 (
𝑦 − 𝑐

𝑑
) |

1

𝑑
| =   

1

𝑏 − 𝑎
 

1

|𝑑|
= 𝟏  

Thus,    |𝑑| =
1

𝑏−𝑎
⇒    𝑑 = ∓

1

𝑏−𝑎
 

 𝒇𝒐𝒓 𝒅 > 𝟎 ∶      𝒅 =
𝟏

𝒃−𝒂
 

 0 < 𝑦 < 1 ⇒      0 < 𝑐 + 𝑑𝑥 < 1   ⇒     −𝑐 < 𝑑𝑥 < 1 − 𝑐  ⇒       −
𝑐

𝑑
< 𝑥 <

1−𝑐

𝑑
  

Thus,   𝑎 = −
𝑐

𝑑
   ⇒   𝑎 = −𝑐 ( 𝑏 − 𝑎) ⇒    𝒄 =

𝒂

𝒂−𝒃
  

 𝒇𝒐𝒓 𝒅 < 𝟎 ∶      𝒅 =
𝟏

𝒂−𝒃
 

 0 < 𝑦 < 1 ⇒      0 < 𝑐 + 𝑑𝑥 < 1  ⇒     −𝑐 < 𝑑𝑥 < 1 − 𝑐  ⇒    
1−𝑐

𝑑
< 𝑥 <  −

𝑐

𝑑
     

Thus,   𝑎 =
1−𝑐

𝑑
   ⇒    𝑎 = (1 − 𝑐)(𝑎 − 𝑏) ⇒     

𝑎

𝑎−𝑏
= 1 − 𝑐 ⇒    𝑐 = 1 −

𝑎

𝑎−𝑏
  ⇒  𝒄 =

𝒃

𝒃−𝒂
 

Another method: 

 𝐸(𝑥) =
𝑎+𝑏

2
 , 𝑉(𝑥) =

(𝑏−𝑎)2

12
 

 
1

2
= 𝐸(𝑌) = 𝐸(𝑐 + 𝑑𝑋) = 𝑐 + 𝑑 𝐸(𝑋) = 𝑐 + 𝑑 (

𝑎+𝑏

2
)     → (1) 

 
1

12
= 𝑉(𝑌) = 𝑉(𝑐 + 𝑑𝑋) = 𝑑2𝑉(𝑋) = 𝑑2  

(𝑏−𝑎)2

12
 → (2) 
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From 2: 𝑑2 =
1

(𝑏−𝑎)2  ⇒    𝑑 =  ∓
1

𝑏−𝑎
 

From 1: 𝑐 =
1

2
−

𝑑 (𝑎+𝑏)

2
   ⇒ 𝑐 =

1

2
[1 − 𝑑(𝑎 + 𝑏)]  

Thus, for  𝒅 =  
𝟏

𝒃−𝒂
  ⇒    𝑐 =

1

2
[ 1 −

𝑎+𝑏

𝑏−𝑎
]   ⇒ 𝑐 =  

1

2
[

𝑏−𝑎−𝑎−𝑏

𝑏−𝑎
]   ⇒ 𝑐 =

1

2
[−

2𝑎

𝑏−𝑎
]  

⇒ 𝑐 =
𝑎

𝑎 − 𝑏
  

Thus, for  𝒅 =  
𝟏

𝒂−𝒃
  ⇒    𝑐 =

1

2
[1 −

𝑎+𝑏

𝑎−𝑏
]   ⇒   𝑐 =

1

2
[

𝑎−𝑏−𝑎−𝑏

𝑎−𝑏
] ⇒   𝑐 =

1

2
[

−2𝑏

𝑎−𝑏
]  

⇒ 𝑐 =
𝑏

𝑏 − 𝑎
 

Therefore (𝑐, 𝑑) = { (
𝒂

𝒂−𝒃
,

𝟏

𝒃−𝒂
) ; (

𝒃

𝒃−𝒂
,

𝟏

𝒂−𝒃
 ) }. 

 

Q3) If 𝑋~𝑁𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎2), find the pdf of  𝑌 =  𝑒𝑋 .   

 Solution :  

𝑓𝑋(𝑥) =
1

√2𝜋  𝜎
 𝑒− 

1
2

(
𝑥−𝜇

𝜎
)

2

   , −∞ ≤ 𝑥 ≤ ∞ 

𝑌 = 𝑒𝑋    ⟹ 𝑋 = ln 𝑌    ⟹  
𝑑

𝑑𝑌
 𝑋 =

1

𝑌
  ⟹   |

𝑑

𝑑𝑌
 𝑋| =

1

𝑌
 

−∞ ≤ 𝑥 ≤ ∞  ⟹    0 ≤ 𝑒𝑥 ≤  ∞    ⟹   0 ≤ 𝑦 ≤  ∞  

𝑓𝑌(𝑦) = 𝑓𝑋(ln 𝑦) |
𝑑

𝑑𝑦
 𝑋| =

1

√2𝜋  𝜎
 𝑒

− 
1
2(

ln 𝑦−𝜇
𝜎 )

2

(
1

𝑦
)  

 

Q4) If 𝑋~𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1), find the pdf of 𝑌 = − ln 𝑋.  

Solution :  

 𝑓𝑋(𝑥) = 𝑒− 𝑥       , 𝑥 ≥ 0  

𝑌 = − ln 𝑋  ⇒   𝑒𝑌 =
1

𝑋
  ⇒   𝑋 = 𝑒−𝑌   ⇒

𝑑

𝑑𝑌
 𝑋 = −𝑒−𝑌   ⇒ |

𝑑

𝑑𝑌
 𝑋| = 𝑒−𝑌  

𝑥 ≥ 0  ⇒ ln 𝑥 ≥  −∞   ⇒  −∞ < − ln 𝑥 < ∞   ⇒  −∞ < 𝑦 < ∞     

𝑓𝑌(𝑦) = 𝑓𝑋(𝑒−𝑦) |
𝑑

𝑑𝑦
 𝑋| = 𝑒− 𝑒− 𝑦

 𝑒−𝑦 = 𝑒− (𝑦 + 𝑒−𝑦)  
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Note:  

• Derivative of the natural logarithm 
𝑑

𝑑𝑥
( ln[𝑓(𝑥)] ) =

𝑓′(𝑥)

𝑓(𝑥)
 

• Derivative of the natural exponential function 
𝑑

𝑑𝑥
(𝑒𝑔(𝑥) ) = 𝑔′(𝑥) 𝑒𝑔(𝑥) 

• ln(0) = −∞   ;    ln(1) = 0   ;  ln(∞) = ∞ 

• 𝑒−∞ = 0    ;    𝑒0 = 1  

Q5) If 𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1), find the pdf of 𝑌 .  

 Solution :  
𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1):  𝑓𝑋(𝑥) = 1  , 0 ≤ 𝑥 ≤ 1 

𝑌 = √𝑋   ⇒     𝑋 = 𝑌2    ⇒     
𝑑

𝑑𝑌
 𝑋 = 2𝑌 ⇒      |

𝑑

𝑑𝑌
 𝑋| = 2𝑌 

0 ≤ 𝑥 ≤ 1  ⇒      0 ≤ √𝑥 ≤ 1  ⇒      0 ≤ 𝑦 ≤ 1 

𝑓𝑌(𝑦) = 𝑓𝑋(𝑦2) |
𝑑

𝑑𝑦
 𝑥| = 2𝑦 

Q6) The pdf of X is given by 𝑓𝑋(𝑥) =
1

2
 𝑥    ;  0 <  𝑥 <  2.  

a. Find the pdf of 𝑌 = 𝑋3.  

b. Find 𝑃 (
1

2
 <  𝑋 <  1)  and 𝑃 (

1

8
 <  𝑌 <  1). Are they the same or different? Why?  

 Solution :  

𝑌 = 𝑋3   ⇒      𝑋 = 𝑌
1
3   ⇒       |

𝑑

𝑑𝑦
 𝑋| =

1

3
 𝑌 − 

2
3   

0 <  𝑥 <  2   ⇒      0 <  𝑥3  <  8   ⇒       0 <  𝑦 <  8 

𝑓𝑌(𝑦) = 𝑓𝑋(𝑦1/3) |
𝑑

𝑑𝑦
 𝑥| =   

1

2
𝑦

1
3      

1

3
 𝑌− 

2
3  =  

𝟏

𝟔
 𝒚− 

𝟏
𝟑

     

𝑃 (
1

2
 <  𝑋 <  1) =

1

2
∫ 𝑥 𝑑𝑥

1

1/2

=
1

4
[ 𝑥2 ]1/2

1 =
1

4
 (1 −

1

4
) =

1

4
(

3

4
) =

3

16
  

𝑃 (
1

8
 <  𝑌 <  1) =

1

6
∫ 𝑦− 1/3 𝑑𝑥

1

1/8

=
1

6
  

3

 2
  [𝑦

2
3]

1/8

1

=
1

4
 (1 −

1

4
) =

1

4
(

3

4
) =

3

16
 

We can see that are the same because  

1

2
< 𝑥 < 1    ⇒       

 1

8
< 𝑥3 < 1  ⇒      

 1

8
< 𝑦 < 1  

and so 𝑃 (
1

2
 <  𝑋 <  1) = 𝑃 (

1

8
 <  𝑌 <  1) 

Q7) If 𝑋~𝜒4
2, find P(X > 5).   (delete) 


