Functions of Random Variables

#Distribution Functions of Random Variables

Q1) If X~Uniform(0,1), find the pdf of Y = —21InX. Name the distribution and its
parameter values.

Solution : Uniform(a,b): fx(x) = b—ia ifa<x<bhb

Uniform(0,1): fy(x)=1,0<x<1

Y =-2InX X=e 2 X=—led d | L3
= — = —_ = — — et —_ = —
nX = e = & 5 € & 5@
0<x<1 = In0<Ihx<Inl = —-0w<Ihx<0
=2 0<-2Inx< o0 = 0<y< o
d | d 1 _» 1
_ -1 Il | _ -\ & vl =23 Ve _ =
Fr0) = Falg 00 |, 07 0| = Fx(e72) [ K| =5¢72 v~em(2=3)
Q2) If X~Uniform(a, b), find the constants (c) and (d) such thatY = ¢ + dX
Uniform(0,1) .
Solution :
1 b+a (b — a)?
X~Uniform(a,b): fy(x) a ,a<x<b ;E(x) > ,Vi(x) B
Y~Uniform(0,1): f,(y) =1,0<x<1
V—dX+c > x=1"C6 |d X|—|1|
- ¢ 4 dy 1~ ld
d y—rcy |1 1 1
_ -1 el — Z| = .
) =7 o) |5 07 0| = A C)E = =
y—c
ford>0: a< P <b = ad+c<y <bd+c-(1)
a<x<b = y—c

ford<0: a< P <b = bd+c<y<ad+c - (2)
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A,y ad+c=0 - (¥ { .y bd+c=0 - ()
1'{() bd+c=1 - (x) 200 ware=1 - @)
ad —bd = -1 bd —ad = —1
1 1 1 1
d(a—b)——l = d——a—m d(b—a)-—l: d__m_aTb
substitute (d) into equation (*) we get substitute (d) into equation (i) we get
( 1 >+ PN B a b 0 _ b
@ b—a €= €= b—a a—b+c_ =>C__a—b
__a b
“Ta—b ‘= b_a

Therefore (c,d) = {(ﬁ lea) ; (bTba' ﬁ) }

Another method:

)=k )= s =
Thus, |d|=ﬁ=> d=$%a
ford>0: dzﬁ
0<y<l= 0<c+dx<l = —c<dx<l—-c = —§<x<%
Thus, az—g = a=—-c(bh-a)> c=—

. -1
ford<0: d—a_b

0<y<l= 0<c+dx<1l > —c<dx<l—c = 1(11<x<—§

1-c a a b
Thus, a—T = a—(1—c)(a—b):> E_l_C:} C—].—E :>C—E

Another method:

—_ )2
E(x) =22 V() = &2

1

LB =ECc+d) =c+dEX) =c+d(%2) - (D)

2 2
1

L _y(y) = V(e + dX) = d*V(X) = d? % NG)

12
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1

-2 = . o

From 2: d = ooa? > d= +b_a
From1:c =2 -2 = c=2[1-d(a+b)]

1 1 a+b 1|b—a—a-b 1 2a
ThUS,fOf d—m = C—E[l—m] ﬁC—E[ P ] :C_E_E]

a
= =
¢ a—>b

1 1 a+b 1|la-b—a-b 11-2b

Thus,for d = 1 = ¢=3[1-%] === =[5
b
= =
¢ b—a
a 1 b 1
Therefore (c,d) = { (% 7=) + (G2 =5 ) )
Q3) If X~Normal(u,d?), find the pdf of Y = e*.
Solution :
) = e T —eo<x <
X) = e g ,—00 < x < 0
X V2T o
Y=eX = X=Ilny = d X—1 = |d X|—1
—° - vty avr 17y

—0<x<00 = (<e*<o0w = 0<y<

Fi) = ) [ x| = = o) 8

Q4) If X~Exponential(1), find the pdf of Y = —In X.
Solution :

fx(x)=e* ,x=0
1 d d
= — Yy — —e Y —_ = _p7 Y _— —e Y
Y=—InX = e X:>X e :>dyX e :>|dyX| e

x=20 2lnx=> —00 = -0 <—-Ilnx<o0 = —0 <y<®©

d - -
fr@) = fx(e™) |d_y X| —e ¢ VeV = +te™?)

Bayan Almukhlif Gl ol | 3



Note:

f'x)

fx)

o Derivative of the natural exponential function ;—x (e9%) ) = g'(x) 9™
e In(0)=—-o ; In(1) =0 ;In(e0) =0

—00

e ¢ =0 ; e°=1

e Derivative of the natural logarithm ;—x (In[f(x)]) =

Q5) If X~Uniform(0,1), find the pdf of ¥ = VX.

Solution :
Uniform(0,1): fy(x)=1,0<x<1

d
Y=vVX = X=Y2 = —X=2Y >

|dx|—2y
dy day 7|

0<x<1= 0<+Vx<1= 0<y<l1

) = fx(yz)

@ X| = 2_’y

Q6) The pdf of X is given by fy(x) => x ;0 < x < 2.

a. Find the pdf of Y = X3,

b. Find P G <X < 1) and P (é <Y < 1). Are they the same or different? Why?
Solution :

1 d 1 _2
Y=X3 = X=V3 = |—X|:—Y 3
dy 3

0<x<2 > 0<x3<8 = 0<y<s8

1 1
F ) = f(5?) cY3

d |_1% 1Y
dy X1 = 277 3

(e )=l et 5 b -5 0-D) 30
8 "6y e 2, Ta\V T Ta\d) T e
We can see that are the same because
1 1 3 1
5<x<1 = L <x <1l > §<y<1

1 1
andsoP(5<X<1)=P(§<Y<1)

Q7) If X~y4?, find P(X >5). (delete)
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