Second Semester Second Exam King Saud University
(without calculators) Time allowed: 1 hand 30 m College of Science

Thursday 11-10-1443 240 Math Math. Department

Q1: (a) Let V=M,,, and W is the set of all symmetric matrices of degree n. Prove
that W is a subspace of V. (3 marks)
Al(a): For all A, BEW and keR:

1- W is not empty since 0'=0. Hence 0EW
2- (A+B)'=AT+B'=A+B. So A+BEW.
3- (kA)'=kAT=kA. So KAEW
1, 2 and 3 implies that W is a subspace of V=M,,.

(b) show that the vectors (1,1,2), (2,1,1), (1,1,0) form a basis for R>. (3 marks)

Al(b):
1 2 1 2 1
(-DRy,
114 =0 -1 0|=1-1(-2)=2#0
2 1 0 -3 -2

So the vectors (1,1,2), (2,1,1), (1,1,0) form a basis for R>.

Q2: (a) Use the Wronskian to show that the vectors 1, sin(x), cos(x) are linearly
independent in the vector space C*(—oo,0). (3 marks)

A2(a):
1 sin(x) cos(x)
W (x)=|0 cos(x) -—sin(x)|=
0 -—sin(x) —cos(x)

—(cos®(x)+sin’(x))=-1=0

So 1, sin(x), cos(x) are linearly independent.

(b) Let B={(1,2),(2,5)} and B'={(1,1),(2,0)} be two bases of R”. Find the transition
matrix from B' to B. (3 marks).
A2(b):



(1 211 2 . 1 21 2
[B|B']= ECALEEN
2 51 0 0 1/-1 -4
o, |1 03 10
0 1-1 -4
:[I|PB'—>B]

Q3: Find a basis for the column space of the matrix:

1 2 6 -1
A=12 4 4 6
3 6 10 5

and deduce nullity(A") without solving any linear system. (4 marks)
A3:

12 6 -1 12 1 2
A=2446§:§—;EE>00—88
3610 5 0 -8 8
12 1 2 121 2
— D= 10 0 8 8|—Efe 300 0 1 1
00 0 0 000 O

Using the leading ones, {[1 2 3]', [6 4 10]'}is a basis of col(A).
Now, rank(A)+nullity(AT)=m

So nullity(AT)=m- rank(A)=3-2=1

Q4: Assume that the vector space R® has the Euclidean inner product. Apply
the Gram-Schmidt process to transform the following basis vectors (1,-2,0),
(2,1,-1), (0,1,1) into an orthonormal basis. (5 marks)

A4: Letv,=(1,-2,0), v,=(2,1,-1),v3=(0,1,1) .

Now define u;, u, and us as follows:




u, =v,=(1,-2,0)
<V,,U; >

u,=v,-——=——u,=(21,-1)-0=(2,1-1)
o,
<Vg,U, > <V g,U; >
Ug =V —— U —————U;
Ju| Juu]
=(0,11)—0 +(1-20)=(5.5.1)
u,
(1,-2,0)
Rl ﬁ
Uz (2,1,-1)

W
T x/g

Wszu—szﬁ 515
Ju|| - V6

So {w1, w,, ws} is the wanted orthonormal basis.

5:1)

Q5:(a) If uand v are orthogonal vectors in an inner product space, then:
Juv =[ulf V" (1 mark)

A5(a): As UandV are orthogonal, so <u,v>=0 and hence:

lu +v H2 =<U+V,U+V >

=<U,U>+<UV >+<V,U>+<VV >

=<U,U>+<V .V >= HU H2 +‘N HZ

(b) If S={vq,v,,...,v,} is a basis for a vector space V, then prove that every vector
vinV can be expressed in the form v=c,v;+c,v,+...+C v, in exactly one way,
where ¢;, ¢, ..., ¢, are real numbers. (1 mark)

A5(b): Suppose VEV has two expressions:
V =CqVq + CVy + - ++C Vv, and v = kyvy + kv, 4+ - -4k, v, , SO
0= (cq-k1)vq + (Co-ky)va +- - -+(Ch-kn)Vn

ButS={vy, vy, ..., Vv,}is abasis, soitis linearly independent. Thus,



ci-ki= c5-ko=...= c,-k,=0 and hence c;=k; for all i€{1,2,...,n} and hence v has
exactly one expression.

(c) Assume that S={vq,Vv,,v3,v4,Vs} is an orthonormal set of P,. Is it a basis of P,?
Why? (1 mark)

A5(c): Yes, because any orthonormal set is linearly independent and dim(P4)=5
which is equal to the number of vectors of S.

(d) Show that the function <,> defined by: <(x,y),(z,w)>=xz for all (x,y),(z,w) in
R* is not an inner product on R”. (1 mark).

A5(d): <(0,1),(0,1)>=0, but (0,1)#(0,0).



