Chapter 5: Magnetostatics

5.1 Magnetic Fields

As mentioned in chapter 2, an electrostatic field is produced by static (stationary)
charges. If the charges are moving with a constant velocity, a static magnetic (or
magnetostatic) field is produced.

This means a magnetostatic field is produced by a constant current flow.

There are two major laws governing magnetostatic fields:
(1) Biot—Savart’s law
(2) Ampere’s circuit law.

Like Coulomb’s law, Biot-Savart’s law is the general law of magnetostatics.

Also, as Gauss’s law is a special case of Coulomb’s law, Ampere’s law is a special
case of Biot—Savart’s law and is easily applied in problems involving symmetrical
current distribution.

The magnetic field can be represented by drawings with magnetic field lines.

- —

\/ \I

ST

=
e gt

~ >

The relation between the magnetic flux density B and the magnetic field intensity H
iIs (in free space):

B=pupH
The unit of B is weber/m? (Wbh/m?) or Tesla (T)
The unitof His A/m
where L, is a constant called the permeability of free space
f, =4mx 1077  T.m/A
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5.2 Biot-Savart Law

Biot—Savart’s law states that the differential magnetic field intensity dH produced at
a point P, as shown in the figure below, by the differential current element | dl is
proportional to the product I dl and the sine of the angle 6 between the element dl
and the line joining P to the element and is inversely proportional to the square of
the distance r between P and the element.
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Example 5.1

Consider a thin, straight wire of finite length carrying a constant current | and placed
along the x axis as shown below. Determine the magnitude and direction of the
magnetic flux density B at point P due to this steady current.
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Example 5.2

Consider a circular wire loop of radius R located in the yz plane and carrying a steady
current I, as in the figure below. Calculate the magnetic flux density B at an axial

point P a distance x from the center of the loop.
Then calculate B and H at the center of the coil if its average radius is 20 cm and it

has 200 turns and a current of 3.5 A.
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5.3 Magnetic flux

The magnetic flux ®g through a surface A can be given by:

q>3=fB-dA

dA
o

B

where the magnetic flux ®g is in webers (Wb)



Example 5.3

A rectangular loop of width a and length b is located near a long wire carrying a
current I. The distance between the wire and the closest side of the loop is c. The
wire is parallel to the long side of the loop. Find the total magnetic flux through the
loop due to the current in the wire.
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5.4 The curl of B

The magnetic flux density of an infinite straight wire discussed in Example 5.1 is
shown below where the current is coming out of the page.

It is clear that this field has a nonzero curl (unlike the electrostatic field)

The integral of B around a circular path of radius S, centered at the wire, is:
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e |t is clear that the answer of the integral is independent of S, because B
decreases at the same rate as the circumference increases.

e The close path (Amperian loop) does not have to be a circle, any loop that
encloses the wire would give the same answer

If there is a group of straight wires passing through the loop:
fB ~dl = polenc

This is known as Ampere’s law in integral form.

It states that the line integral of B around a closed path is the same as polenc Where
lenc 1S the net current passing through any surface bounded by the closed path.



If the flow of charge is represented by a current density J, the enclosed current is:

Ienc=fJ'da

Applying Stokes’ Theorem
f(V xB)-da=u0fJ-da,

V x B = puyl.

This equation is called Ampere’s law (in differential form).

Again, unlike electrostatic fields, B has a nonzero curl.

5.5 The divergence of B

In chapter 2 we found from Gauss’s law that the electric flux through a closed surface
surrounding a net charge is proportional to that charge. However, the magnetic fields
have no sources or sinks and their lines are always continuous. Therefore, for any
closed surface, such as the one outlined in the figure below (left), the number of lines
entering the surface equals the number leaving the surface; thus, the net magnetic
flux is zero. In contrast, for a closed surface surrounding one charge of an electric
dipole (the figure on the right), the net electric flux is not zero.




Thus, the total flux of B through a closed surface in a magnetic field must be zero
]( B-daS=0
s

This means an isolated magnetic poles (monopoles) does not exist

By applying the divergence theorem:

fB-dS=JV-de=O
s

v

V-B=0

This equation is one of Maxwell’s equations

5.6 Applications of ampere’s law

Example 5.4
A long, straight wire of radius R carries a steady current | that is uniformly
distributed through the cross section of the wire. Calculate the magnetic flux density
B a distance r from the center of the wire in the regions:
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2) r<R
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Example 5.4

Find the magnetic flux density B of a very long solenoid, consisting of n closely
wound turns per unit length on a cylinder of radius R and each turn carries a steady
current 1.
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(note that as the length of the solenoid increases, the interior field becomes more
uniform and the exterior field becomes weaker)
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Example 5.5

A toroid whose dimensions are shown in the figure below has N turns and carries
current |. Determine B inside and outside the toroid.
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5.7 Magnetic Forces

5.7.1 Force on a Charged Particle

A magnetic field can exert force only on a moving charge. From experiments, it is
found that the magnetic force on a charge Q, moving with velocity v in a magnetic
field with flux density B, is

Fmag = Q(vxB)

or
Frnag = QvBsin

This clearly shows that Fryg is perpendicular to both v and B.
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In the presence of both electric and magnetic fields, the net force on Q would be
F = Q[E + (v x B)]

This is known as the Lorentz force law

Example 5.6
A charged particle of mass 2 kg and 1C charge, starts at the origin with velocity 3 ¥

m/s and travels in a region of uniform magnetic field B=102 T. Att=4s, find the
magnitude of the magnetic force acting on the particle and its acceleration.
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5.7.1.1 Motion of charges in a uniform magnetic field
When a charged particle moves with a velocity being perpendicular to a uniform

magnetic field, the particle moves in a circular path in a plane perpendicular to B.
as shown in the figure below for a positively charges particle.
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From Newton’s second law with centripetal acceleration

2

F=qB=""
r
The angular speed of the particle:
LoV _aB
m

The period of the motion:
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What if a charged particle moves in a uniform magnetic field, but the angle between
its velocity and B is not 90°?

Its path will be a helix

5.7.1.2 Some related applications

e Velocity filter (selector) for charged particles

Aperture
oN IO
Charged ¥ T 1 _ Particles with

" constant velocity

Can you prove this?
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e The Mass Spectrometer

Detector
array

q | v
[
Velocity selector
m 1B,
g v

Can you prove this?

e The Hall Effect

When a conducting sample carrying current | is placed in a magnetic field with
magnetic flux density B, a potential difference (electric field) is generated in a
direction perpendicular to both | and B.

From the directions of v and B shown in the figure above the direction of the
magnetic force will be downward and this will produce a buildup of positive charge
on the lower side of the sample and leaves an excess of negative charge on upper
side, thus the direction of the generated electric field (En) is opposite the direction
of the magnetic force.
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In equilibrium,

quaB = qEy

Ey=v,B

If t is the thickness of the conductor, the Hall voltage is

AVH = EHt == UdBt

We can obtain the charge-carrier density n by measuring the current in the sample

__I

vd ngA
V.= IBt
H ™ nqa
AV, = IB
™ nqw

where w is the width of the conductor
and Ry = 1/nq is called the Hall coefficient

Also this relationship shows that a conductor with a known Hall coefficient and

properly calibrated can be used to measure the magnitude of an unknown magnetic
field.
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Example 5.7
A rectangular copper strip 1.5 cm wide and 0.1 cm thick carries a current of 5 A.

Find the Hall voltage for a 1.2 T magnetic field applied in a direction perpendicular
to the strip. The density of copper is 8.92 g/cm?
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5.7.2 Force on a Current Element

The following figure shows a piece of a wire carrying current | in a magnetic field.
Fm
| ‘ B /A
{ vy
et K
| L

We found previously for a charge Q moving with constant velocity v:

The moving charge dQ in the wire is:
dQ=1dt
thus,

Fmag = 1dt(vxB)

Fnag = fIdL X B
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Example 5.8
A wire bent into a semicircle of radius R and forms a closed circuit. The wire carries
a current | and lies in the xy plane, and a uniform magnetic field is directed along

the positive y axis as in the figure below. Find the magnitude and direction of the
magnetic force acting on the straight portion of the wire and on the curved portion.
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Solution

The magnetic force on the straight portion of the loop is directed out of the page.
Whereas, the magnetic force on the curved portion is directed into the page.
For the straight portion
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The net magnetic force acting on any closed current loop in a uniform magnetic
field is zero.
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5.8 Magnetic Torque and Moment

Consider a rectangular loop carrying a current | in the presence of a uniform
magnetic field directed parallel to the plane of the loop as shown in Figure
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No magnetic forces act on sides 1 and 3 because these wires are parallel to the field.
Magnetic forces do, however, act on sides 2 and 4.
The magnitude of these forces is:

F2: F4: laB

and they point in opposite directions (The direction of F; is out of the page whereas
that of F, is into the page)

If the loop is allowed to rotate about point O, these two forces produce a torque about
O that rotates the loop clockwise.
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The magnitude of this torque tmax is:
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In general:
T =1AxB

The product of current and area IA is defined to be the magnetic dipole moment
“m” (simply called the “magnetic moment”) of the loop and its direction is normal
to the loop.

m = 1A

SO

T =mxB

Example 5.9

A rectangular coil of dimensions 5.4 cm x 8.5 cm consists of 25 turns of wire and
carries a current of 15 mA. A magnetic field with B = 0.35T is applied parallel to
the plane of the coil.

a) Calculate the magnitude of the magnetic dipole moment of the caoil.

b) What is the magnitude of the torque acting on the loop?
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b) ¥ = B = v =mB=(.72 13 )(0.35) = 6,02 Nvm

5.9 Magnetization in materials

A very small magnet of microscopic (subatomic) dimensions is equivalent to a
flow of a small electric charge around a loop (such as electrons circulating around
nuclei) that create magnetic dipoles.

Our discussion here will be similar to that on polarization of materials in an electric
field. We will assume that the atomic model is an electron orbiting about a positive
nucleus or about their own axes (spin). Thus, an internal magnetic field is produced
by these electrons similar to the magnetic field produced by a current loop.
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The equivalent current loop has a magnetic dipole moment of m = I,A, where A is
the area of the loop and Iy, is the bound current that is bound to the atom.

The magnetization M is the magnetic dipole moment per unit volume.

N my

. k=1
M= 1
Av30 Av

It is in amperes per meter and it plays a role analogous to the polarization P in
electrostatics.

The following figures show the magnetic dipole moment in a volume Av before
B is applied (a) and after B is applied (b).
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In linear materials, magnetization M depends linearly on H:

M= y,H
where yn (ratio of M to H) called magnetic susceptibility of the medium. It is a

dimensionless quantity and it shows how susceptible (or sensitive) the material is to
a magnetic field.

The relation between B and H in general is:
B = puH
B = pu,(1 + x,)H=puH

where,
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The quantity p = pop is called the permeability of the material and y; is the ratio of
the permeability of a given material to that of free space and is known as the relative
permeability of the material and it is dimensionless.

Materials can be grouped into three major classes:

Diamagnetic materials (which have very small negative ym)
Paramagnetic materials (which have very small positive ym)
Ferromagnetic materials (which have very large positive ym)

Ferromagnetism occurs in materials whose atoms have relatively large permanent
magnetic moment. Iron, cobalt and nickel are examples of ferromagnetic materials.
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