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Answer the following questions:

Q1: [3+6]

(a) Suppose that X is an exponentially distributed random variable with parameter A.
i) Prove that: Pr(X >t +s|X >s) = Pr(X > t) vt,s > 0.
ii) What is the name of this property?

(
(
(iii) If X~exp(0.03), find Pr(X < 81|X > 70).
(b)

(

i) For discrete bivariate random variables X and Y, what is the formula of conditional

probability mass function of X given Y=y? Then, deduce the formula for marginal mass function
of X.

(ii) Suppose X has a binomial distribution with parameters p and /V, where /Vhas a Poisson
distribution with mean A. What is the marginal distribution for X7

Q2: [3+3+2]

(a) An observation is made of a Poisson random variable NV with parameter A. Then N
independent Bernoulli trials are performed, each with probability p of success. Let Z be the total
number of successes observed in the NV trials. Formulate 7 as a random sum and determine its
mean and variance. What is the distribution of 27

(b) Let {;,{;,{5,..... be independent Bernoulli random variables with parameter p, 0<p<1.
Show that X, =1 and X, =p ™ {; {,...{,, n =1,2,.., defines a nonnegative martingale.

(c) Messages arrive at a telegraph office as a Poisson Process with mean rate of 3 messages per
hour. What is the probability that no messages arrive during the morning hours 8:00 A.M. to
noon?

Q3: [3+5]

(a) Consider a spare parts inventory model in which either 0, 1, or 2 repair parts are demanded

in any period, with Pr{& =0}=0.3, Pr{¢ =1}=0.2, Pr{& =2} =05 and supposes=0 and S=3.



Determine the transition probability matrix for the Markov chain {Xn}, where X is defined to

be the quantity on hand at the end of period n.

(b) Suppose that the weather on any day depends on the weather conditions for the previous 2
days. Suppose also that if it was sunny today but cloudy yesterday, then it will be sunny
tomorrow with probability 0.5; if it was cloudy today but sunny yesterday, then it will be sunny
tomorrow with probability 0.4; if it was sunny today and yesterday, then it will be sunny
tomorrow with probability 0.7; if it was cloudy for the last 2 days, then it will be sunny
tomorrow with probability 0.2. Transform this model into a Markov chain, and then find the
transition probability matrix. Find also the long run fraction of days in which it is cloudy.

Q4: [4+4]

(a) Let X, denote the condition of a machine at the end of period n for n=1,2,.... Let X, be the

condition of the machine at the start. Consider the condition of the machine at any time can be
observed and classified as being in one of the following three states: State 0: Good operating

order, State 1: Deteriorated operating order and State 2: In repair. Assume that {X, }is a Markov

chain with transition probability matrix

0o 1 2
0/0.6 0.3 0.1
P=1/0.3 03 04
2]0.4 0.1 0.5

and starts in state X, =1.

(i) Find Pr{X, =1}.

(i) Calculate the limiting distribution.

(iii) What is the long run rate of repairs per unit time?

(b) A pure death process starting from X(0)=3 has death parameters g, =0,
=2, i, =3 and g, =5. Determine P, (t) for n=0,1,2,3.

Q5: [5+2]

(a) If X(t) represents a size of a population where X(0)=1, using the following differential

equations



dp o(t) _

2=~ opo(!) (1)
dpc;t(t) A p () =2 p (1) n=1,23, ... (2)

Prove that: X(t) ~ geom (p), p=e* when A, =0andA =nA, and then find the mean and

variance of this process.

(b) Let X(¢) be a Yule process that is observed at a random time U, where U is uniformly

distributed over [0,1). Show that pT{X(U) =k} =p"1(Bk) for k=12,..., with p=1—e".




Model Answer

Q1: [3+6]
(a)
. _ Pr(X>t+s,X>s)
i) PriX>t+slX>s)= s
_ Pr(X>t+s) _ A
Pr(X>s) T eAs

=e M = Pr(X>t), where X~exp(2).
(ii) The memoryless property.
(iii) We use (i):
Pr(X <81|X>70) =1-Pr(X > 81|X > 70)
=1- Pr(X>11)
= Pr(X <11)

Therefore, Pr(X < 81|X >70) =1 — ¢ 003011

1 _ 033
=0.2811

(b)

(i) Py (xly) = P);:—g')y) is the conditional probability mass function of X given Y=y, where

P, (y) # 0. This implies that:

Pyy(x,y)= Py (xy) Py () (1)

Also, we have that

P(X =x) = Zy Pyy(x%,y) (2)

Combine (1) and (2) to get:
P(X =x) = X, Py (x]y) Py(y), which is the marginal mass function of X.
(i)

Since, X~Bin(p,N) and N~Poisson(A)



—-A9n

So, Py (xIn) = (B)p* (1 =p)"*,x=0,1,2,...,n and Py(n) == 2=

n!

e~ A

n!

So, P(X =x) = X, Pyn(xIn) Py() =X, (1)p* 1 —p)"~*

_aXax Ay  (Aa-p)"T*
=pe n=X xi(n-x)! '’

Put n—x =71, to get

x,=A _ T
P(X = x) = @ yoo GO

x! r=0 r!

n
Then by using Y7, fl—| = e*, we obtain

An)* -1

_ (p)re P
- x!

,x=012,..

Therefore, X~Poisson(Ap).

Q2: [3+3+42]

(a)

Lot Z =, + {yteea+Cu,

where N~Poisson(A) and each {,~Bernoulli(p).

Then, (N) =v=21, Var(N)=12=21,
E()=pn=pand Var({)=oa?=p(-p).

By using E(Z) = uv, Var(Z) =vo? + u’t?,

we get that E(Z) =Ap and Var(Z) = Ap, that is Z~Poisson(Ap).
(b)

A stochastic process X,, is a martingale if for n = 0,1,2, ...

(1) E[1X,1] < oo,

0,1,2,..



(D) E[X,[1=E[X,] = E[p~™(,{, .. {,], and as {;,; are independent,
= p E[,]... LG, ]
=p"p" =1 as E[X] =p,
- E[IX,]1=E[X,] =1< oo,
(2) E[X,01|Xgeo o, X, ] = E[p" ™V o Cii| X e e s X,
=E[p™"8185 8 P Cns1 Xy e X
=P 701G G EP 7 s 11Xy e, Xy
=p "0, Gy D E[C 011Xy e X,
E[X,:11Xp o, X, ] = 0708 - G P E[4q]); as {44 is independent of X, ,
=P "8 8u D
E[XpilXe oo X =0l = X,
We have proved from (1) and (2) that X,, defines a nonnegative martingale.
()

. (At) e
For Poisson Process Pr{X(s +t)—X(s) = k} = T, k=0,12,...

_ (3x 4)°e3® L
0!
~ 6.1442x10°°

- Pr{X(12)- X(8) =0}

Where 1 =3, t=12-8=4and k=0

Q3: [3+5]

-1 0 1 2 3
-1/0 0 05 0.2 03
0 O 05 02 03
05 02 03 0 O
0 05 02 03 0
0 0O 05 02 03




P, =Pr(¢,,,=85-7) ,i<s forreplenishment

P, ,=Pr(¢,.,=4)=0 , B,=Pr(¢,,=2)=05

P, =Pr(&,,,=1i-j) ,s<i<S fornon-replenishment
F_,=Pr(¢,.,=2)=05 ,B,=Pr(&,,,=0)=03, P,=Pr(¢,,=1)=0.2

(b)
(5,5) (S.C) (C.8) (C.C)
(S,5)] 0.7 0.3 0 0
S,0)| o 0 0.4 0.6
©,9)05 05 0 0
©,0)| 0 0 0.2 0.8

In the long run, the limiting distribution is 7 =(7,, 7, 7,,7;)

0.77z,+0.57, =7, = =, =0.67, (1)
0.37,+0.57, =7, = =, =0.67, (2)
0.6z, +0.87, =7, = 7, =1.87, (3)
And ' mo+m+m,+ =1 4)
LTy = 1 0.25
4
= 7 =(0.25,0.15,0.15,0.45 )

The long run fraction of days in which it is cloudy is

7, + 7, =0.15+0.45

=0.60
Q: [4+4]
(a)
(i)
0 1 2
0|0.6 0.3 0.1
P= 1/0.3 0.3 04
2104 0.1 0.5



wPr{X, =1} =Pr{X, =1]X, =1} Pr{X, =1}
:plipl
= B2, p =Pr{X, =1} =1

0 1 2
00.49 0.28 0.23
P>= 1/0.43 022 0.35
2|0.47 0.20 0.33

(i) To get the limiting distribution 7z = (z,,7,7,) = (7., 7, 7};)
2

V= Zﬂkij, j=0,12
k=0

and Zzlﬂ'k =1

k=0
=
7, =0.67,+0.37, +0.4r,
7, =0.37,+0.37, +0.1x,
7w, =0.17,+0.47, +0.57,
Ty +m+m,=1

Solving the following equations

4ry—3m, —4m, =0 (1)
3y —Tm, +m,=0 (2)
o+ m+m,=1 (3)

By solving equations using Cramer’s rule, we get

4 -3 -4 0 -3 -4
A=[3 -7 1|=-66,A,=/0 -7 1|=-31
1 1 1 1 1 1



4 0 -4 4 3 0
A=[3 0 1/=-16,4A,=[3 -7 0|=-19
11 1 11 1

. _ AN _ 3 _ N 16 _ A 19
=2 T T AT 66 T2T A T 66

.. The limitting distribution is 7 = (z,, 7,, 7,) = (31/ 66,16/ 66,19/ 66)
(iii) 7, =7, =12 =0.2879

(b)

For pure death process, the transition probabilities are given by
py®)=e*" (1)

andforn< N

Where 4, , = ﬁ#

i#k, n<k<N,i=N,N-1 .., n (3)
v (1 — 1)

For N=3 ()= py(f)=¢ ™
L op(t)=e” (1

For n=2 (2)= D, ()= M [AZ,zewzt + Ag,zei“at:l

Q)= Amzﬁ—(ﬂfﬂ , 1# 2

1 J—
Hy =

N O

'As,zzﬁ L

ia (4 - 1t5)
1 1

,1#3

My — g 2



P, (t):SBe“ - %eSt} (1

For n=1 (2)=p()= Hotly [A1,167Mt + Az,lejbt + Ae,le_yat]

1 1

O= 4TI~

1
(15 — 1) (1, — 1)

1
Az,l :H(

1
is (4 — 1)
1 1

(s = 16,) (14 — 1) 2

121

1
3

, £ 2

L 1

' A3,1:H

s (1, — 113)
1 1

) (4 - ) (pty - 15) 6

, 1#3

pl(t):15EeZt —%e“ +%e5t} (1)

Using (I), (II) and (IIT) we can get p,(t) as follows

po(t):]-'[pl(t)+p2(t)+p3(t)]
=1_|:562t _%63)5 +§e—3t +§6—5t _g€5t +65t}

2° 2
156 450t oo (Iv)
Q5: [5+2]
(a)
dpo(t) - _
== =—Aap() (1)
dp(;t(f) =4O Ap, (1), =123, .. ()

10



The initial condition is X(0)=1 = p,(0)=1

1

= pn(0)={o

- dpo(¢) _
For4,=0 ()= 7 =0

- po()=0,where p,(0)=0 (3)

@= 2B; b 0-4p,0

- dp#t(t)-i-ﬂnpn(t):l"lpnl(t)v 7”L=1,2,

A =nd, A =(n-1)A

. d;'#(t) +nAp n ®)=(n —1)/1pn_1(t), n=12, ...
Multiply both sides by e
EMt [dpll’—bt(t) + nﬂ,pn (t):| = (n _1)11) n,l(t)en/u

%[p n (t)e"m} = (TL —1)ﬂp ”_l(t)e"m
A

. ] =002 o

, n=1

, otherwise

= p ()= [pn(0)+(n—l)ﬂ,-[; pnl(:n)e”“dx}, n=12, .. (4)

which is a recurrence relation.

at n=1
p(t)=e"[p,(0)+0]=e" (5)

at n=2

pa)=¢| 9,0+ 2f, pa(o)e s |

11



Az

©)= p@=c
)= Af e e s |

Lop,t)= Ae?H J.Ot e dx
=e M (1l-e M) (6)
Similarly as (5) and (6), we deduce that
p, (t)=e (L)
=p(-p)"*, p=e¥, n=12, ..
< X (t) ~ geom(p), p=e "
Mean[X(t)|=1/p=¢",
1-p 1-e*

Vam'cmce[X(t)]= = =6-T

(b)

For Yule process,

p. W)= L-e”)?, n>1
=

pT{X(U) — k} e—/i'u (1_6—/3’11,)k—1du

(@-e) pe du
@y T
k 0

_1 P
=il

k
pr{X(U):k}:%, k=12, ..where p=1-¢7’

Ot O

=R X




