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Answer the following questions. 

(Note that SND Table is attached in page 4)    

Q1: 8[4+1+3] 

(a) Suppose that X has a binomial distribution with parameters p and N, where N has a Poisson 

distribution with mean 𝜆. What is the marginal distribution for X? 

(b) Define a martingale. 

(c) Suppose 1 2 3X ,X ,X , ...  are identically independent distributed random variables where  

   
1

2
Pr X 1 Pr X 1k k      and 

1

X .
n

n k
k

S


  Show that nS is a martingale. 

Q2: 6[2+2+2] 

A Markov chain 𝑋0, 𝑋1,𝑋2, …   with states 0, 1, and 2, has the transition probability matrix 

𝑷 = [
0.2 0.3 0.5
0.4 0.1 0.5
0.4 0.3 0.3

] 

and initial distribution 𝑝0 = 𝑝𝑟{𝑋0 = 0} = 0.4 and  𝑝1 = 𝑝𝑟{𝑋0 = 1} = 0.6. Determine the following 

probabilities:  

(i) 𝑝𝑟{𝑋2 = 0}               (ii) 𝑝𝑟{𝑋3 = 0} 

(iii) If the process starts from state 𝑋0 = 2 , find 𝑝𝑟{𝑋0 = 2, 𝑋1 = 0,𝑋2 = 1} 

Q3: [4] 

A Markov chain 0 1 2, , ,  ...X X X  has the transition probability matrix   
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1 0.5 0.1 0.4

2 0.3 0.2 0.5

                    

    P= 

 

Every period that the process spends in state 0 incurs a cost $4. Every period that the process spends in 

state 1 incurs a cost of $7. Every period that the process spends in state 2 incurs a cost of $5. What is the 

long run mean cost per period associated with this Markov chain? 

Q4: 6[4+2]  

(a) Suppose that the social classes of successive generations in a family follow a Markov chain with 

transition probability matrix given by 

 

What fraction of families are middle class in the long run? 

(b) The probability of the thrower winning in the dice game is 0.5071.  p   Suppose player A is the 

thrower and begins the game with $10, and player B, his opponent, begins with $5. What is the probability 

that player A goes bankrupt before player B? Assume that the bet is $1 per round. 

Q5: 9[5+4] 

(a) Using the differential equations 

 

where all birth parameters are the same constant with initial conditionX(0)=0 ,  

Show that 
( )

( ) ,  0,1,2,...
!

n t

n

t e
p t n

n

 

   
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(b) Let X and Y be independent Poisson distributed random variables with parameters  and ,  

respectively. Determine the conditional distribution of ,X  given that .N X Y n    

Q6: 7[2+5] 

Let  ( );  0B t t  be a standard Brownian motion.  

(a) Evaluate  Pr (9) 7 (0) 1 .B B   

(b) Show that the process defined by  2( ) ( / ),  0W t cB t c c   is a standard Brownian motion. 

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
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Model Answer 

  

Q1: 8[4+1+3] 

(a)  𝑋~𝐵𝑖𝑛(𝑝, 𝑁),    𝑁~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆) 

𝑃𝑋 |𝑁 (𝑥|𝑛) = (𝑛
𝑥

) 𝑝𝑥  (1 − 𝑝)𝑛−𝑥 ,      𝑥 = 0,1,2,… , 𝑛    

and 𝑃𝑁(𝑛) =
𝑒−𝜆  𝜆𝑛

𝑛 !
,    𝑛 = 0,1,2, …. 

So, 𝑝𝑟(𝑋 = 𝑥) = ∑ 𝑃𝑋 |𝑁 (𝑥|𝑛) ∞
𝑛=0 𝑃𝑁(𝑛) 

                        = ∑ (𝑛
𝑥
) 𝑝𝑥 (1 − 𝑝)𝑛−𝑥  ∞

𝑛=0
𝑒−𝜆 𝜆𝑛

𝑛!
 

         =  𝜆𝑥  𝑝𝑥  𝑒−𝜆  ∑
𝑛!

𝑥!(𝑛−𝑥)!
  

(1−𝑝)𝑛−𝑥  𝜆𝑛−𝑥

𝑛 !

∞
𝑛=𝑥  

                       =  
(𝜆𝑝)𝑥  𝑒−𝜆

𝑥!
 ∑

[𝜆(1−𝑝)]𝑛−𝑥

(𝑛−𝑥)!

∞
𝑛=𝑥  

Let 𝑛 − 𝑥 = 𝑟, 

 𝑝𝑟(𝑋 = 𝑥) =
(𝜆𝑝)𝑥 𝑒−𝜆

𝑥!
 ∑

[𝜆(1−𝑝)]𝑟

𝑟 !

∞
𝑟=0  

                   = 
(𝜆𝑝)𝑥 𝑒−𝜆 𝑒𝜆(1−𝑝)

𝑥!
 

                   =
(𝜆𝑝)𝑥 𝑒−𝜆𝑝  

𝑥 !
,   𝑥 = 0,1,2, … 

So, 𝑋~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑝) with mean and variance 𝜆𝑝. 

(b)  

A stochastic process  X ; 0,1,2,...n n  is a martingale if  

(i) X ,nE       

(ii) 
1 0X X ,...,X X .n n nE      

(c)  

(1) To show that ,nE S      
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1 1X ... X X ... X

                              1 ... 1

n n nS

n

     

   
 

  .nE S E n n        

(2) To show that 
1 1,..., ,n n nE S S S S     

 

1 1 1 1

1 1 1

1

,..., X ,...,

                            ,..., X ,...,

                            X ,

n n n n nn

n n n n

n n

E S S S E S S S

E S S S E S S

S E

 





        

        

 

 

where nS  is determined by 
1,..., nS S and 

1Xn is independent of 
1,..., nS S  

     1 1 1and X (1).Pr X 1 ( 1).Pr X 1

                       (1)(1/ 2) ( 1)(1/ 2) 0

n n nE        

   
 

1 1,...,n n nE S S S S      

That is from (1) and (2), we have proved that nS is a martingale. 

Q2: 6[2+2+2] 

i) 𝑝𝑟{𝑋2 = 0} =  𝑝𝑟{𝑋2 = 0|𝑋0 = 0} 𝑝𝑟{𝑋0 = 0}  +  𝑝𝑟{𝑋2 = 0|𝑋0 = 1} 𝑝𝑟{𝑋0 = 1} 

                                    =  𝑝00 
2  𝑝0  + 𝑝10 

2  𝑝1 

                                 = (0.36)(0.4) + (0.32)(0.6) = 0.336 , 

            where  𝑝2 = [
0.2 0.3 0.5
0.4 0.1 0.5
0.4 0.3 0.3

] [
0.2 0.3 0.5
0.4 0.1 0.5
0.4 0.3 0.3

]=[
0.36 0.24 0.4
0.32 0.28 0.4
0.32 0.24 0.44

] 

ii) 𝑝𝑟{𝑋3 = 0} =  𝑝𝑟{𝑋3 = 0|𝑋0 = 0} 𝑝𝑟{𝑋0 = 0} +  𝑝𝑟{𝑋3 = 0|𝑋0 = 1} 𝑝𝑟{𝑋0 = 1} 

                                    =  𝑝00 
3  𝑝0  + 𝑝10 

3  𝑝1 

                                 = (0.328)(0.4) + (0.336)(0.6) = 0.3328  , 

             where   𝑝00  
3 = [0.2  0.3  0.5] [

0.36
0.32
0.32

] = 0.328 
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              and  𝑝10 
3 = [0.4  0.1  0.5][

0.36
0.32
0.32

] = 0.336  

iii)  𝑝𝑟{𝑋0 = 2, 𝑋1 = 0, 𝑋2 = 1} =  𝑝2 𝑝20  𝑝01  

                             = 1(0.4)(0.3) = 0.12, 

where 𝑝2 = 𝑝𝑟{𝑋0 = 2} = 1. 

Q3: [4] 

2

0

 


j k kj
k

P  

at  0j  

        
0 0 1 2

0 1 2

  0.5 0.5 0.3

         5 5 3 0        (1)

   

  

   

   
 

at  1j  

       

1 0 1 2

0 1 2

  0.2 0.1 0.2

         2 9 2 0        (2)

      

   

  

   

   
 

and 0 1 2 1        (3)      

    By solving equations (1), (2) and (3)  

We get 0 1 2    0.4205,  0.1818,  0.3977          

The long run mean cost per unit period is 

2

0

0 0 1 1 2 2    =

    =$ 4.9431



  





 

 j j
j

C c

c c c  

Q4: 6[4+2] 

(a)  

Let 0 1 2( , , )    be the limiting distribution  
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 

0 0 1 20.7 0.2 0.1       

1 0 1 20.2 0.6 0.4       

2 0 1 20.1 0.2 0.5       

0 1 2 1      

Solving the following equations 

0 1 2

0 1 2

0 1 2

3 2  0                         (1)

 2 5 0                         (2)

    1                          (3)

  

  

  

  

  

  

 

 

By solving equations using Cramer’s rule, we get  

0

3 2 1 0 2 1

1   2 5 34,  0   2 5 12

1   1   1 1   1   1

   

         

1 2

3   0 1 3 2  0

1   0 5 14,  1   2  0 8

1   1   1 1   1   1

 

        

0 1 26 7 4
0 1 217 17 17

 ,  ,    
  

  
        

0 1 2 The limitting distribution is ( , , ) (6 /17,7 /17,4 /17)       

 In the long run, approximately 41.18% of families are middle class. 
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 

 0

10 15

$10 fortune for player A

$10 $5 $15

0.5071  q=0.4929

u  reache

b

s state 0 before state 

( / ) ( / )
u ,    

1 ( / )

0.4929 0.4929

0.5071 0.5071
u

0.4929
1

0.5071

i n

i N

i N

i

i

N

p

pr X N X i

q p q p
p q

q p



  

 

 


 



    
    

     
 

 


15

   0.2873

 
 

  



 

Q5: 9[5+4] 

(a) 

 

Let ( )X t  represents the size of the population, and the initial condition is  

 (0) 0X     0 (0) 1p      

                     
1                   ,  0                 

 (0)     
0                   ,  otherwise          

n

n
p


  

  
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 

0
0

0

0

0

00 0

0 0

0 0

0 0

0 0

( )
(1) ( )

( )
      

( )

( )

( )

ln ( )

ln ( ) ln (0)

ln ( ) ln1  ,  where  (0) 1   

 ln ( )  ( )              (3)

t t

t

t

dp t
p t

dt
dp t

dt
p t

dp u
du

p u

p u t

p t p t

p t t p

p t t p t e 













 

  

  

 

 

  

   

    

 

 

1

1

1

1

( )
(2) ( ) ( ),  1,2,3,...     

( )
 ( ) ( )

Multiply both sides by e  (integrating factor)

( )
 e ( ) ( )e

 ( ) ( )e

 By separation 

n
n n

n
n n

t

t tn
n n

t t
n n

dp t
p t p t n

dt
dp t

p t p t
dt

dp t
p t p t

dt

d
e p t p t

dt



 

 



 

 











   

  

 
  

 

   

 of variables and Integration from 0 to t, we get

 

1

0 0

( ) ( )e

t t
x x
n nd e p x p x dx  

      

10
0

1

0

1

0

( ) ( )e

( ) (0) ( )e ,  1,2,3,...

( ) e ( )e ,  1,2,3,...     (4)

which is a recurrence relation

t
tx x

n n

t
t x
n n n

t
t x

n n

e p x p x dx

e p t p p x dx n

p t p x dx n

 

 

 















   

  

 






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1 0

0

0

1

0

0

1

 1

(4) ( ) e ( )e

( ) e   from eq. (3)

( ) e e e

             = e

( )               (5)

t
t x

x

t
t x x

t
t

t

at n

p t p x dx

p x

p t dx

dx

p t te

 



  

















 







 



 

 







 

2 1

0

1

2

0

2

0

2
2

2

0

2

2

 2

(4) ( ) e ( )e

( ) e   from eq. (5)

( ) e e e

             = e

( ) e                
2

( ) e
( )           (6)

2!

t
t x

x

t
t x x

t
t

t

t

t

at n

p t p x dx

p x x

p t x dx

xdx

x
p t

t
p t

 



  











 











 









 



 

 
   

 

 







 

From (3), (5) and (6), we can deduce that 
( )

( ) ,  0,1,2,...
!

n t

n

t e
p t n

n

 

   

(b) 

 
Poisson( ),  Poisson( )

Poisson( )

X Y

X Y

 

   
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   

   

 

   

 

( )
)

Pr Pr

Pr Pr

Pr

Pr Pr

Pr

/ ! . / ( )!

( / !

1 !

!( )!

k n k

n

n

k n k

X k N n X k X Y n

X k X Y n

X Y n

X k Y n k

X Y n

e k e n k

e n

n

k n k

 

 

 

 

 
 

  

 





      

   


 

   


 




 
  

  

 

k n k
n

k

 

   



    
     

     
 

   Pr 1 ,    

which is the p.m.f of binomial distribution.

n kkn
X k N n p p p

k



 

 
      

   

Q6: 7[2+5] 

(a)  

 

 
9

7 1

Pr (9) 7 (0) 1 ( )

                                       ( )

Pr (9) 7 (0) 1 (2) 0.9772

y x
t

B B

B B





   

 

     

 

(b) 

   2Cov ( ), ( ) s    for  0  B s B t s t    

For standard Brownian motion 2( 1)  , we have 

 Cov ( ), ( ) s    for  0B s B t s t    

2 2 2 2 2
Cov ,     for  0

s t s s t
B B
c c c c c

    
       

    
 

Multiply both sides by 2c , we get  
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2c
2 2

Cov ,
s t

B B s
c c

    
    

    
 

2 2
Cov ,

s t
cB cB s
c c

    
     

    
 

2( ) ( / )W t cB t c  

 Cov ( ), ( ) ,  0     (1)W s W t s s t     

Similarly, we can obtain 

 Cov ( ), ( ) ,  0        (2)W s W t t t s    

We can deduce from (1) and (2) that    Cov ( ), ( ) min ,   for , 0 W s W t s t s t   

2( ) ( / ),  0W t cB t c c    is a standard Brownian motion. 

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ


