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Answer the following questions. 

Q1: [3+3+2] 

Three components, a, b, and c have reliabilities 0.99, 0.95, and 0.90, respectively.  

Which of the following two options results in a higher system reliability? 

(i) The system consists of a parallel arrangement of two of modules where each module 

includes components a, b, and c in series. 

(ii) The system consists of a parallel combination of two components of type a in series 

with similar parallel combinations of b and c. This is called low-level redundancy.  

If in the low-level redundancy arrangement, it was possible to add a third component of 

type a, then determine the reliability for this arrangement. 

Q2: [4+4] 

(a) Let 0T   be a random variable, its hazard function is ( ).h t  

Prove each of the following: 

(i) The reliability function is given by 
0

( ) exp ( )

t

R t h u du
 

  
 
 , then determine ( )R t  if  

~ exp( )T  . 

(ii) The average failure rate over the interval 1 2( , )t t  is 1 2

2 1

ln[ ( )] ln[ ( )]R t R t

t t






, then derive a 

formula for   if T  follows a two-parameter Weibull distribution.  

(b) Derive formulas to find the mode, the p-th percentile and the median of the two 

parameter Weibull distribution.    
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Q3: [2+2+4] 

The life of a product follows a Weibull distribution with a shape parameter of 3.5 and a 

scale parameter of 800 hours. Find each of the following: 

(i) The probability that the product will perform satisfactory for at least 100 hours? 

(ii) Compute the instantaneous failure rate at its characteristic value and the average failure 

rate over the time interval (400,600).
 

(iii) Compute the mode, the tenth percentile, the median, the MTTF and the variance for 

this distribution. 

Q4: [3+3]  

(a) Suppose that a number of miles that a car can run before its battery wears out is 

exponentially distributed with an average value of 10000 miles. If a person desires to take a 

9000-mile trip, what is the probability that he will be able to complete his trip without 

having to replace the car battery?  

(b) A fraction 0.05p   of the items coming off of a production process are defective. The 

output of the process is sampled, one by one, in a random manner. What is the probability 

that the first defective item found is the tenth item sampled?  

ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  
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Table 1 
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Table 2 
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Model Answer 

Q1: [3+3+2] 

(i) The high-level redundancy system is shown as in the opposite Fig. 

 
In this system, the reliability can be calculated as follows: 

2

2

+ ( )( )

      2 ( )

      2(0.99)(0.95)(0.9) -[(0.99)(0.95)(0.9)]

0.9764

 

 



 

sys a b c a b c a b c a b c

a b c a b c

sys

R R R R R R R R R R R R R

R R R R R R

R

 

(ii) The low-level redundancy system is shown as in the opposite Fig.  
  

 

In this system, the reliability can be calculated as follows: 

2 2 2

2 2 2

(2 )(2 )(2 )

       = (2 0.99 0.99 )(2 0.95 0.95 )(2 0.9 0.9 )

0.9874

   

     

 

sys a a b b c c

sys

R R R R R R R

R

 

So, the low-level redundancy system gives higher reliability. 

After adding a third component of type a in the low-level redundancy arrangement, as shown in the 
opposite Fig. 
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3 2 2

3 2 2

[1 (1 ) ][1 (1 ) ][1 (1 ) ]

       = (1 0.01 )(1 0.05 )(1 0.1 )

0.9875

      

  

 

sys a b c

sys

R R R R

R

 

Q2: [4+4] 

(a) 

(i) 

To prove that 
0

( ) exp ( )

t

R t h u du
 

  
 
   

The hazard function or failure rate is given by
( )

 ( )
( )

 Tf T
h t

R t
 

 

1
 ( ) ( ).

( )

1
 ( )  - ( ).

( )





T

d
h t F t

dt R t

d
h t R t

dt R t

 

0 0

( )
 ( )

( )
   

t t
dR u

h u du
R u

 

0

0

  [ln ( )] ( )  
t

tR u h u du  
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0

  ln ( ) ln (0) ( )  ,   ln (0) ln(1) 0      
t

R t R h u du R  

0

0

( )

  ln ( ) ( )  

  ( )


  


 


t

t

h u du

R t h u du

R t e

 

 
0

( ) exp ( )

t

R t h u du
 

   
 
  

~ exp( )T   

0

( ) exp

exp( )           

t

R t du

t





 
   

 

 

  

(ii) 

0

( )

 ( )




t

h u du

R t e  

( )

0

 ( ) ,  ( ) ( )    
t

tR t e t h u du  

The average failure rate over the interval 1 2( , )t t is given by 

2

1

2 1

2 1

0 0 2 1

2 1 2 1

( )

( ) ( )
( ) ( )

   =  =        (1)

t

t

t t

h u du

t t

h u du h u du
t t

t t t t









 


 



 

 

1 2

2 1

ln[ ( )] ln[ ( )]
             (2)

R t R t

t t



 


 

For 2p Weibull  
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( )( ) exp[ ( ) ],  ( )


   ttR t R t e  

 ( ) ( )                                 (3)

   tt  

 (1), (3)  2 1

2 1

           
( )

t t

t t

 










 

(b) 

The pdf of Weibull distribution with 2-parameters  and    is given by  

1

( ) exp

 


  

     
     

     

x x
f x  

The mode is the value of x  at which the pdf is largest. 

The mode of Weibull distribution occurs at 0x  if 1  

For 1,  we should set 0 to get the mode


 


f

x
 

2

1

1

1

( 1)
 exp

           + exp 0

f x x

x

x x
x





 





 

  

 

   









   
   

    

      
       

       

 

Simplify and dividing by 2x    we get 

1

mod

1

1

1
 

1
             =

e

x

x

























 

 
   

 

 
 
 

 

To get the p-th percentile of 2-parameter Weibull distribution, solve the equation  

( ) ,pF x p where ( )F x  is the cdf of 2-parameter Weibull distribution. 
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1

1/

1 exp

exp 1

   ln(1 )

 ( ) ln(1 )

1
     ( )  ln

1

1
 ln

1

p

p

p

p

p

p

x
p

x
p

x
p

x p

x
p

x
p







 

 

















  
    

   

  
     

   

 
   
 

  

 
  

 

  
    

  

 

The tenth percentile for the product’s life is given by  

 

1/

0.10

1/

1
x ln

1 0.10

        = ln 0.9









  
   

  



 

Also, the median is given by 

 

1/

0.50

1/

1
x ln

1 0.50

       = ln 2









  
   

    

Q3: [2+2+4] 

(i)  

   3.5100( )
800

 

Pr( 100) (100)

exp

0.9993

                [ ( ) ]

                 = 

               







 



  t

T R

e
 

(ii) 

The instantaneous failure rate is given by 
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1

1.5

2.5

3

( )

3.5 3.5
(800) 800

800 800

            0.004375

            4.375 10


















  



 

t t

 

and the average failure rate is 

2 1

2 1

3.5 3.5

3.5

3

 
( )

600 400
      

800 (600 400)

      1.3848 10

t t

t t

 


















 

 

(iii) The Mode is given by 

1/

1/3.5

1
x

2.5
     800

3.5

     726.67

m







 
  

 

 
  

 
 

The tenth percentile is 

1/

0.10

1/3.5

1
x ln .

1

1
      = ln 800

0.9

     420.59

p




  

   
  

  
  

  
 

Also, the median is 

  

1/3.5

0.50

2/7

1
x ln 800

1 0.50

       = ln 2 800

      720.46

  
   

  

  

The MTTF for 2p Weibull is given by 
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The variance is  

2 2 2

2 1

2

[ ]

     800 0.0811

     51,904

B B  

 



 

Q4: [3+3] 

(a)  

1
10000

0.9
9000

0.4066

 ~  exp( ) 

 Pr( )  

                         

X

X e



    

(b) 

 geom (0.05)X  

1
1, 2,  ...Pr( ) (1- ) ,  kk kX p p 

    

9Pr( 10) 0.05(0.95) 0.0315X     

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ

1

1
 1

     

    800 0.8997

    719.76

B

  




 
  

 



 




