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Question 1 :

1.

∣∣∣∣ 1n sin(
x

n
)

∣∣∣∣ ≤ |x|
n2

, then the series
∑
n≥1

1

n
sin(

x

n
) converges absolutely on R

and normally on any compact of R.

2. If fn(x) =
xn

1 + x2n
, then fn(x) = fn(

1

x
), for x ̸= 0.

lim
n→+∞

fn(x) = 0 for |x| < 1 and lim
n→+∞

fn(1) =
1

2
.

For |x| < 1, the series
∑
n≥1

xn

1 + x2n
converges absolutely and normally on

any compact of (−1, 1).

Question 2 :

By parts:

∫ 1

0

tan−1 xdx =
π

4
−
∫ 1

0

x

1 + x2
dx =

π

4
−1

2
ln 2. tan−1 x =

+∞∑
n=0

(−1)nx2n+1

2n+ 1
.∣∣∣∣∣

m∑
k=n

(−1)kx2k+1

2k + 1

∣∣∣∣∣ ≤ 1

2n+ 1
. Then

∫ 1

0

tan−1 xdx =
+∞∑
n=0

∫ 1

0

(−1)nx2n+1

2n+ 1
dx =

+∞∑
n=0

(−1)n

(2n+ 1)(2n+ 2)
.

Question 3 :

1. The series
+∞∑
n=1

(−1)nenx

n2
converges only for x ≤ 0. g(x) =

+∞∑
n=1

(−1)nenx

n2

2. The series
+∞∑
n=1

(−1)nenx

n2
converges on D, the series

+∞∑
n=1

(−1)nenx

n
con-

verges uniformly on D because

∣∣∣∣∣
m∑

k=n

(−1)kekx

k

∣∣∣∣∣ ≤ 1

n
, the g is C 1) on

D.
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Question 4 :

1. The series
∑
n≥1

(−1)n
xn+1

n2
is a power series, then it is C ∞ on [−1, 1].

2. For x ̸= 0, let h(x) =
+∞∑
n=1

(−1)n
xn

n2
, h′(x) =

+∞∑
n=1

(−1)n
xn−1

n
= −1

x
ln(1 +

x). f(x) = x

∫ x

0

1

t
ln(1 + t)dt.


