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Problem 1. (8 marks) 
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1. Determine whether t he following model is individual or collective: T he number of claims per day N has 
~ negati.lle hin.o.mia.L..di.stribution wit h mean 15. T he size of each claim llaS a Pareto distribution~ 
mean 5000. The number of losses and loss sizes are not mut ually independent. J ustify your ~er. ____. 

2. Let X denotes a loss of reinsurance company such t hat the c.d.f. F of t his loss is given as follows 

{ 

x +0
20 

for 
F( x) = · 

80 
_ ) for 20 ~ x 40 

, .1- for zt:i-4V 
(a) ~P(X~ k) \ P-<4 ?~ -dlime-to~(X ~ k - e),_find P(~ and P (X ~). 
(b L Find t he probability mass ana ensit unctio fer t his mixed distribut ion ------(c) Calcula~e ~pected loss and t he standard deviation of t his loss. 

~-

Solution: / 
1. The model is collective since t he number of claims is random. 

2. We have a mixed distribut ion. 
I -

(a) Notice first t hat 

. W + W 1 
P(X = 20) = P (X ~ 20)- hm P (X ~ 20 - c;) = O - 0 = -

2
, 

e-tO · 8 -and 

40- E+20 60 ~ 1 
P (X = 40) = P (X ~ 40) - lim P(X ~ 40- E) = 1- lim 

80 
= 1 -

80 
~ 1 - -

83 
7 -

4
. 

- • e-tO e-tO .J 

(

X + 20) 
1 

1 - <, Moreover for 20 ~ x < 40, SO 
80 

(b) Then t he p .m.d.f. of X is given by 

0 for X< 20 

for X = 20 

f(x) = 1 
for 20 ~X< 40 - 80 

-
4 

for X = 40 

0 for X> 40 ._,... 
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(c) The expected loss is 

[
40 1 20 1 2 40 40 

E [X] = 20P(X ==:' 20) + }
20 

x
80

dx + 40P(X = 40) = 2 + 160 [x ] 20 + 4 

= 10 + -
1
- (402 - 202

) + 
40 

= 
55 ~ 27.5 . 

~ 160 4 2 

and 

[ 40 1 202 1 40 402 

202 P(X = 20) }
20 

x2 

80 
dx + 402 P(X = 40) = 2 + 

240 
[x

3
] 20 + 4 

202 1 3 3 402 2500 2 + 24o ( 40 - 20 ) + 4 = -3- = 833.33 

and the sd(X) = J833.33- (27.5) 2 = 8.7795. 

--
Problem 2. (8 marks) A, ri~averse agent, whose utility U(x) = In j; and wealth $50, 000 is _faced with a 
pq_tential loss X of $10,000 w1th a probability of p = 0.25 an 1, 000 with a probability of p = 0. 75 

The agent 's expected wealth without insurance~- X] while their expected utility of wealth without 
insurance is E[U W- X)] . The maximum premium llmax that the insured accepts to pay with initial wealth 

"W is calculated by the ut11 · n- - Timax) = E[U(W- X)] . 
The insurer, with wea t , faces a "Similar proo em. The minimum premium, Timin that they would 

accept as U(W) = E[U(W + llmin- X)] . 

v ' ( ~-x..) -;:-
1. ~Calculate the agent 's expected wealth without insurance --1 C ....!..,. - ,. 
2. Calculate the expected. utility of wealth without insurance ~/ [ V.... ( 1...1 - X J ) ( Vl (. iAr -X) 

3. What is the maximum premium they would be willing to pay to protect themselves against this loss? 

4. What is the minimum premium that an insurer, with the same utility function and with wealth $106 , 

be willing to charge to cover this loss? 
The unique solution of the equation 106 = (999000 + x )0·75 (990000 + x )0·25 is: 3257.6 

Solution: 

1. The agent 's expected wealth without insurance is 
. \ \ l 

E[W- X] = ((50000- 1QOO) X 0.75) + ((50000- 10000) X 0.25) 

= ( 49000 X 0.75) + ( 40000 X 0.25) = -~· ' 
2. The ex-\.ected utility of wealth without insurance is 

>,..J _ p \ ::.. E[U (W- X)] = E[ln (W- X)] = (1?.(500?0- lDOO) x.o· 5) + ( ln(5~00- 100QO) x 0 . ~5) 
\). \. I .... - = (ln(49000) x 0.75) + (ln(40000) x 0.25) = 10..74884.1 

~) 3 . To identify the maximum premium we need to solve the equation U(JV- Timax) = E[U(W- X)] that 
IAIW ~ , -
" 'I... - ln(50000- TI!Jlax) = 10.74884 hence 50000- llmax = exp (10 .74884) which leads to llmax = 50000-
- (_I.\ l "'- ' ) exp (10.74884) = 3424.0310 

4. The insurer will set Timin by equating ln(106) = E[ln(106 + Timin - X)] . Which gives 

0.75 X ln(106 + llri)in - 1000) + 0.25 X ln(106 + llmin - 104
) 

= In 1(999000 + ri~in) 0 · 75 ] +In [(990000 + Timin)0
·
25

] 

= In [(999000 + Timin) 0
·
75 (990000 + Timin) 0

·
25

] 

Therefore 106 = (999000 + x)0·75 (990000 + x) 0·25 , hence the solution is: Timin = 3257.6. 

ltv- \ '~ '" U' \ W) : E" c lA \ '-' -1- p -:_ ')( )] 
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Problem 3. (8 marks) In order to simplify an actuarial analysis A<;tuary A us ga.tJ distribution 
s = xl + x2 + ... + XN, where N has a Poisson distribution with meari 10 and X = 1.5 for all i . 

Actuary A's work is criticized because t he actual severity distribut ion t e 1st; I u wn o e maividual 
loss) is given by P(Yi ~ 1) = P(li = 2) = ~,for all i, where }i 's are independent and Yi is indepenaent from 
N 

1. Find S in terms of N and compare the two expected aggregate losses. 

2. Compare the vari,ances of the two aggregate losses . 

3. Calculate E [$S*] using E [E [SS* I N]] = L~=O E [SS* I N = n] P (N = n) and the fact that 
E [1j I N = n] = E [Y1] for all j . __ 

4. ~late ~rrelation coefficient p(S; S* ) between Sand S*, (where p(S ; S*) = C~v;;~:·)) 

Solution : 
1-

1. We haveS= 1.5N, then E[S] = 1.5E[N] = 1.5 x 10 = 15 and E[S*] = E[N]E[Y] = 10(1.5) = 15, then 
E[~] = £[S*]. ... -- . . --:- -.. ,_ -'-

- ( 
2. For t he variance Var(S) = (1.~) 2Var(N) = (1.5) 2 x 10 = 22.5 and 

Var(S*) = E[N]Var(Y) + Var(N) (E[Y]) 2 = 10(0.25) + 10(1.5)2 = 25, then Var(S*) > Var(S) - ~ ~......._ . 
3. We write 

- , 

00 

E[SS*] E [E [SS* IN]] = L E [SS* IN = n] P (N = n) 
n = O 

00 

n =O 

oo n oo 

1.5 L n L E [1j I N = n] P (N = n) = 1.5 L n2 E [Y1] P (N = n) 
n =O j =l n =O 

00 

= 1.5E [YI] L n2 P (N = n) = 1.5E [Y1] E [N2
] . 

n =O 

Now, we E [Y1] = i + 2 x i = ~ = 1.5 and E (N2] = Var (N) + (E [N]) 2 = 10 + 102 = 110. Thus 
E [SS*] = 1.5 X 1.5 X 110 = 247.5. 

4. We have Cov(S; S*) = E [SS*]- E [S] E [S*] = 247.5- 15 x 15 = 22 .5, therefore 
·~ 

p(S; S*) = Cov(S; S*) = 22 .5 = 0.94868. 
asas- J22.5J25 

Conclusion, the two aggregate loses S and S* are positively correlated. And there is a linear dependence 
between them. 

Problem 4. (8 marks) 



1. For an insurance portfolio: 
(i) The number of claims has the probability distribution ~ 

I p~ I 0°1 I 0~41 0~31 0
3
21 

( 
(ii) Each claim amount has a Poisson distribution with mean 3. J _/ -(iii) The number of claims and claim amounts are mutually independent_ 
Calculate the premium IIsd(b) corresponding to S with standard deViation loading b = 2.5%. ____.. 
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2. The number of cla ims N, in a period has a geometric distribution with mean 3. The a mount of 
each cla im X follows P(X = x) = :l = 0.25 , x = 1, 2, 3, 4. The number of claims and the claim 
amounts are independent. S is t he aggregate claim amount in the period. The p .m.f. of a geometric 

distribution is Pk = p(1 - p)k = (l+~;k+l, for n = 0, 1, 2, 3, ... where 0 < p < 1 that is its mean is 

7 = /3, its variance is /3( 1 + /3) and its p.g.f. PN(t) = 1-.BCt-1). 

Calculate the probability that the a regate loss is less or-e~al than 3. (Hint use Panjer 's recursion) . 

(P1- (a+ b)po) fx(n) 

fs(n) = --------..-~-,--~------

Solution: 

1. We have IIsd(b) = E [S] + b)Var(S). Recall that E [S] = E [N] E JX] and Var(S) = E[N]V ar(X) + 
(E[X]) 2Var(N) 1.6 )(3 = 4.8. We need E[N] = 0.4 + 0.3 x 2 + 0.2 x 3 = 1.6 and E[N2] = 0.4 + 0.3 x 

2 2 • • .--
2 + 0.2 x 32 = 3.4, so Var(N) = 3.4- (1.6) = 0.84. Therefore 

~ 

E [S] = 1.6 x 3 = 4.8 and Var(S) = 1.6 x 3 + 32 x 0.84 = 12.36 . 
2. We want to calculate P(S ::; 3) = Fs(3) = fs(O) + fs(1) + fs(2) + fs(3) . 

First _____.; - · · 

1 1 
fs(O) = P(N = 0) = PN (fx(O)) = PN (P(X = 0)) = PN(O) = ( ) = - = 0.25. 

1-30 - 1 4 

Recall that the geometric distribution is in the C( -rfp, 0, 0) class where E [N] = f3 = 3, that is Then 

n 

~ j;;;-
1 
fx (j) f s(n- j) 

3 
n 

fs(n) = P(S = n) = 1 _ 2 fx(O) = 4 L fx(j)fs(n- j) 
4 ] = 1 
~ 

(since fx(O) = 0). 

-Consequently in our case we have 

Hence fs(1 ) = Hfs(O) = Hi = 0.046875, 
_.,..,.-

31 
2 

31 31 
44 L fs(2- j) = 44 (fs(O) + fs(1 ))) = 44 (0.25 + 0.046875) = 0.055664 

j = 1 

fs(2) = 

31 
3 

3 1 31 
45 L f s(3- j) = 44 Us(O) + fs(1) + fs(2)) = 44 (0.25 + 0.046875 + 0.055664) = 0.066101. 

] = 1 

fs(3) 

So 
Fs(3) = 0.25 + 0.046875 + 0.055664 + 0.066101 = 0.41864. 
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Problem 5. {8 marks) 

1. A life insurance company issues 1-year term life contracts for benefit amounts of 1 and 2 units to 
individuals with probabilities of death of 0.02 or 0.10. The following table gives the number of individuals 
nk in each of the four classes created by a benefit amount bk and a probability of claim qk. 

k qk bk nk 
1 0.02 1 500 
2 0.02 2 500 
3 0 .10 1 300 
4 0.10 2 500 

The security loading total premium for this insurance is lie = {1 + B)E[SJ. 

(a) What is the suitable risk model for this insurance. Justify your answer 

(b) Use normal approximation to find B such that the probability of the aggregate loss is less or equal 
to lie equals 0.95. (95th percentile of the standard normal distribution N(O, 1) is 1.645). 
Some useful notations S = 2:::~= 1 X i where Xi are independent . The random variable Ik indicates 
whether or not the kth policy produced a payment . If the claim has occurred, then h = 1; if there 
has not been any claim, h = 0. Therefore we can write 

Then 

2. If N be a discrete non- negative random variable with p.m.f. Pk , a zero-modified distribution is of the 

f M 1- pr h M [0 1) orm: Pk = 1- po Pk w ere Po E , . 

Consider the zero-modified geometric distribution: p(f = ~' pj;f = i (~) k-
1

, k = 1, 2, 3, . .. 

(a) Find the parameter p = Po of the initial geometric distribution Pk of N. (recall that Pk = p( 1- p )k, 
k ~ 0) . 

(b) Let NM be a r .v. whose distribution is the zero-modified geometric distribution pj;f given above. 
Find moment generating function of N M. 

(c) Find the exponential premium liexp(a) = ln (MNM(a)), for a = -1.5. 
a 

Solution: 

1. (a) The total number of insured individuals in this insuranc~ is 1800. so the individual model is suitable 
for this type of insurance is the individual risk model. 

(b) To find B we solve the equation P(S ~lie) = 0.95 . Thence 

P (S ~ (1 + B)E[S]) = P (S- E[SJ ~ BE[S]) = P (S - E[SJ ~ BE[SJ) . 
as as 

~ 1800 
Set T = -a , then E[T] = 0 and Var(T) = 1, thus using normal approximation for S = I: X i, 

s i=1 

T follows a standard normal distribution N(O, 1). Therefore P(T:::::; B~:l ) = 0.95 this means that 
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E~ E~ ~ B----;;-;- is the 95th percentile of N(O , 1), consequently B----;;-;- = 1.645, hence B = 1.645 E[S]. We 

need E[S] and crs. Th 

k bk 
mean Variance 

qk nk 
qkbk qk(1-qk)b~ 

1 0.02 1 500 0.02 0.0196 
2 0.02 2 500 0.04 0.0784 
3 0.10 1 300 0.10 0.0900 
4 0.10 2 500 0.20 0.3600 

Therefore 
1800 4 

E[S] = L E[Xi] = L nkbkqk = 160 
i=1 i=1 

and 
1800 4 

Var(S) = L Var(Xi) = L nkqk (1- qk) b~ = 256 
i=1 i=1 

and B = 1.645\W = 1.645l6
6
0 = 0.1645. 

2. Recall that a zero-modified distribution is of the form: p~ = \--:!£ Pk· 

(a) We know that for any k;::: 1, p~ = f!foPk then 

1- Po M 1 ( 2) k-
1 

1- PO ( 2) k-
1 

k 
Pk = 

1 
_ p{fPk = 2 (1- Po) 6 3 = -

3
- 3 = p (1- p) for any k;::: 1 

Notice that po = p thus in particular for k = 1 we have lT = p ( 1 - p) then p = i. 
(b) The m.g.f. of NM is 

(c) So for a = -1.5 we get 

MNM(-1.5) = ~ ( 1- 2 _/5 ) = 0.54369. 
4 3e · - 1 

Thus 

II (_ 1 ) = In (0.54369) = 0 062 exp .5 .4 5. 
- 1.5 


