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Dr. Borhen Halouani
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Second Midterm Exam Math 580 (Theory Measure I)

Exercise 1:(7 points)

1. Let (X, .A) be a measurable space and (u;) be a sequence of positives
measures on A. Assume that VA € A and Vj € N, p;(A) < pjr1(A).
For all A € A, we put u(A) = sup p;(A).

jeN

Show that p is a measure on A.
9. On the measurable space (N, P(N)), we define for all j € N,
v;(A) = card(A N [j, +0o0]).
Show that v; is a measure on P(N) and v; (A) > vin(4).
3. Let v : P(N) — [0, 00] defined by v(A) = ;rellg v;(A). Compute v(N)
and v({k}) for k € N. Deduce that v is not a measure.

Exercise 2: (6 points)

Let (X, A, p) a probability space. Let ¢ R — R* be twice differentiable
function with ¢ > 0 (ie ¢ is convex) and let f @ (X, A) — (R, B(R)) be a
measurable function such that [ f (z)dp(z) < oo

1. Show that for all z,y € I (I is an interval) with z <,
o(y) > $(2) + ¢ () —2).
9. Deduce ¢ ([x f(ac)d,u(m)) < [y (¢o £ (z)dp(z). (Jensen’s inequality)

3 Prove that for all £ : [0, 1] — R such that [ f(z)du(z) < o0

</01 [f($)|d}t(as)>2 < /01 (f(2))? dul@)

1

Scanned by CamScanner



Exercise 3:(7 points)

1. Compute for a < 0, a =0 and a > 0,

o0 +sin
dx

lim ———dcz.
1 + n2z2

J—
n+ooa

2. Compute for all £ € N,

lim " " (1 — E)ﬂ dx.

Hint: Remember that: f0+°° the=2dr =k and 1 —z < e *, Vz€R.

n " 1—% iIIk
3. Compute ngrfoo (-1) /0 E!—da: :

k=0
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