Ch 3 -

Fourier Series Representation

Jean Baptiste Joseph Fourier

Born in Auxerre, France

Mathematician and physicist

Developed Fourier series, Fourier transforms
and their applications on heat and vibration
Life span: 21 March 1768 — 16 May 1830
Also known as an Egyptologist.
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Ch 3 - Fourier Series Representation

3.2 The response of LTI systems to complex exponentials

The response of an LTI system to a complex exponential input is the
same complex exponential with only a change of amplitude.

Continuous time: e* — H (s)e*
Discrete time:z" —H (z)z"
H(s) and H(z) are the complex amplitude factor.
A signal for which the system output is a (possibly complex)
constant times the input is referred to as an ‘eigen function’ of the

system, and the amplitude factor is referred to as the system’s
‘eigenvalue’.
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Continuous time case

X(t) y(t) = H x(t)
m—j LTI System [

y(t)= [h(ox -y T XH=e (acomplexexponential

then y (t)= [ h(r)e*“ dr

 The complex exponentials ast-7) _pgst g-sz
are ‘eigenfunctions’ of LTI

systems. y (t) _ J h(T)eSt .e_STdT :est J- h(z_)e—Srd r

* The constant H(s) for a .
specific value of s is the y(t)=H(s)e
‘eigenvalue’ associated %0 .
with the eigenfunction e, where, H(s) = J h(r)e " dr
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Discrete time case

yInl= 3 hikIx[n—k]

k =—o0
Ifx[n]=z"

theny[n]= > h[k]z"*

y[n]=z“ih[k1zk

y[n]=H(z)z"
where H(z)= > h(k)z*

The complex exponentials
are ‘eigenfunctions’ of LTI
systems.

The constant H(z) for a
specific value of z is the
‘eigenvalue’ associated
with the eigenfunction z".
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3.3 Fourier Series Representation of
Continuous-Time Periodic Signals

3.3.1 Linear combination of harmonically related complex exponentials

A signal is periodic, if, for some positive value of T,
X(t)=x(t+T), forallt

The fundamental period of x(t) is the minimum, positive, nonzero value of T for which
the above equation is satisfied.

Fundamental frequency: @, = 2T_7T

Basic periodic signals:

Sinusoidal: X(t) = cos(a,t) Harmonically related signals

Complex exponential: x(t) = g} with the complex exponential:

g, (t) = ekt — XMt 0 41 42,
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Linear combination of harmonically related complex exponentials

x(t) with n mutually orthogonal functions is given by:

xt)=> ae’ =3 a e’ s periodic with period T.
k=—o0

k=-o0

The term for k =0 is a constant.

* The terms for k = %1 are the ‘first harmonic components’ or
‘fundamental components’.

* The terms for k = %2 are the ‘second harmonic components’.

* The terms for k = £N are the ‘N-th harmonic components’.

Fourier Series Representation



Example 3.2

Consider a periodic signal x(t) with fundamental frequency 2m, expressed as:

3 -
x(t) =Y ae’
k=3

where,

With these values, Eqg. (3.26) can be re-written as:

X(t) :1+1(ej27rt +e—j2ﬁt)+1(ej47rt +e—j47rt)+l(ej67rt +e—j67zt) | |
4 2 3 2 cos(wt) = e/ +e 1!

X(t) =1+ % cos(2xt) + cos(4xt) + % cos(6t)
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3.3.2 Determination of the Fourier Series
Representation of Continuous-Time Signals

Given a periodic continuous signal x(t) with a fundamental period T
and the fundamental frequency o = 2z

ST
We can express it as a Fourier series as: X :
k =—o0

How to find a,?

X (t )e—jna)ot _ Z ake JK ot .e—jna)ot

k =—c0

T _ T o ' ' 0 T '

jx (t)e "*dt :j D ael*edt = a, je’(k‘”)”O‘dt

0 0 k=—o k =—o0 0
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Fourier Series Representation : Continued

T T T

Jeltomatdt = [cos(k —n)atdt + j [sin(k —n) et

0 0 0

Fork #n,

T T

j cos(k —n)ajtdt =0, j sin(k —n)atdt =0 0 T
0 0

Fork =n Area=0

)

T T T
j gl k-matgt — j cos(0)dt + j j sin(0)dt = j dt =T =T 5,
0 0 0

0

1, k=n

Kronecker Delta: O,, =
n {O, k #n
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Fourier Series Representation : Continued

]
jx (t)e "dt = ak je‘(k Metdt = Z aTo, =aT
0

K =—c0 k =—0

1 T
_ —jna)ot
a —_I_—_([x(t)e dt

ikt a, are called Fourier series
Q= T_ I X (t)e "dt coefficients, or spectral coefficients

U

Synthesis X (t) _ i a, e kot _ i a, e jk (27T )t

equation: o o a,: dc
component
Analysis _ _J‘X (t)e kot gt — _J‘X (t)e @ Mgy

equation:
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Fourier Series Representation : Example 3.3

A CT signal with fundamental frequency wy: X (t) =sin(a,t)

Using Euler’s formula:

el? =cos@+ jsing | |
- J_ _ :Sinezi_[eJé’_e—w}
e’ =cosf—jsind 2]
: 1 1 .
X (t)=sin(wt)=——el™ __— g~ lat
(t) =sin(wgt) 3 3

Comparing with Fourier synthesis equation:

X (t) :ao _|_alej600t _I_a_le—ja)ot +a2ej20)0t _l_a_ze_jza,ot

a,=0;
1 1.
=(1/2j)=—x"=—=
We get, a=01/2]) Tl 5
-1 j 1.
a,=(-1/2))=—x=-==
2 =( J) 2ij 5

a, = 0, forlk |>1 Ghulam Muhammad, King Saud university
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Fourier Series Representation : Example 3.4

X (t)=1+sin(a,t)+2cos(wgt) +cos(2at + 71 4)

X () =1+ 211 |:ejwot ejwot]-l—%[ej%t +ejwot:|+%|:ej(2a)ot+7z/4)+ej(2wot+7r/4):|

=1+ 1+i ejwot+ 1_i e—ja)ot_l_(éej;zMjejZa)Ot_'_(Ee—j;ere—ijot
2] 2] 2 2

Comparing with Fourier series expansion,

. . (1+—j 1—1 : alztl—i_j=1+1j
X(t)=a,+ae’™ +a g’ 2! 2) 2
+azej2"’°t+a_ze_j2a’°t 1 Jﬂ,4__(i+i jzi 14 i

=3 AN 2ﬁ( J)

. _iejm_l(i_ijj_i(l_j)
2 22 V27 ) 22
a, =0, for |k|>2
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Fourier Series Representation : Example 3.5

Periodic square wave x(t)

oy RERRERE D A 3
: ,‘1’ "T "T° T' I T ZT
-2T & B .

%z @)

One period: Y () = 1, It |<T, .
0, T,<t|kT /2

’Té, -T o T, /2

Analysis equation: a :le‘x (t)e @Mt

== (t)dt——wdt——
) o1

—T1/2
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Fourier Series Representation : Example 3.5

T/2

1 :
a, == | x(t)e M idt
T —Tj/z o
:lTj}e—jk(Zn/T)tdt: 1. -1 o~k (2rm |
T 1 T Jk(27/T) T

— 1 (-1 [e—jk(Zﬁ/'I')Tl_ejk(Zﬂ/'I')Tl:l
kKz\ 2]

_( 1 j ejk(27z/T)Tl _e—jk(27[/T)T1
K7z 2]

. 27T
sm(k le :
T :sm(k T ;) ik =0

Kz |

Ghulam Muhammad, King Saud university

—=a, =



Problem No. 3.1

A continuous-time periodic signal x(t) is real valued and has a fundamental
period T = 8. The non-zero Fourier series coefficients for x(t) area; =a_, = 2,

a, = a,* =4j. Express x(t) in the form ©
3793 = RXP (t) X (t) =D A, cos(at +9,)
k =0

x(t)=> ae’™

2T T
— A =4 a)1=0)0=?zz; ¢, =0
:aleja)ot +a_1e—ja)ot +asej3a)ot _|_a_se—j3a)0t A3=—8' (03:3(00:32—72.:3_72-. @ :z
_ _ _ _ ’ g8 4 " 2
. J ant — J ot = ] 3wt = — ] 3wyt
=2"'" +27'" +4je’" —4je All other A, , @, , ¢, =0
eja)ot _I_e—ja)ot ej3a)0t _e—j3a)0t
:4{ 5 +8(-1) 2]

= 4cos(a,t)—8sin(3m,t)
= 4cos(w,t +0)—-8cos(3a,t +7/2)
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Problem No. 3.3

For the continuous-time periodic signal, x ()= 2+C05(2_”tj+4sin(5_”tj
3 3

Determine the fundamental frequency ®, and the Fourier series
coefficients a, such that )=y aek

k =—o0

.27 . 2r 57 5z
X(t):2_|_(1/2)|:ej3t +e J 3t:|+(4/2J)|:eJ 3'[ e J 3'[:|

27 L 2T S5r 5x

=242’ v W23 1(2j)e s +@ie?
X (t)=a, +ae™ +a_e I .
.|_a2ej2a’0t +aze—j2a)ot a)o—g,ao_

_|_a.3ej3a)0t +a e_j3600t a2 :1/2, a._2 :1/2
_3 . )

+ae !t 1g g 14w & =-2), a;=2]

* - for all otherk ,a_ =0

j Sant —J S5apt
+a5€ + a—Se + *Ghulam Muhammad, King Saud university



3.5 Properties of continuous-time Fourier series

+ 0o + 00
x(t) = z aelfwot = z G @R Synthesis Equation
k=—o0 k=—o0

1 .
ay = Tj x(t)e IkwWotqt
T Analysis Equation

= lj x(t)e_jk(zn/T)tdt
r T
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Periodic Signal

x(t) periodic with perio “it
y(t) } fundamental frequency by
Linearity Ax(t) + By(t) Aay + Bby
Time Shifting x(t —ty) a e ~TkWolo
— ake—jk(Zﬂ/T)to
Frequency Shifting e/MWol x(¢t) Ap—
— ejM(Zn/T)tx(t)
Conjugation x*(t) a’,
Time Reversal x(—t) a_yg
Time Scaling x(at), a aj
> (0 (periodic with
period T /)
Periodic Convolution Ta; by,
j x(T)y(t —t)dt
T
Multiplication x(t)y(t) +0o
Z aiby_;
l=—o0

18
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dx(t) 2T
T

Differentiation

Integration

Conjugate Symmetry
for Real Signals

Real and Even Signals

Real and Odd Signals
Even-Odd
Decomposition of real
Signals

kwga, = jk—a
dt Jr@Woldr =] k

jt (0)dt (finite valued and 1 1
D periodiconly if ¢ = 0) | Tkr | % = \ k2 /1) |

x(t) real .
ap = aA_g
Refay} = Refa_i}
Imiai} = —Imia_y}
lag| = la_]|
X A = —<X a_g
x(t) real and even ay real and even
x(t) real and odd a; purely imaginary and odd
xe(t) = Ev{x(t)}, x(t) real Refa,}
{xo (t) = 0d{x(t)}, x(t) real j Imia}

Parseval’s Relation for Periodic Signals

+ 00

1
[ x@rde= ) laf?
T L. vl

vl

k=—c



Problem No. 3.6

Consider three continuous-time periodic signals whose Fourier series
representations are as follows:

& 1 ‘ ik (27/50)t
><1(t)=2(§j g (2750
k=0

100

X, ()= D cos(ksr)e "
k=-100
100

Xy (t) = D jsin(kz/2)e 0"
k=-100
Use Fourier series properties to help answer the following questions:
(a) Which of the three signals is/are real valued?
(b) Which of the three signals is/are even?

k
For x,(t): o :% a, =(%) , fork=0,1,2,...,100
Fourier series representation:
>> TeP For real x,(t), a.=a.* a, =0, fork>100,k <0
X(©) = 2 ae"™ However, here a,, =(1/2)°
k=—00 .
a,0=0;a, #a,* X4(t) is not real.
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Problem No. 3.6

For x,(t) to be even: x,(t) = x,(-t)

& 1 ‘ jk (27/50)t : 1 - jk (27/50)t & 1 ‘ jk (27/50)t
Xl(_t):kz(;( j g @O = K (Ej g Jk(22/30) ;tkzc;(zj g@rROt _ y (1)

2 k=-100

X,(t) is not even.

For x,(t): | = 2z a, = cos(kr), 1_‘or ~100<k <100
50 a, =0, otherwise
a_ *=(cos(—kr))*=cos(kr) =a, a, = cos(kr)
Re{a, }=cos(kr), Re{a ,}=cos(-kr)=cos(kr) a_, =cos(—kx)=cos(kr)
= Re{a }=Re{a_,} —a =a,
Im{a, }=0=Im{a_.}
la Ha, | <«a =0=-<a, X,(t) is even.

X,(t) is real.

Ghulam Muhammad, King Saud university
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Problem No. 3.6

100 |
For x,(t): X, (t) = Z jsin(kz [ 2)g @0
k=-100
-
50
a, = jsin(kz /2), for —100<k <100 i r)
a, =0, otherwise =] — )=

o o =aq #ad_,
a_, = jsin(-kz/2)=—jsin(kz/2)

a  *=jsin(kz/2)=a,

Re{a,}=0=Re{a_}

Im{a, }=sin(kz/2); Im{a_ }=-sin(kz/2)

= Im{a, }=-Im{a .}

la, |Hsin(kz/2)|, |a, |dsin(-kz/2)|=sin(kz/2)]
:>| aQ |:| a, |

X5(t) is not even.

£a, =tan‘1£ =tan () =7/ 2

<a, —tan (%) —tan (o) = 7 /2

= La, =—-Xa,

sin(kz / 2))

X3(t) is real. Ghulam Muhammad, King Saud university
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Problem No. 3.8

Suppose we are given the following information about a signal x(t):

(1) x(t) is real and odd

(2) x(t) is periodic with period T = 2, and has Fourier

coefficients a,.
(3) a,=0for |k| >1
(4) 1

2 2
2j|x(t)|o|t=1
0

Specify a signal that satisfies these conditions.

Fourier series representation:

X(t) =Y ae’™
k=—o0

From (2): %:2_;;:2_7;:”
T 2

jot

From (3): x(t)=ae'* +a e’

From (1): ag =0, because x(t) is odd.

From (1): a,isodd = a,;=-a,

X(t) =3 —ae M =a (e —e )

= x*(t) =a,*(e —e')

| x(1) = (@) x* (1) |5 a,g,* |1 e —e ™ +1]
=laa*||2-2cos(2ayt) |= 2| a,a,*||1—cos(2a,t) |
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Problem No. 3.8

. 2 2
From (4): %jlx(t)l dt =1
0

2
%jz |a,a,*||1-cos(a,t) | dt =1
0

2
—|a,a,*| j |1—cos(2am,t) | dt =1
0

sin(2m,t) i

:>|a1a1*|{t— } =1=|aa*|[2-0-0+0]=1=aa*=1/2
0

0

As a, is complex {Re(a)} +{Im(a,)}* =1/2

As a, is purely imaginary {0} +{Im(a,)}* =1/2 = Im(a,) = +1//2

a, =+jl/\2
a,=-a=Fjl/\2
Therefore, the signals are
X, (t) = JE jelrt — f je I = —J/2sin(xt)
X, (t) = \/5 jel™ + \/15 je ™ =2 sin(xt)
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