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Cash Flow Profiles for Two Investment Alternatives

(EOY) CF(A) CF(B) CF(B-A)

0 -$100,000 -$100,000 $0

1 $10,000 $50,000 $40,000

2 $20,000 $40,000 $20,000

3 $30,000 $30,000 $0

4 $40,000 $20,000 -$20,000

5 $50,000 $10,000 -$40,000

Sum $50,000 $50,000 $0

End of Year

Although the two investment alternatives have the same “bottom line,” 

there are obvious differences.  Which would you prefer, A or B? Why?

Example 2.1
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( + )

0 1 2 3 4 5

End of Year

( - )

$40,000

$40,000
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Example 2.2

1     2     3     4     5     6     7

1     2     3     4     5     6     7

(+)

(-)

Alternative C

(+)

(-)
Alternative D

$6,000

$6,000

$3,000

$3,000

$3,000 $3,000

$3,000$3,000

Which would you 

choose?

0

0
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Example 2.2
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Example 2.3

1           2           3           4

1           2           3           4

(+)

(-)

Alternative E

(+)

(-)
Alternative F

$4,000

$4000

$2,000

$1,000

$2,000
$3,000

$3,000
$2,000

Which would you choose?

0

0

$2,000

$2,000

Alternative E-F

4
3

$2000

$1000
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Simple interest calculation:

)1( inPFn +=
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Example 2.7:  simple interest 

calculation
Robert borrows $4,000 from Susan and 

agrees to pay $1,000 plus accrued interest 

at the end of the first year and $3,000 plus 

accrued interest at the end of the fourth 

year.  What should be the size of the 

payments if 8% simple interest is used?
▪ 1st payment  = $1,000 + 0.08($4,000)

= $1,320

▪ 2nd payment = $3,000 + 0.08($3,000)(3)

= $3,720
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Simple Interest Cash Flow Diagram

$3,000

$1,000

$4,000

1 2 3 4

$320

$720

Principal payment

Interest payment
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Example 2.9
Dia St. John borrows $1,000 at 12% 

compounded annually.  The loan is to be 

repaid after 5 years.  How much must she 

repay in 5 years?
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Example 2.9
Dia St. John borrows $1,000 at 12% 

compounded annually.  The loan is to be 

repaid after 5 years.  How much must she 

repay in 5 years?

F = P(F|P i%, n)

F = $1,000(F|P 12%,5)

F = $1,000(1.12)5

F = $1,000(1.76234)

F = $1,762.34
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Example 2.9
Dia St. John borrows $1,000 at 12% 

compounded annually.  The loan is to be 

repaid after 5 years.  How much must she 

repay in 5 years?

F = P(F|P i%, n)

F = $1,000(F|P 12%,5)

F = $1,000(1.76234)

F = $1,762.34
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Example 2.10

How long does it take for money to double

in value, if you earn (a) 2%, (b) 3%, (c) 4%, 

(d) 6%, (e) 8%, or (f) 12% annual compound 

interest?
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Example 2.10

How long does it take for money to double

in value, if you earn (a) 2%, (b) 3%, (c) 4%, 

(d) 6%, (e) 8%, or (f) 12% annual compound 

interest?

I can think of six ways to solve this problem:

1) Solve using the Rule of 72

2) Use the interest tables; look for F|P factor equal to 2.0

3) Solve numerically; n = log(2)/log(1+i)

4) Solve using Excel® NPER function: =NPER(i%,,-1,2)

5) Solve using Excel® GOAL SEEK tool

6) Solve using Excel® SOLVER tool
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Example 2.10

How long does it take for money to double

in value, if you earn (a) 2%, (b) 3%, (c) 4%, 

(d) 6%, (e) 8%, or (f) 12% annual compound 

interest?

RULE OF 72

Divide 72 by interest rate to determine how 

long it takes for money to double in value.

(Quick, but not always accurate.)
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Example 2.10

How long does it take for money to double

in value, if you earn (a) 2%, (b) 3%, (c) 4%, 

(d) 6%, (e) 8%, or (f) 12% annual compound 

interest? Rule of 72 solution

(a) 72/2 = 36 yrs

(b) 72/3 = 24 yrs

(c) 72/4 = 18 yrs

(d) 72/6 = 12 yrs

(e) 72/8 = 9 yrs

(f) 72/12 = 6 yrs
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Example 2.10

How long does it take for money to double

in value, if you earn (a) 2%, (b) 3%, (c) 4%, 

(d) 6%, (e) 8%, or (f) 12% annual compound 

interest?

Using interest tables & interpolating

(a) 34.953 yrs

(b) 23.446 yrs 

(c) 17.669 yrs

(d) 11.893 yrs

(e) 9.006 yrs

(f) 6.111 yrs 44663.23

97359.103279.2
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Example 2.10

How long does it take for money to double

in value, if you earn (a) 2%, (b) 3%, (c) 4%, 

(d) 6%, (e) 8%, or (f) 12% annual compound 

interest? Mathematical solution

(a) log 2/log 1.02 = 35.003 yrs

(b) log 2/log 1.03 = 23.450 yrs

(c) log 2/log 1.04 = 17.673 yrs

(d) log 2/log 1.06 = 11.896 yrs

(e) log 2/log 1.08 = 9.006 yrs

(f) log 2/log 1.12 = 6.116 yrs
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F|P Example
How long does it take for money to 

triple in value, if you earn (a) 4%, (b) 6%, 

(c) 8%, (d) 10%, (e) 12%, (f) 15%, (g) 18% 

interest?
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F|P Example
How long does it take for money to 

triple in value, if you earn (a) 4%, (b) 6%, 

(c) 8%, (d) 10%, (e) 12%, (f) 15%, (g) 18% 

interest?

(a) 

(b)

(c)

(d)

(e)

(f) 

(g)
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F|P Example
How long does it take for money to 

triple in value, if you earn (a) 4%, (b) 6%, 

(c) 8%, (d) 10%, (e) 12%, (f) 15%, (g) 18% 

interest?

(a) n =28.011

(b) n = 18.854

(c) n = 14.275

(d) n = 11.527

(e) n = 9.694

(f) n = 7.861

(g) n = 6.638
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Example 2.11
How much must you deposit, today, in order 

to accumulate $10,000 in 4 years, if you earn 

5% compounded annually on your 

investment? P =PV(5%,4,,-10000)

P = $8227.02
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Example 2.11
How much must you deposit, today, in order 

to accumulate $10,000 in 4 years, if you earn 

5% compounded annually on your 

investment?

P = F(P|F i, n)

P = $10,000(P|F 5%,4)

P = $10,000(1.05)-4

P = $10,000(0.82270)

P = $8,227.00

P =PV(5%,4,,-10000)

P = $8227.02
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Example 2.11
How much must you deposit, today, in order 

to accumulate $10,000 in 4 years, if you earn 

5% compounded annually on your 

investment?

P = F(P|F i, n)

P = $10,000(P|F 5%,4)

P = $10,000(1.05)-4

P = $10,000(0.82270)

P = $8,227.00

P =PV(5%,4,,-10000)

P = $8,227.02
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Homework # 1 
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Homework # 1 Solution 

PROBLEM 1.8

ACCEPT PROPOSAL: 1

REJECT PROPOSAL: 0

a ALT PROP PROP PROP PROP WHY NOT FEASIBLE

A B C D

1 0 0 0 0

2 0 0 0 1

3 0 0 1 0

4 0 0 1 1

5 0 1 0 0 B CONTINGENT ON C OR D

6 0 1 0 1

7 0 1 1 0

8 0 1 1 1

9 1 0 0 0 A CONTINGENT ON D

10 1 0 0 1

11 1 0 1 0 NOT BOTH A AND C A CONTINGENT ON D

12 1 0 1 1 NOT BOTH A AND C

13 1 1 0 0 B CONTINGENT ON C OR D A CONTINGENT ON D

14 1 1 0 1

15 1 1 1 0 NOT BOTH A AND C A CONTINGENT ON D

16 1 1 1 1 NOT BOTH A AND C

b NONE

c 1. IDENTIFY THE INVESTMENT ALTERNATIVES
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Homework # 1 Solution 
PROBLEM 1.9

ACCEPT PROPOSAL: 1 REJECT PROPOSAL: 0

a ALT PROP PROP PROP PROP PROP WHY NOT FEASIBLE

V W X Y Z

1 0 0 0 0 0 AT LEAST 2 AND NO MORE THAN 4

2 0 0 0 0 1 AT LEAST 2 AND NO MORE THAN 4; Z CONTINGENT ON X OR Y

3 0 0 0 1 0 AT LEAST 2 AND NO MORE THAN 4

4 0 0 0 1 1

5 0 0 1 0 0 AT LEAST 2 AND NO MORE THAN 4

6 0 0 1 0 1

7 0 0 1 1 0 X AND Y MUTUALLY EXCLUSIVE

8 0 0 1 1 1 X AND Y MUTUALLY EXCLUSIVE

9 0 1 0 0 0 AT LEAST 2 AND NO MORE THAN 4

10 0 1 0 0 1 Z CONTINGENT ON X OR Y

11 0 1 0 1 0

12 0 1 0 1 1

13 0 1 1 0 0

14 0 1 1 0 1

15 0 1 1 1 0 X AND Y MUTUALLY EXCLUSIVE

16 0 1 1 1 1 X AND Y MUTUALLY EXCLUSIVE

17 1 0 0 0 0 AT LEAST 2 AND NO MORE THAN 4

18 1 0 0 0 1 Z CONTINGENT ON X OR Y

19 1 0 0 1 0 NOT V IF W, X, Y

20 1 0 0 1 1 NOT V IF W, X, Y

21 1 0 1 0 0 NOT V IF W, X, Y

22 1 0 1 0 1 NOT V IF W, X, Y

23 1 0 1 1 0

X AND Y MUTUALLY EXCLUSIVE; NOT V IF W, X, Y

24 1 0 1 1 1

X AND Y MUTUALLY EXCLUSIVE; NOT V IF W, X, Y

25 1 1 0 0 0 NOT V IF W, X, Y

26 1 1 0 0 1 Z CONTINGENT ON X OR Y

27 1 1 0 1 0 NOT V IF W, X, Y

28 1 1 0 1 1 NOT V IF W, X, Y

29 1 1 1 0 0 NOT V IF W, X, Y

30 1 1 1 0 1 NOT V IF W, X, Y

31 1 1 1 1 0

X AND Y MUTUALLY EXCLUSIVE; NOT V IF W, X, Y

32 1 1 1 1 1 AT LEAST 2 AND NO MORE THAN 4; X AND Y MUTUALLY 

EXCLUSIVE; NOT V IF W, X, Y

b NONE

c 1. IDENTIFY THE INVESTMENT ALTERNATIVES
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Homework # 1 Solution 

PROBLEM 1.10

ACCEPT PROPOSAL: 1 REJECT PROPOSAL: 0

ALTERNATIVE PROPOSAL PROPOSAL PROPOSAL WHY NOT FEASIBLE

P Q R

1 0 0 0 EXACTLY 1 OR 2 CHOSEN

2 0 0 1 R CONTINGENT ON P

3 0 1 0

4 0 1 1 R CONTINGENT ON P

5 1 0 0

6 1 0 1

7 1 1 0 P AND Q MUTUALLY EXCLUSIVE

8 1 1 1
EXACTLY 1 OR 2 CHOSEN; P AND 

Q MUTUALLY EXCLUSIVE
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Computing the Present Worth of 

Multiple Cash flows
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Example 2.12
Determine the present worth equivalent of the CFD shown below, using 
an interest rate of 10% compounded annually.

( + )

0 1 2 3 4 5

End of Year

( - )

  i = 10%/year

$50,000

$40,000

$30,000

$100,000

$50,000

$40,000

End of Year 

(n)

Cash Flow 

(CF)
(P |F  10%,n)

Present 

Worth
PV(10%,n,,-CF) (F |P 10%,5-n)

Future 

Worth
FV(10%,5-n,,-CF)

0 -$100,000 1.00000 -$100,000.00 -$100,000.00 1.61051 -$161,051.00 -$161,051.00

1 $50,000 0.90909 $45,454.50 $45,454.55 1.46410 $73,205.00 $73,205.00

2 $40,000 0.82645 $33,058.00 $33,057.85 1.33100 $53,240.00 $53,240.00

3 $30,000 0.75131 $22,539.30 $22,539.44 1.21000 $36,300.00 $36,300.00

4 $40,000 0.68301 $27,320.40 $27,320.54 1.10000 $44,000.00 $44,000.00

5 $50,000 0.62092 $31,046.00 $31,046.07 1.00000 $50,000.00 $50,000.00

SUM $59,418.20 $59,418.45 $95,694.00 $95,694.00

P= -$100000+ 50000 (1.1)-1 + 40000 (1.1)-2 + 30000 (1.1)-3 + 40000 (1.1)-4 

+ 50000 (1.1)-5 = $59,418.45
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Example 2.15
Determine the future worth equivalent of the CFD shown below, using 
an interest rate of 10% compounded annually.

( + )

0 1 2 3 4 5

End of Year

( - )

  i = 10%/year

$50,000

$40,000

$30,000

$100,000

$50,000

$40,000

End of Year 

(n)

Cash Flow 

(CF)
(P |F  10%,n)

Present 

Worth
PV(10%,n,,-CF) (F |P 10%,5-n)

Future 

Worth
FV(10%,5-n,,-CF)

0 -$100,000 1.00000 -$100,000.00 -$100,000.00 1.61051 -$161,051.00 -$161,051.00

1 $50,000 0.90909 $45,454.50 $45,454.55 1.46410 $73,205.00 $73,205.00

2 $40,000 0.82645 $33,058.00 $33,057.85 1.33100 $53,240.00 $53,240.00

3 $30,000 0.75131 $22,539.30 $22,539.44 1.21000 $36,300.00 $36,300.00

4 $40,000 0.68301 $27,320.40 $27,320.54 1.10000 $44,000.00 $44,000.00

5 $50,000 0.62092 $31,046.00 $31,046.07 1.00000 $50,000.00 $50,000.00

SUM $59,418.20 $59,418.45 $95,694.00 $95,694.00

F= -$100000 (1.1)5 + 50000 (1.1)4 + 40000 (1.1)3 + 30000 (1.1)2 + 40000 

(1.1)1 + 50000 = $95,694.00
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Examples 2.13 & 2.16
Determine the present worth equivalent of the following series of cash flows.  
Use an interest rate of 6% per interest period.

P =$597.02

End of Period Cash Flow

0 $0

1 $300

2 $0

3 -$300

4 $200

5 $0

6 $400

7 $0

8 $200
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Computing the Future worth of 

Multiple cash Flows
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Examples 2.14 & 2.16
Determine the future worth equivalent of the following series of cash flows.  
Use an interest rate of 6% per interest period.

F =$951.56

End of Period Cash Flow

0 $0

1 $300

2 $0

3 -$300

4 $200

5 $0

6 $400

7 $0

8 $200

(The 3¢ difference in the answers is due to round-off error in the tables in Appendix A.)
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DCF Uniform Series Formulas

P occurs 1 period before first A

P

A AA A A A

P = A[(1+i)n-1]/[i(1+i)n]

P = A(P|A i%,n)

P = [ =PV(i%,n,-A) ]

A = Pi(1+i)n/[(1+i)n-1]

A = P(A|P i%,n)

A = [ =PMT(i%,n,-P) ]
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DCF Uniform Series Formulas

F occurs at the same time as last A

F

A AA A A A

F = A[(1+i)n-1]/i

F = A(F|A i%,n)

F = [ =FV(i%,n,-A) ]

A = Fi/[(1+i)n-1]

A = F(A|F i%,n)

A = [ =PMT(i%,n,,-F) ]
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P = A(P|A i%,n) = A (2.22)

A = P(A|P i%,n) = P (2.25)

P occurs one period before the first A

F = A(F|A i%,n) = A (2.28)

A = F(A|F i%,n) = F (2.30)

F occurs at the same time as the last A
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Discounted Cash Flow Formulas
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Example 2. 17
Troy Long deposits a single sum of money in a 
savings account that pays 5% compounded 
annually. How much must he deposit in order 
to withdraw $2,000/yr for 5 years, with the first 
withdrawal occurring 1 year after the deposit?
P = $2000(P|A 5%,5)

P = $2000(4.32948) = $8658.96

P =PV(5%,5,-2000)

P = $8658.95
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Example 2. 17
Troy Long deposits a single sum of money in a 
savings account that pays 5% compounded 
annually. How much must he deposit in order 
to withdraw $2,000/yr for 5 years, with the first 
withdrawal occurring 1 year after the deposit?

the first withdrawal occurring 1 

year after the deposit

P?

1 2 3 4 5
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Example 2. 17
P = $2,000(P|A 5%,5)

P = $2,000(4.32948) = $8,658.96
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Example 2. 17
Troy Long deposits a single sum of money in a 
savings account that pays 5% compounded 
annually. How much must he deposit in order to 
withdraw $2,000/yr for 5 years, with the first 
withdrawal occurring 1 year after the deposit?
P = $2,000(P|A 5%,5)

P = $2,000(4.32948) = $8,658.96

P = A[(1+i)n-1]/[i(1+i)n] = 2000 [(1+0.05)5-1]/[0.05(1+0.05)5] 

P= $8,658.96
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Example 2. 18
Troy Long deposits a single sum of money in a 
savings account that pays 5% compounded 
annually. How much must he deposit in order 
to withdraw $2,000/yr for 5 years, with the first 
withdrawal occurring 3 years after the deposit?
P = $2000(P|A 5%,5)(P|F 5%,2)

P = $2000(4.32948)(0.90703) = $7853.94

P =PV(5%,2,,-PV(5%,5,-2000))

P = $7853.93
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Example 2. 18
Troy Long deposits a single sum of money in a 
savings account that pays 5% compounded 
annually. How much must he deposit in order 
to withdraw $2,000/yr for 5 years, with the first 
withdrawal occurring 3 years after the deposit?
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Example 2. 18
P = $2,000(P|A 5%,5)(P|F 5%,2)

P = $2,000(4.32948)(0.90703) = $7,853.94
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Example 2. 18
Troy Long deposits a single sum of money in a 
savings account that pays 5% compounded 
annually. How much must he deposit in order 
to withdraw $2,000/yr for 5 years, with the first 
withdrawal occurring 3 years after the deposit?
P = $2,000(P|A 5%,5)(P|F 5%,2)

P = $2,000(4.32948)(0.90703) = $7,853.94

P = (2000 [(1+0.05)5-1]/[0.05(1+0.05)5]) (1+0.05) -2

P= $7,853.94 
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Example 2. 19
Rachel Townsley invests $10,000 in a fund that 
pays 8% compounded annually. If she makes 
10 equal annual withdrawals from the fund, 
how much can she withdraw if the first 
withdrawal occurs 1 year after her investment?
A = $10,000(A|P 8%,10)

A = $10,000(0.14903) = $1490.30

A =PMT(8%,10,-10000)

A = $1490.29
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Example 2. 19
A = $10,000(A|P 8%,10)

A = $10,000(0.14903) = $1,490.30

A =PMT(8%,10,-10000)

A = $1490.29
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Example 2. 19
Rachel Townsley invests $10,000 in a fund that 
pays 8% compounded annually. If she makes 
10 equal annual withdrawals from the fund, 
how much can she withdraw if the first 
withdrawal occurs 1 year after her investment?

A = Pi(1+i)n/[(1+i)n-1]

= 10000*0.08(1.08) 10/[(1.08)10-1]= $1,490.30

A = $10,000(A|P 8%,10)

A = $10,000(0.14903) = $1490.30

A =PMT(8%,10,-10000)

A = $1490.29



Principles of Engineering Economic Analysis, 5th edition

Example 2.22 (note the skipping)
Suppose Rachel delays the first withdrawal for 2 

years. How much can be withdrawn each of the 10 

years?

A = $10,000(F|P 8%,2)(A|P 8%,10)

A = $10,000(1.16640)(0.14903)

A = $1738.29

A =PMT(8%,10-FV(8%,2,,-10000))

A = $1738.29
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Example 2.22
A = $10,000(F|P 8%,2)(A|P 8%,10)

A = $10,000(1.16640)(0.14903)

A = $1,738.29

A =PMT(8%,10-FV(8%,2,,-10000))

A = $1738.29
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Example 2.22
Suppose Rachel delays the first withdrawal for 2 

years. How much can be withdrawn each of the 10 

years?

A = (P (1 + i) n ) i(1+i)n/[(1+i)n-1]

= (10000 (1.08)2)*0.08(1.08) 10/[(1.08)10-1]= $1,490.30
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Example 2.20
A firm borrows $2,000,000 at 12% annual 

interest and pays it back with 10 equal 

annual payments.  What is the payment?
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Example 2.21
Suppose the firm pays back the loan 

($2,000,000) over 15 years in order to 

obtain a 10% interest rate.  What would be 

the size of the annual payment?
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Example 2.21
A = $2,000,000(A|P 10%,15)

A = $2,000,000(0.13147)

A = $262,940
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Example 2. 23
Luis Jimenez deposits $1,000/yr in a savings 
account that pays 6% compounded annually. 
How much will be in the account immediately 
after his 30th deposit?
F = $1000(F|A 6%,30)

F = $1000(79.05819) = $79,058.19

F =FV(6%,30,-1000)

A = $78,058.19
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Example 2. 23
Luis Jimenez deposits $1,000/yr in a savings 
account that pays 6% compounded annually. 
How much will be in the account immediately 
after his 30th deposit?
F = $1,000(F|A 6%,30)

F = $1,000(79.05819) = $79,058.19

F = A[(1+i)n-1]/i = $1000 [(1.06)30-1]/0.06

= $79,058.19

,-1000)

A = $78,058.19
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Example 2. 24
Andrew Brewer invests $5,000/yr and earns 6% 
compounded annually. How much will he have 
in his investment portfolio after 15 yrs? 20 
yrs? 25 yrs? 30 yrs? (What if he earns 3%/yr?)
F = $5000(F|A 6%,15) = $5000(23.27597) = $116,379.85

F = $5000(F|A 6%,20) = $5000(36.78559) = $183,927.95

F = $5000(F|A 6%,25) = $5000(54.86451) = $274,322.55

F = $5000(F|A 6%,30) = $5000(79.05819) = $395,290.95

F = $5000(F|A 3%,15) = $5000(18.59891) = $92,994.55

F = $5000(F|A 3%,20) = $5000(26.87037) = $134,351.85

F = $5000(F|A 3%,25) = $5000(36.45926) = $182,296.30

F = $5000(F|A 3%,30) = $5000(47.57542) = $237,877.10
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Example 2. 24
Andrew Brewer invests $5,000/yr and earns 6% 
compounded annually. How much will he have in 
his investment portfolio after 15 yrs? 20 yrs? 25 
yrs? 30 yrs? (What if he earns 3%/yr?)
F = $5,000(F|A 6%,15) = $5,000(23.27597) = $116,379.85

F = $5,000(F|A 6%,20) = $5,000(36.78559) = $183,927.95

F = $5,000(F|A 6%,25) = $5,000(54.86451) = $274,322.55

F = $5,000(F|A 6%,30) = $5,000(79.05819) = $395,290.95

F = $5000(F|A 3%,15) = $5000(18.59891) = $92,994.55

F = $5000(F|A 3%,20) = $5000(26.87037) = $134,351.85

F = $5000(F|A 3%,25) = $5000(36.45926) = $182,296.30

F = $5000(F|A 3%,30) = $5000(47.57542) = $237,877.10
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Example 2. 24
Andrew Brewer invests $5,000/yr and earns 6%
compounded annually. How much will he have in 
his investment portfolio after 15 yrs? 20 yrs? 25 
yrs? 30 yrs? (What if he earns 3%/yr?)
F = $5,000(F|A 6%,15) = $5,000(23.27597) = $116,379.85

F = $5,000(F|A 6%,20) = $5,000(36.78559) = $183,927.95

F = $5,000(F|A 6%,25) = $5,000(54.86451) = $274,322.55

F = $5,000(F|A 6%,30) = $5,000(79.05819) = $395,290.95

F = $5,000(F|A 3%,15) = $5,000(18.59891) = $92,994.55

F = $5,000(F|A 3%,20) = $5,000(26.87037) = $134,351.85

F = $5,000(F|A 3%,25) = $5,000(36.45926) = $182,296.30

F = $5,000(F|A 3%,30) = $5,000(47.57542) = $237,877.10
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Example 2. 24
F = $5,000(F|A 6%,15) = $5,000(23.27597) = $116,379.85

F = $5,000(F|A 6%,20) = $5,000(36.78559) = $183,927.95

F = $5,000(F|A 6%,25) = $5,000(54.86451) = $274,322.55

F = $5,000(F|A 6%,30) = $5,000(79.05819) = $395,290.95

F = $5,000(F|A 3%,15) = $5,000(18.59891) = $92,994.55

F = $5,000(F|A 3%,20) = $5,000(26.87037) = $134,351.85

F = $5,000(F|A 3%,25) = $5,000(36.45926) = $182,296.30

F = $5,000(F|A 3%,30) = $5,000(47.57542) = $237,877.10

Twice the time at half the rate is best!    (1 + i)n
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Example 2.25
If Coby Durham earns 7% on his investments, 

how much must he invest annually in order to 

accumulate $1,500,000 in 25 years?

A = $1,500,000(A|F 7%,25)

A = $1,500,000(0.01581)

A = $23,715

A =PMT(7%,25,,-1500000)

A = $23,715.78 



Principles of Engineering Economic Analysis, 5th edition

Example 2.26

If Crystal Wilson earns 10% on her investments, 

how much must she invest annually in order to 

accumulate $1,000,000 in 40 years?

A = $1,000,000(A|F 10%,40)

A = $1,000,000(0.0022594)

A = $2259.40

A =PMT(10%,40,,-1000000)

A = $2259.41
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Example 2.26

If Crystal Wilson earns 10% on her investments, 

how much must she invest annually in order to 

accumulate $1,000,000 in 40 years?

A = $1,000,000(A|F 10%,40)

A = $1,000,000(0.0022594)

A = $2,259.40

A =PMT(10%,40,,-1000000)

A = $2259.41
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Example 2.27
$500,000 is spent for a SMP machine in order to 

reduce annual expenses by $92,500/yr. At the 

end of a 10-year planning horizon, the SMP 

machine is worth $50,000. Based on a 10% 

TVOM, a) what single sum at t = 0 is equivalent 

to the SMP investment? b) what single sum at t = 

10 is equivalent to the SMP investment? c) what 

uniform annual series over the 10-year period is 

equivalent to the SMP investment?
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Example 2.27 (Solution)
a)P = -$500,000 + $92,500(P|A 10%,10) + 

$50,000(P|F 10%,10) 

P = -$500,000 + $92,500(6.14457) + $50,000(0.38554)

P = $87,649.73

b) F = -$500,000(F|P 10%,10) + $92,500(F|A 10%,10) + $50,000

F = -$500,000(2.59374) + $92,500(15.93742) + $50,000

F = $227,341.40
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Example 2.27 (Solution)
c) 

A = -$500,000(A|P 10%,10) + $92,500 +

$50,000(A|F 10%,10)

A = -$500,000(0.16275) + $92,500 + $50,000(0.06275)

A = $14,262.50
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Gradient Series

A t = {                       
0

A t-1+G

t = 1

t = 2,…,n

or

A t = (t-1)G t = 1,…,n

0        1        2        3 n-1       n
…

G
2G

(n-2)G

(n-1)G Note: n-1, not n
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Converting Gradient Series

Converting gradient series to present worth

P = G (2.35) 

P = G (2.36)

P = G(P|G i%, n) (2.37)
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Converting Gradient Series - II

Converting gradient series to annual worth

A = G

A = G

A = G(A|G i%, n) (2.38)
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Converting Gradient Series - III

Converting gradient series to future worth

F = G (2.39)

F = G

F = G(F|G i%, n)     (not provided in the tables)
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Example 2.28
Maintenance costs for a particular production 

machine increase by $1,000/year over the 5-yr life 

of the machine. The initial maintenance cost is 

$3,000. Using an interest rate of 8% compounded 

annually, determine the present worth equivalent 

for the maintenance costs.

= +
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

Composite series Uniform series Gradient series

$5,000

$4,000
$3,000

$7,000

$6,000

$3,000 $3,000 $3,000 $3,000 $3,000

$1,000

$3,000

$2,000

$4,000
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Example 2.28
P = $3,000(P|A 8%,5) + $1,000(P|G 8%,5)

P = $3,000(3.99271) + $1,000(7.372.43) = $19,350.56 or

P = ($3,000 + $1,000(A|G 8%,5))(P|A 8%,5)

P = ($3,000 + $1,000(1.846.47))(3.99271) = $19,350.55
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Example 2.28
P = $3,000 [(1.08)5-1]/[0.08(1.08)5] 

+ $1,000[(1-(1+5*0.08)(1.08) -5)/(0.08) 2]

P = $19,350.56
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Example 2.29
Amanda Dearman made 5 annual deposits into a 

fund that paid 8% compound annual interest. Her 

first deposit was $800; each successive deposit 

was $100 less than the previous deposit. How 

much was in the fund immediately after the 5th

deposit?

= -
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

Composite series Uniform series Gradient series

$600

$800

$400

$700

$500

$800 $800 $800 $800 $800

$100

$300

$200

$400
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Example 2.29
Amanda Dearman made 5 annual deposits into a 

fund that paid 8% compound annual interest. Her 

first deposit was $800; each successive deposit 

was $100 less than the previous deposit. How 

much was in the fund immediately after the 5th

deposit?

A = $800 - $100(A|G 8%,5) = $800 - $100(1.84647) = $615.35

F = $615.35(F|A 8%,5) = $615.35(5.86660) = $3,610.01
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Geometric Series

A t = A t-1(1+j) t = 2,…,n

or

A t = A1(1+j)t-1 t = 1,…,n

0        1        2        3 n-1       n
…

A1(1+j)2

A1(1+j)n-2

A1(1+j)n-1

A1(1+j)
A1

Note: n-1 not n
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Converting Geometric Series – I
Converting a geometric series to a present worth
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Converting Geometric Series – II
Converting a geometric series to a future worth
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F = nA1(1+i)n-1 i = j

F = A1(F|A1 i%,j%,n)

Note: (F|A1 i%,j%,n) = (F|A1 j%,i%,n)

(2.45)

Notice the symmetry
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Example 2.30
A firm is considering purchasing a new machine. It 

will have maintenance costs that increase 8% per 

year. An initial maintenance cost of $1,000 is 

expected. Using a 10% interest rate, what present 

worth cost is equivalent to the cash flows for 

maintenance of the machine over its 15-year 

expected life?
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Example 2.30
A1 = $1,000, i = 10%, j = 8%, n = 15, P = ?

P = $1,000(P|A110%,8%,15) = $1,000(12.03040) = $12,030.40 

P =1000*NPV(10%,1,1.08,1.08^2,1.08^3,1.08^4,1.08^5,

1.08^6,1.08^7,1.08^8,1.08^9,1.08^10,1.08^11,1.08^12,

P = $1000[(1-(1+0.08) 15 (1+0.1) -15 )/(0.1-0.08)])8^13,1.08^14) 

= $12,030.395 == $12,030.40
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Example 2.31

Mattie Bookhout deposits her annual bonus 
in a savings account that pays 8% 
compound annual interest. Her annual 
bonus is expected to increase by 10% each 
year. If her initial deposit is $500, how much 
will be in her account immediately after her 
10th deposit?

Excel)
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Example 2.31

A1 = $500, i = 8%, j = 10%, n = 10, F = ?

F = $500 (F|A1 8%,10%,10) = $500(21.74087) 

F = $10,870.44 E

F = $500[((1+0.08) 10 - (1+0.1) 10)/(0.08-0.1)]

= $10,870.437xcel)
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Example 2.32

Julian Stewart invested $100,000 in a limited 
partnership in a natural gas drilling project. His 
net revenue the 1st year was $25,000. Each year, 
thereafter, his revenue decreased 10%/yr. Based 
on a 12% TVOM, what is the present worth of his 
investment over a 20-year period?

A1 = $25,000, i = 12%, j = -10%, n = 20, P = ?

P = -$100,000 + $25,000(P|A1 12%,-10%,20)

P = -$100,000 + $25,000[1 – (0.90)20(1.12)-20]/(0.12 + 0.10)

P = $12,204.15
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Multiple Compounding 

Periods in a Year 

Example: credit card debt
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Example 2.36
Rebecca Carlson purchased a car for $25,000 by 

borrowing the money at 8% per year compounded 

monthly. She paid off the loan with 60 equal 

monthly payments, the first of which was paid one 

month after receiving the car. How much was her 

monthly payment?

A = $25,000(A|P ⅔%,60) = $25,000(0.02028) = $507.00
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Compounding and Timing

▪ r = nominal annual interest rate 

▪ m = number of compound periods per year

▪ ieff =EFFECT(r,m)
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Example 2.37

What is the effective interest rate for 12% 

per annum compounded annually?

r = 12%, m = 1, r/m = 12%

ieff = (F|P 12%,1)-1 = 1.1200-1.0 = 12.00%

=EFFECT(12%,1) = 12%

What is the effective interest rate for 12% 

per annum compounded semiannually?

r = 12%, m = 2, r/m = 6%

ieff = (F|P 6%,2)-1 = 1.1236-1.0 = 12.36%

=EFFECT(12%,2) = 12.36%
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Example 2.37

What is the effective interest rate for 12% per 

annum compounded quarterly?

r = 12%, m = 4, r/m = 3%

ieff = (F|P 3%,4)-1 = 1.12551-1.0 = 12.551%

=EFFECT(12%,4) = 12.551%

What is the effective interest rate for 12% per 

annum compounded monthly?

r = 12%, m = 12, r/m = 1%

ieff = (F|P 1%,12)-1 = 1.12683-1.0 = 12.683%

=EFFECT(12%,12) = 12.683%
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Example 2.37

What is the effective interest rate for 12% per annum 

compounded weekly?

r = 12% m = 52,

ieff = (1 + 0.12/52)52 -1 = 1.1273409872 - 1.0 

= 12.73409872%

=EFFECT(12%,52) = 12.73409872%

What is the effective interest rate for 12% per annum 

compounded daily?

r = 12% m = 365

ieff = (1 + 0.12/365)365 -1 = 1.1274746156 - 1.0 

= 12.74746156%

=EFFECT(12%,365) = 12.74746156%
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Example 2.37

What is the effective interest rate for 12% per annum 

compounded hourly?

r = 12% m = 8760,

ieff = (1 + 0.12/8760)8760 -1 = 1.1274959248782 - 1.0 

= 12.74959248782%

=EFFECT(12%,8760) = 12.74959248776% (!!!)

What is the effective interest rate for 12% per annum 

compounded every minute?

r = 12% m = 525,600,

ieff = (1 + 0.12/525,600)525,600 -1 = 1.127496836146 - 1.0 

= 12.7496836146%

=EFFECT(12%,525600) = 12.7496836133% (!!!)
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Example 2.37

What is the effective interest rate for 12% per annum 

compounded every second?

r = 12% m = 31,536,000

ieff = (1 + 0.12/31,536,000)31,536,000 -1 = 1.127496851431 -

1.0 

= 12.7496851431%

=EFFECT(12%,31536000) = 12.7496852242% (!!!)

What is the effective interest rate for 12% per annum 

compounded continuously?

r = 12% m = infinitely large

From Appendix 2A, we’ll find that 

ieff = e0.12 – 1 = 12.7496851579%
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Example 2.38
Wenfeng Li borrowed $1,000 and paid off the loan 

in 4.5 years with a single lump sum payment of 

$1,500. Based on a 6-month interest period, what 

was the annual effective interest rate paid?



Principles of Engineering Economic Analysis, 5th edition

Wenfeng Li borrowed $1,000 and paid off the loan 

in 4.5 years with a single lump sum payment of 

$1,500. Based on a 6-month interest period, what 

was the annual effective interest rate paid?

n = 9 6-mo periods, P = $1,000, F = $1,500, i = ?

$1,500 = $1,000(F|P i%,9)

F = P (1 + i) n

1500= 1000(1 + i)9 or 1.5= (1 + i)9

i = 0.046 or 4.6%

ieff = (1 + 0.046)2 – 1 = 0.0943 or 9.43%

Example 2.38
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Example 2.39

Greg Wilhelm borrowed $100,000 to 
purchase a house. It will be repaid with 360 
equal monthly payments at a nominal 
annual rate of 6% (6%/year/month). 
Determine the monthly payments.

A = $100,000(A|P 0.5%,360)

= $100,000(0.0059955)

= $599.55/month
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In addition to the usual interest charges, Mr. 

Wilhelm had to pay $2,000 in closing costs 

to the lending firm. If the closing costs are 

financed, what would be the size of the 

monthly payments? 

A = $102,000(A|P 0.5%,360)

= $102,000(0.0059955)

= $611.54/month

Example 2.39
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When closing costs are financed, what is 
the overall annual effective interest rate on 
the loan? With 360 payments of $611.54/mo 
to borrow $100,000, then the annual 
effective interest rate is

ieff =EFFECT(12*RATE(360,611.54,-100000),12)

ieff = 6.364%

Example 2.39
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When Compounding and Cash Flow 

Frequencies Differ
When compounding frequency and cash flow frequency differ 

The value of i is obtained as follows,

i = (1 + r/m)m/k - 1 (2.49)

• Let r denote the nominal annual interest rate for money and m denote 
the number of compounding periods in a year; and let k denote number 
of cash flows in a year and i denote the interest rate per cash flow 
period. 

compounding frequency of money equal to the effective annual 
interest rate for the cash flow frequency.

(1 + i)k - 1 = (1 + r/m)m -1
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Example 2.40
What size monthly payments should occur when $10,000 is 
borrowed at 8% compounded quarterly (8%/year/quarter) 
and the loan is repaid with 36 equal monthly payments?

From Equation 2.49, r = 0.08, m = 4, and k = 12. Therefore,  

i = (1 + 0.08/4)4/12 – 1 = 0.006623 or 0.6623%/month

Knowing the monthly interest rate, the monthly payment 
can be determined,

A = $10,000(A|P 0.6623%,36)

= $10,000[(0.006623)(1.006623)36]/[(1.006623)36 - 1]

= $313.12
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Summary of discrete compounding interest factors.

P F (1 + i)-n
(P|F  i%,n ) Single sum, present worth factor

F P (1 + i)n
(F|P  i%,n ) Single sum, compound amount factor

(1 + i)n - 1

i(1 + i)n

i(1 + i)n

(1 + i)n - 1

(1 + i)n - 1

i 

i

(1 + i )n  - 1

[1 - (1 + ni )(1 + i )-n ]

i 2

(1 + i)n - (1 + ni )

i [(1 + i )n  - 1]

1 - (1 + j )n (1 + i )-n

i - j

(1 + i )n  - (1 + j) n

i - j
F A 1,j (F|A 1 i%,j%,n ) Geometric series, future worth factor

A G (A|G i%,n ) Gradient series, uniform series factor

P A 1,j (P|A 1 i%,j%,n ) Geometric series, present worth factor

A F (A|F i%,n ) Uniform series, sinking fund factor

P G (P|G i%,n ) Gradient series, present worth factor

A P (A|P i%,n ) Uniform series, capital recovery factor

F A (F|A i%,n ) Uniform series, compound amount factor

Name

P A (P|A i%,n ) Uniform series, present worth factor

To Find Given Factor Symbol

for i ≠ j

for i ≠ j
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Pit Stop #2 — Hang On!

1. True of False: If money is worth 5% compounded annually to you, then you 
should prefer to receive $2,750 today than to receive $3,500 five years from 
today. 

2. True or False: If money is worth 7% compounded annually to you, then you 
should prefer to receive $1,000,000 thirty years from now than to receive 
$200,000 today.

3. True of False: If money is worth 6% compounded annually to you, then you 
should prefer to receive $1,750 per year for 5 years than to receive $1,000 per 
year for 10 years, assuming the first receipt occurs one year from today in 
both cases. 

4. True or False: If money is worth 7% compounded annually to you, then you 
would prefer to receive $2,200 each year for 5 years than to receive $4,000 the 
first year, $3,000 the second year, $2,000 the third year, $1,000 the fourth 
year, and $0 the fifth year. 

5. True of False: If money has a time value of 8% compounded annually, you 
should prefer to receive a uniform series of ten $1,000 cash flows over the 
interval [1,10] to receiving a uniform series of ten $1,260 cash flows over the 
interval [4,13]. 
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Pit Stop #2 — Hang On!

1. True of False: If money is worth 5% compounded annually to you, then you 
should prefer to receive $2,750 today than to receive $3,500 five years from 
today. True PV(5%,5,,-3500) = $2,742.34 < $2,750.00

2. True or False: If money is worth 7% compounded annually to you, then you 
should prefer to receive $1,000,000 thirty years from now than to receive 
$200,000 today. False $1,000,000.00 < FV(7%,30,,-200000) = $1,522,451.01

3. True of False: If money is worth 6% compounded annually to you, then you 
should prefer to receive $1750 per year for 5 years than to receive $1,000 per 
year for 10 years, assuming the first receipt occurs one year from today in 
both cases. True PV(6%,5,-1750) = $7,371.64 > PV(6%,10,-1000) = $7,360.09

4. True or False: If money is worth 7% compounded annually to you, then you 
would prefer to receive $2,200 each year for 5 years than to receive $4,000 the 
first year, $3,000 the second year, $2,000 the third year, $1,000 the fourth 
year, and $0 the fifth year. True PV(7%,5,-2200) = $9,020.43 > 

NPV(7%,4000,3000,2000,1000) = $8,754.12

5. True of False: If money has a time value of 8% compounded annually, you 
should prefer to receive a uniform series of ten $1,000 cash flows over the 
interval [1,10] to receiving a uniform series of ten $1,260 cash flows over the 
interval [4,13]. False PV(8%,10,-1000) = $6,710.08 <

PV(8%,3,,PV(8%,10,1260)) = $6,711.62
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Continuous Compounding

Hence,

F = Pern

F = P(F|P r%, n)

P = Fe-rn and

P = F(P|F r%, n) 

( ) rnmn

m

emr =+
→

/1lim

∞

∞
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Continuous Compounding
ieff = er-1  or

ieff =  (F|P r%,1)  - 1
∞
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Example 2.A.1

If $2,000 is invested in a fund that pays interest at 

a rate of 12% compounded continuously, after 5 

years how much will be in the fund?

F = P(F|P 12%,5)   = $2,000(1.82212) = $3,644.24∞
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Example 2.A.2

If $1,000 is deposited annually in an account that 

pays interest at a rate of 12% compounded 

continuously, after the 10th deposit how much will 

be in the fund? 

F = $1,000(F|A 12%,10)   

F = $1,000(18.19744) 

F = $18,197.44

∞
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Example 2.A.2

$1,000 is deposited annually in an account that 

pays interest at a rate of 12% compounded 

continuously. What is the present worth of the 10-

year investment?

P = $1,000(P|A 12%,10)   

P = $1,000(5.48097) 

P = $5,480.97

∞
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Example 2.A.3
Annual bonuses are deposited in a savings account that 

pays 8 percent compounded continuously. The size of 

the bonus increases at a rate of 10% compounded 

continuously; the initial bonus was $500. How much will 

be in the account immediately after the 10th deposit?

A1 = $500, r = 8%, c = 10%, n = 10, F = ?

F = $500(F|A1 8%,10%,10)

F = $500(22.51619)

F = $11,258.09

∞
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Continuous Compounding, 

Continuous Flow

(A) equivalent to an annual continuous cash flow (Ā), 

based on an annual nominal interest rate of r, is given 

by

A = Ā(er – 1)/r
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Summary of continuous compounding interest factors for 

continuous flows.

Find Given Factor Symbol

P Ā (ern-1)/(rern) (P|Ā r%, n)

Ā P rern/(ern-1) (Ā|P r%, n)

F Ā (ern-1)/r (F|Ā r%, n)

Ā F r/(ern-1) (Ā|F r%, n)
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Example 2.A.4

Determine the present worth equivalent of a 

uniform series of continuous cash flows totaling 

$10,000/yr for 10 years when the interest rate is 

20% compounded continuously.



Principles of Engineering Economic Analysis, 5th edition

Example 2.A.4

Determine the present worth equivalent of a 

uniform series of continuous cash flows totaling 

$10,000/yr for 10 years when the interest rate is 

20% compounded continuously.

P = $10,000(P|Ā 20%,10)

P = $10,000(4.32332)

P = $43,233.20
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Example 2.A.4

Determine the future worth equivalent of a uniform 

series of continuous cash flows totaling $10,000/yr 

for 10 years when the interest rate is 20% per year 

compounded continuously.
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Example 2.A.4

Determine the future worth equivalent of a uniform 

series of continuous cash flows totaling $10,000/yr 

for 10 years when the interest rate is 20% per year 

compounded continuously.

F = $10,000(F|Ā 20%,10)

F = $10,000(31.94528)

F = $319,452.80
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