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First Order Differential Equation

Here we will start to study some methods which might use to solve first
order differential equations.
Consider the equation of order one

F(z,y,9') =0 (1)
We suppose that the equation (1) can be written as the form

p_dy

Y =2 = 1) @

The equation (2) can be written as follows

where M and N are two functions of x and y.
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Iiial Value Problem (IVP)
Initial Value Problem (IVP)

We are interested in problems in which we seek a solution y(z) of
differential equation which satisfies some conditions imposed on the
unknown y(z) or its derivatives. On some interval I containing x, the
problem

d™y / —

lve: —2 = oy

Solve: - = flz,y,9,...,4"")

Subject to:  y(z0) = ¥,y (z0) = Y1,y (x0) = Yn-1,

where 49, Y1, ..,Yyn—1 are arbitrary specified real constants, is clled an
initial-values problem (IVP) and its n — 1 derivatives at a single point zg:
y(z0) = yo, 9 (x0) = y1, ..., ¥y D (x0) = yn_1 are called initial
conditions.
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First Order Differential Equation Initial Value Problem (IVP)

Special cases

First and second-order IVPs

Solve: == = f(z,y)
Subject to: y(xo) = yo.

d%y
Solve: o flx,y,9)

Subject to: y(z0) = yo, ¥’ (z0) = 1.
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First Order Differential Equation Initial Value Problem (IVP)

Example (1)

Solve the initial value problem vy = 10—z

Subject to: y(0) = —1.

Solution
L dy _ _
y —10—x—>d——10—x—>dy—(10—az)dx
X
by integrating both sides with respect to z

2

ﬁylex—%—i—c

Now by using the initial data, plug it into the general solution and solve
for c

.. solution: y = 10x — % -1
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First Order Differential Equation Initial Value Problem (IVP)

Example (2)

Solve the initial value problem

d

d—z =922 —4z+5, y(-1)=0
Solution
Step 1:
Y =927 —dx +5 = dy = (927 — 4o + 5)dw

[dy = [(92? — 4z + 5)dx = y = 32> — 222 + b + ¢

Step 2: When z = —1, y =0,
0=3(-1)3-2(-1)2+5(-1)+c=0=-3-2-5+c=c=10

The solution is: y = 323 — 222 4 52 + 10
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First Order Differential Equation Initial Value Problem (IVP)

Exercises

Exercise 1

Solve the initial value problem y’ + 2zy* = 0
Subject to: y(0) = —1.

Exercise 2

Solve the initial value problem " = z
Subject to: y(0) = 1,'(0) = —1.
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First Order Differential Equation Existence of a Unique Solution

Existence of a Unique Solution

Theorem

Consider a first order differential equation

d
dy f(z,y), with the initial value y(xo) = yo,
55
there exists a unique solution if
e f(x,y) and ( ’y) are continuous with in the region R? of xy-plane.

e (wo,10) be a point in the region R?

MATH204-Differential Equations Center of Excellence in Learning and Teaching 9 /84




First Order Differential Equation Existence of a Unique Solution

Example

Find the largest region of the xy-plane for which the following initial value
problems have unique solutions:
(a) Va2 — 4y’ =1 +sin(z) In(y), with initial condition y(3) = 4.

Solution |+ sin(a)1
+sin(x) Iny
Y =—=="="F(@)
xe—4
1 .
) = n sin(x)
Vaz—4 a4
of  sinx 1
dy  Var—4y

Then f and % are continuous on
Y

Iny; y>0 and |z| > 2

R={(z,y) € R? || >2, y >0}
Ry = {(z,y) €R* 2>2, y >0} URy = {(z,y) € R* & < -2, y > 0}
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First Order Differential Equation Existence of a Unique Solution

Ry

2
Figure: Largest Region in zy—plane for IVP (3,4)

As we see the point (3,4) € Ry = {(z,y); * > 2, y > 0}, so the largest
region in xy-plane for which the IVP has a unique solution is R;. If we
take any rectangular Ry with center (3,4) such that Ry C Ry, then the
IVP has also a unique solution, but Ry is not the largest region.

MATH204-Differential Equations Center of Excellence in Learning and Teaching 11 / 84



First Order Differential Equation Existence of a Unique Solution

(b) In(z — 2)j—y = \/ij with initial condition y (g) = 4. J
z

Solution we have

dy y—2
dr  In(z—2) f@,y)

by taking the derivative of f(x,y) with respect to y, thus
af 1 1

Ay In(z—2)2y —2

Then f and ‘g—f are continuous on
Y

R={(z,y) €R* z#2, x#3, y>2}.
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First Order Differential Equation Existence of a Unique Solution

But
R=R;={(z,y) €R* 2< <3, y>2}

URgz{(x,y)€R2; x >3, y>2},

5
<2,4> € Ry ={(z,y) eR% 2<2<3, y> 2},

then the largest region in xy-plane for which the IVP has a unique

solution is R;.
Yy
Ry
2

\ 2 3

Figure: Largest Region in xy—plane for IVP (2,4)
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(c) vVx/yy = cos(x +1y); y # 0, with initial condition y(1) = 1. J

Solution we have

2\ 12
' = cos(z + ) (y) ~ f(xy),

thus,

so f and % are continuous on
R={(z,y); (z/y) > 0}.
or
R =Ry = {(z,y) € R* 2 <0 andy < 0}
URy = {(x,y) € R% z > 0 andy > 0}.
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First Order Differential Equation Existence of a Unique Solution

But
(1,1) € Ry = {(z,y); * > 0 andy > 0},

then the largest region in zy-plane for which the IVP has a unique
solution is Rs.

Ry

Figure: Largest Region in zy—plane for IVP (1,1)
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First Order Differential Equation Existence of a Unique Solution

Exercise

Determine the largest region of the zy-plane for which the following initial
value problem has a unique solution:

dy  y+2z

dr ~ y—2 with initial condition y(1) = 0.
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SRS
Separable Equations

We begin to study the methods for solving the first-order differential
equations. Consider a first-order differential equation of the form

M(z,y)dx + N(x,y)dy = 0, (4)

where M and N are two functions of z and y. Sometimes we can write
the equation (4) as

F(a)de + G(y)dy = 0, (5)
which is said to be variables separable equation. We solve a variables
separable equation by separating the variables and integrating.

dy = T T ﬂ: T T C
Gy @ ;‘/G@) RS

Since we have one arbitrary constant in the solution, we have found the
general solution of the variables separable equation.
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First Order Differential Equation Separable Equations

Separable Equations

Example

Solve the following differential equations:

dy
= —9
(a) P

Solution we can separate the variables of the equation to be
dy = 2zdz

by integrating the both sides

/dy:/Qxdx

y::p2+c.

thus,
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First Order Differential Equation Separable Equations

(b) 3& = 20y J

Solution we can separate the variables of the equation to be
d

Y 2xdx

Yy

by integrating the both sides
/dy = /Qxd:v
Yy

In|y| = 2% +c

thus,
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First Order Differential Equation Separable Equations

(c) €*cosy dr + (1 +€*)siny dy =0

Solution we can separate the variables of the equation to be

3 T
sin y Y e 0
cosy 14e®
ex
tany dy + 1+e$dm:0

by integrating we have

e$
/tany dy+/1+ewd:p:c

In|l+e”|+In|secy| =Incy,

thus,

In(|(1+ e”)secy|) =1ney,
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First Order Differential Equation Separable Equations

by taking the Exponential for both side, and from the properties of
exponential and logarithmic equations, thus

(1+e€")secy = cq.

We have found the general solution of the variables separable equation.
Now Find the particular solution at the point (0,0). So we have

(1+e%secO=c;. (sech =1/cosh)

61:2

thus, the particular solution is

(1+e")secy =2.
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First Order Differential Equation Separable Equations

(d) 22(y* + y)dz + (2* — L)ydy =0, y#0

Solution we can separate the variables of the equation to be
2x -1

r=—

z2 -1 y+1

dy

by integrating the both sides

/x?—l /dy

Injz? =1 = —Inly+ 1| +¢
In|z? — 1|+ 1|y + 1| = ¢
In|(z® = 1)(y+1)[ =c
(2 =)y + 1) = e
(@ = )y + )| = 1.
Center of Excellence in Learning and Teaching
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First Order Differential Equation Separable Equations

(e) (zy + x)dx = (:Jc2y2 + 22 +y? + 1)dy =0

Solution we have
z(y + Vde = 2%(y* + 1) + (y* + 1)dy
z(y + 1)de = (2* + 1)(y* + 1)dy
we can separate the variables of the equation to be

T y? +1
T = d
22 +1 y+1

by integrating the both sides

2
T y“+1
/x2+1x /y+1 yte

thus,

(1/2)In(z* +1) — (1/2)y* +y — 2In(y + 1) = c.
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First Order Differential Equation Separable Equations

Separable Equations

Exercises
Solve the following differential equations:
d 1—
o % _u y2)
dr  z(1 - x2?)
d 2
o & _zd yz)
de (1 — z?2)
Q (z— 1) =z(y+1)
(%) ylnwdw—l—( +2y)dy =0
dy _
zt+y —J _ 2z—y
Qe dz €
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Equations With Homogeneous Coefficients
Equations With Homogeneous Coefficients

Definition

A function F(z,y) is called homogeneous of degree n if

F(tz,ty) =t"F(x,y), forallt>0;tecR.

A first-order differential equation form
M (z,y)dx + N(z,y)dy, (6)

is said to be homogeneous if both coefficient functions M and N are
homogeneous equations of the same degree.
In other words, (6) is homogeneous if

M (tx,ty) = t"M(z,y) and N (tx,ty) = t"N(z,y).
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First Order Differential Equation Equations With Homogeneous Coefficients

Example

Q If M(z,y) and N(z,y) are both homogeneous of the same degree,

M(zy) -

then Now) is homogeneous of degree zero. For example

2.9 .
f(z,y) = % is homogeneous of degree zero.

=z — 5y + /22 + 3y2, is homogeneous of

@ The function f(z,y)

degree one, for

f(tx, ty)

© The function F(z,y) = 2" In(z) —

tx — 5ty + +/(tx)? + 3(ty)?

t [x —by+ Va2 + tyﬂ =tf(x,y)

7, because f(x,y) = xIn(x/y) and

f(tz, ty) =

(tz

V' In(te/ty) = 7w ln(a/y)] = ¢ f(z,y).

2" In(y), is homogeneous of degree

MATH204-Differential Equations
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First Order Differential Equation Equations With Homogeneous Coefficients

© The functions
r+y

flzy) =2+ + P and g(z,y) = 3z — 2y + 7Y,

are not homogeneous.
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Homogeneous Equations
General Method

A first order differential equation % = f(x,y) which can be written in the

form q

W_p (L)

dx x
is called a homogeneous differential equation.
To solve the homogeneous differential equation:

by letting v = ¥, that is let y = zu = g = :cd + u, the equation then
becomes
:de +u = F(u).
Hence
d
rqr = F(u) —u.
This equation is clearly separable, and can be solved as such.
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First Order Differential Equation Homogeneous Equations

Or

by letting
x
)

that is let © = yu = 4 dy —ydy—i-u

the equation then becomes

d
yd—z +u= F(u).

Hence q
yd—z = F(u) — u.

This equation also is clearly separable, and can be solved as such.

MATH204-Differential Equations Center of Excellence in Learning and Teaching 29 / 84



First Order Differential Equation Homogeneous Equations

Example
Solve the following differential equations:

Q (22 — 2y + y?)dx — zydy = 0.
dy  3xy+ y?

¢ %+ 2 + xy

Q ydx + x(ln(%) —1)dy =0, y(1) =e.

(4 x%— =+z2+ 92 z>0.

=0; z#0and y # —x.
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First Order Differential Equation Homogeneous Equations

Solution
1. (2% — 2y + y?)dx — zydy = 0.
Solution The coefficients in this equation are both homogeneous and
degree two in z and y. Let u = ;2 # 0. Thus
Yy =ur = dy = udzx + xzdu
So the equation becomes
(2% — z(2u) + (zu)?)dr — z(zu)(udz + xdu) =0
(2% — 2%u + 2*u?)dr — r*u(udz + zdu) =0
22(1 — u + u?)dr — r*u(udz + zdu) =0

by dividing this equation by 2% we obtain

(1 —u +u?)dx — u(udz + xdu) = 0

(1 —u+u?)dz — u’dr — zudu = 0

(1 —u+u?—u?)dzr — zudu =0
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First Order Differential Equation Homogeneous Equations

(1 —u)dr — zudu =0
hence we separate variables to get

dx U

T 1—u
dx

x u—1

du=0;u#1

du =0

d 1
CC+[1+] du =0
x u—1
a family of solutions is seen to be
Inz+u+In(u—1)=Incc#0
Inz(u—1)4u=Inc
z(u—1)e" =c¢
(51
z(Z—1)e: =c
x
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First Order Differential Equation Homogeneous Equations

dy | 3zy+ ?/2

— 4+ ———=0; z#0 d y# —x.
dx 2+ xy and vy
Solution The Coefficients of the differential equation are homogeneous,

and it can be written in the form
(2% + zy)dy + (31‘3/ + y2) dr=20.

Let
T
U= —

sy 70,
Y
hence

r=yu — dzr = ydu+ udy.
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First Order Differential Equation Homogeneous Equations

Then
(u?y® + yPu)dy + (3y*u + y*) (ydu + udy) =0 ,
or
2y udy + 4y*uldy = —y®(3u + 1)du
dy 3u+1 _ -1
—;—mdu ,y;ﬁO, U#O and U#?y
but

3u+1 1 1

u(2u+1)  2u + 2(2u+ 1)’

MATH204-Differential Equations Center of Excellence in Learning and Teaching
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First Order Differential Equation Homogeneous Equations

then ] 1
ln\y|+§ln|ul+zln\2u+1| =Inlc] ;¢#0
or
In [y4u2\2u+1|] =1Inc?,
2
In [nyZ x—l—lH =Inc,
Y
:U2’2:Ey—|—y2’ =t
hence

ya® (22 +y) = c1.

is the family of curves defines the solutions of the DE, where ¢; = ¢* is an

arbitrary constant.
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First Order Differential Equation Homogeneous Equations

yd:c—i—a?(lnz—l)dy—o . y(l)=e

Solution The Coefficients of the differential equation are homogeneous

with degree one .So we can put u = % then

r=yu = dr=ydu+udy,

we can suppose that y > 0 because the initial condition y(1) > 0. We

obtain
y(ydu + udy) + yu(lnu — 1)dy = 0,
yidu+yulnu dy =0,
hence P P
Y Y& _ 0 ; u#l,
ulnu  y

MATH204-Differential Equations Center of Excellence in Learning and Teaching
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First Order Differential Equation Homogeneous Equations

Inlylnu| =c¢ = |ylnu| =€,
or

c
=Fe =c,

yln

is the solution of differential equation. Now we use the initial condition
r=1,y=e = c¢1 = —e, then the solution of the IV P for the DE is
given by

yln<x> = —e,wherex>0andy >0
)
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First Order Differential Equation Homogeneous Equations

d
o =vVz2+y?2 ; >0

dx
Solution The differential equation is also homogeneous . Let u = ¥ then

dy /
y:ul‘:} 7:U+.'L”U/,
dzx
hence
vtz —u=+vV1+4+u?2 ,
or

So the solution of the DE is given by

sinh_l(g) —Inx = ¢, where cis an arbitrary constant .
x
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First Order Differential Equation Homogeneous Equations

Summary

Let us summarize the steps to follow

© Recognize that your equation is an homogeneous equation; that is,
you need to check that f(tx,ty) = f(x,y), meaning that f(tx,ty) is
independent of the variable ¢;

@ Write out the substitution u = y/x;

© Through easy differentiation, find the new equation satisfied by the
new function u. You may want to remember the form of the new
equation:

du du
xa—F(u)—uoryd—y—F(u)—u

@ Solve the new equation (which is always separable) to find u;
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First Order Differential Equation Homogeneous Equations

© Go back to the old function y through the substitution y = zu;

@ If you have an IVP, use the initial condition to find the particular
solution.

MATH204-Differential Equations Center of Excellence in Learning and Teaching 40 / 84



First Order Differential Equation Homogeneous Equations

Exercise
Solve the following differential equations:
Q (22 +y?)dr — 2zydy = 0.
Q (z—y)dz + (2z +y)dy = 0.
Q 22%y —y(2x +y) =0.
Q zdx + sin® (5) [ydx — zdy] = 0.
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First Order Differential Equation Homogeneous Equations

Homogeneous Equations Requiring a Change of
Variables

Solving Some Differential Equations by Using Appropriate
Substitution

If we have a differential equation of the form

d
o= flaz+by),

we use the substitution u = ax + by, then we get

du dy
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First Order Differential Equation Homogeneous Equations

Example

Solve the following differential equations by using appropriate substitution:

@ ¥=(-2c+y?-7 y(0)=0.

@ B-lliyst o

Q%ZZgj’; x+y—1+#0.

(4] % = %;x >0,y > 0,2y # 1. (Use the substitution u = zy)
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Homogeneous Equations
)
Solution

1. % =(—2z+y)*-7, y(0)=0.

If we let u = —2x + y, then S—Z = -2+ %, so the equation is transformed
into d 4
£+2:u2—7 or £:u2—9.
The last equation is separable, thus
du
2.9 = dx.
Using partial fractions
du d 1 1 1
——— =dx or — —
(u—3)(u+3) 6 lu—3 u+3
and then integrating yields
1 -3 -3
~m =x+c or D72 ebmtber _ b
6 u+ 3 u—+3
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First Order Differential Equation Homogeneous Equations

Finally, applying the initial condition y(0) = 0 to get the particular solution

3(1 — €57)

=2 _—
R T
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First Order Differential Equation Homogeneous Equations

d —4x—4
2. =1y +a £0.

We see that the two straight lines 1 — 4x — 4y and x + y are parallels, i.e

if we have equation in form
% _artbhy+a
dz  asx + boy + co

and
al a9

b by
The figure below shows the nature of the two lines

ax+biy+ca

asx + by + ¢
In this case we let u = x 4+ y. Hence
/ /
y =u — 17
Center of Excellence in Learning and Teaching
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First Order Differential Equation Homogeneous Equations

and we have

The last equation is separable, thus

U
——du = dx.
T—au
and then integrating yields
1
x—;y +§ln\1—3ul+$:c.
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First Order Differential Equation Homogeneous Equations

d —y—3
3. £:§+Z—1? r+y—1#0.

We see that the two straight lines x — y — 3 and x 4+ y — 1 are not
parallels, i.e if we have equation in form

dy aix+biy+a
dz  asx + bay + o
and
a a2
b7 by
The figure below shows the nature of the two lines

1+ bhiy+a

Gt + by + co
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First Order Differential Equation Homogeneous Equations

In this case we need first to find the intersection point (¢, ), then we
use the substitutions
r=u+a and y=v+p

Thus, in this example we need to solve the two equations to find the
intersection point which is (2, —1).

Now we will use the substitutions
r=u+2 and y=v—-1

thus,
dr =du and dy = dv.

Then
dv u+2—-(v—-1)—-3 wu-—v

du  u+2+w—-1)—1 wu+v
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First Order Differential Equation Homogeneous Equations

So now we have this homogeneous differential equation

dv U—v

du w4’

so we let t = % where u # 0. Then v = ut and

dv . dt
- — u—
du du’
thus,
. dt  u—ut dt 1—t . 1—2t—t?
U— = ——— Oor U— = —t=
du uw+ut du 1+1¢ 1+1¢
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First Order Differential Equation Homogeneous Equations

/du / 1+t
—a—p®
-2 -2t
E _2/1—2t—t2dt
1
lnu+§ln(1—2t—t2):
2
ln[u(l—Qv—U]:%

In [u2 — 20u — 1)2] = 2¢

by integrating

eln[u2 72vu7v2] _ €2C

u2—2vu—v2:cl

thus, the solution is (z — 2)? —2(z — 2)(y + 1) — (y + 1)? = ¢1.

MATH204-Differential Equations Center of Excellence in Learning and Teaching 51/ 84



2.2 B ) B
Exact Differential Equations

A differential equation of the form
M(x,y)dx + N(x,y)dy =0,
is called exact, if there is a function F' of z and y such that
dF(z,y) = M(z,y)dz + N(z,y)dy = 0.

Recall that the total differential of a function F'(x,y) is

provided that the partial derivatives of the function F' is exists.
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First Order Differential Equation Exact Differential Equations

Theorem (Criterion for an Exact Differential)

Let M(z,y) and N (z,y) be continuous and have continuous first partial
derivatives in a rectangular region R defined by a < x < b,c < y < d.

Then a necessary and sufficient condition that M (x,y)dx + N(z,y)dy be
an exact differential is

oM _oN
oy Oz
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First Order Differential Equation Exact Differential Equations

Example

Prove that the following differential equations are exact and find their
solutions

Q (622 + dxy + y?)dx + (222 + 2zy — 3y?)dy = 0
Q [coszIn(2y —8) + %] dx + Zi%z’dy; x#0and y > 4.
Q (¥ — ycoszy)dr + (2we?Y — xcosxy + 2y)dy = 0

To prove that we need to check for the differential equation
M (z,y)dx + N(z,y)dy =0,
oM _ oN
oy Oz

then the differential equation is exact.
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First Order Differential Equation Exact Differential Equations

Solution

1. (622 + dzy + y?)dz + (22% + 22y — 3y*)dy = 0

M(z,y) = 622+ 4oy + 32 = M —4x+2yN(:U,y):2x2+2my—3y2
= 8x N — 4z 42y ie. 8—]\;—4aj+2y—8—N Thus, the differential

equation is exact.

Now to find the solution

/(61:2 + dzy + y?)dz = 223 + 222y + .

/(2x2 + 2zy — 3y°)dy = 22y + zy — .

Thus, the family solution is
223 + 2x2y + y2:n — y3 =c
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2. [cos:cln(2y —8)+ %] dr + S;%Zdy; x#0and y > 4.

M(z,y) = [coszIn(2y — 8) + 1] = %—A; = 2cosxT1_8 = cosacy%4
_ sinz ON __ 1

N(z,y) = i = 9 = C0STo g

Co M _ 1 _ ON

1.e. Ty —COSCCy_4 = r-

Thus, the differential equation is exact.

Now to find the solution

1
/ [cosxln(2y —8) + } dr = sinzln(2y —8)+Inzx
x

= sinzIn[2(y —4)]+Inz

/ ;liZdy =sinzIn(y —4),

Thus, the family solution is
sinzln(y —4) +Inz+c=0
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First Order Differential Equation Exact Differential Equations

3. (e¥ — ycosxy)dr + (2xe® — zcoszy + 2y)dy = 0

M(z,y) = e?¥ —ycoszy = %—]\; = 2e% — cosxy + Ty sinzy
N(z,y) = 2ze? — xcoszy + 2y = %—]X = 2e% — cosxy + xysinzy
i.e. %—J‘; = 2e%Y — cosay + xysinzy = %—]X.

Thus, the differential equation is exact.

Now to find the solution

/(629 —ycoszy) dr = ze®¥ —sinxy

/(erQy —zcoszy + 2y) dy = ze® —sinzy +

Thus, the family solution is

ze?Y —sinzy+ 1> +¢c=0
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o
Integrating Factor

Consider a first order differential equation
M(z,y)dz + N(z,y)dy = 0, (7)
where M, N and %—JZI and %—JX are continuous on a certain region R in
xy-plane. Suppose that the equation (7) is not exact, i.e
oM | ON
oy ox
Definition
A function p(z,y) is called an integrating factor of (7) if the differential
equation
(uM)dz + (uN)dy = 0, (8)
is exact, i.e
O(uM) _ 9(uN) (9)
Ay or
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First Order Differential Equation Integrating Factor

In other words, if the equation (7) is not exact, we can often make it so by
multiplying throughout by an integrating factor p(x,y) and the finding

%]\; and 8N . The integrating factors are able to be determined by solving
oM  ON
oy Oz’
for p.
The integrating factor will be in one of the following forms
Q 1= p(z)
Q 1= p(y)

Q u=p(z,y) =zmy"
We can rewrite the equation (9) as follows:

N

Mo Muy = (My - va)u
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First Order Differential Equation Integrating Factor

In general, it is very difficult to solve the equation (10). In this section we
will only consider that p is a one variable function (x or y, not both).
There are two cases:

Q If 1 depends on z (u = p(z)). Then p, =0, so the equation (10)

becomes
1 1dp M, — N,
e = o = T
I wdx N

so

u(e) = of M5
@ If u depends on y (1= p(y)). Then p, =0, so the equation (10)

becomes
1 ldp N, — M,
THy = e =
1 pdy M

S0 Nz —My

uly) = ef ",
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First Order Differential Equation Integrating Factor

We summarize that for the differential equation
M(z,y)dz + N(z,y)dy =0,

as following

Q If (M, — N;)/N is a function of = only, then the integrating factor
for the differential equation is

My—Ng
_ ef —y—rdr

p(x)
Q If (N, —my)/M is a function of y only, then the integrating factor
for the differential equation is

Ng—My

nly) =el T,
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First Order Differential Equation Integrating Factor

Example
Solve the following differential equations:
Q@ zydr + (22% + 3y% — 20)dy = 0; # 0, > 0.
Q (4zy + 3y? — x)dz + x(x + 2y)dy = 0, z(x + 2y) # 0.
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First Order Differential Equation Integrating Factor

Solution

1. zydr + (222 + 3y% — 20)dy = 0; # 0,y > 0.
M (z, y)—xyé%ﬂj—x
N(z,y) =22 + 3y* — 20 = G = 4w so, L # G

Thus, the differential equation is not exact.

Now let’'s us find the solution
M — N, 4o — x —3z
N = 92 + 3y2 — 20 = 92 + 3y2 — 20’

we note that the quotient is depended on x and y.

So we need to find

=g(v),

Ny — M, 42?—16‘ 3
M Ty Y
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First Order Differential Equation Integrating Factor

we note that the quotient is depended only on y, thus the integrating
factor

Ng — M. 3
wy) = o] =ty — o 9wy — of 5y _ 3y _ iy’ _ e

Then we multiply the equation by u(y) = 3,

thus, the equation becomes
zytdr + (2223 + 3y° — 20y3)dy = 0

this equation is exact now, that is because

OM , ON
T g =
ay YT o
So 1
/xy4 dx = §x2y4
1 1
/(2w2y3 + 3y° — 20y%) dy = §x2y4 + 51/6 — 5yt

Thus, the family solution is

1 1
§m2y4+ §y6 5yt +c=0
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First Order Differential Equation Integrating Factor

2. (4oy + 3y? — z)dx + x(z + 2y)dy =0,z(x +2y) # 0.
M(z,y) = 4wy + 3y? —33:> —433+6y
N(z,y) = z(x + 2y) = &E = 2x+2y,
so, 8—]\; =+ %—g.
Thus, the differential equation is not exact.
Now let's us find the solution
My, — N, 4x+6y—2r—2y 2@+2y) 2
N x(z + 2y) Ca(r+2y) @

we note that the quotient is depended on x, thus the integrating factor

My—Ny
M(x) _ ef Y—=de _ eff(a:)dz _ ef%dy — 2z _ elnx2 — 22
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First Order Differential Equation Integrating Factor

Then we multiply the equation by u(x) = 22,

thus, the equation becomes
(423y + 32%y% — 2%)da + (2 + 223y)dy = 0

this equation is exact now, that is because

oM ON
—— =42’ 462’y = —.
oy xr° + 0x°y or
So .
/(4:c3y + 322y? — 23) de = aty + 23y% — Z:p‘l,

/(:L’4 + 223y) dy = zty + 23>

Thus, the family solution is

1
x4y+x3y2—1x4+c:0
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First Order Differential Equation Integrating Factor

Example
Find m, n such that
wz,y) =z"y",

is an integrating factor of the differential equation

(2y% + 42?y)dz + (4zy + 323)dy = 0.

Solution
(2y% + 42?y)dz + (4zy + 323)dy = 0,

we need to find m and n such that the equation

(2xmyn+2 4 4xm+2yn+1)dx + (4xm+1yn+1 + 3$m+3yn)dy _ 07

thus, on
By = An+ 2y 4 dn + Da™ 2y,
ON
% — 4(m+ l)xmynJrl + 3(m+3)xm+2yn_
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First Order Differential Equation Integrating Factor

For the exactness we require that
oM _ N
dy ox’
by equating coefficients we have that

2(n+2)=4(m+1)=2n—4m =0=n=2m,

and
4n+1)=3(m+3)=4n—-3m —5=0.

Therefor,
m=1 and n=2.

Thus, integrating factor of the differential equation
p(z,y) = xy?.
Therefor the solution for the given differential equation is
:132y4 + x4y3 =c.
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First Order Differential Equation Integrating Factor

Exercises
Solve the following differential equations:

Q (22 + 4%+ 1)dzx + z(x — 2y)dy = 0.
Q yz+y+lder+ax(z+3y+2)dy=0y(xr+y+1)#0

MATH204-Differential Equations Center of Excellence in Learning and Teaching 69 / 84



First Order Differential Equation The General Solution of a Linear Differential Equations

The General Solution of a Linear Differential
Equations

Consider the linear differential equation

Wy Py = Q). (11)

where P and @) are continuous function on the interval (a,b).
The integrating factor of the differential equation (11) is

M(IL‘) _ efP(ac)dac.

The general solution of equation (11) is given by

ila) = [ u(@)Qa)ds +C.
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First Order Differential Equation The General Solution of a Linear Differential Equations

Since pu(x) # 0, for x € (a,b), then we can write

i) = [ u(@)Qa)ds +C.

y(x) = e_fP(x)dm/u(x)Q(x)d:E + Ce— | Pl)ds
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First Order Differential Equation The General Solution of a Linear Differential Equations

Example
Solve the following differential equations:
o x% + 2y = 23.
Q (1+x2)%+xy+x3+x:0.
Q (y—x+zycotx)dxr + zy + zdy = 0;0 < y < 7 with initial value
problem y(7/2) = 0.
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The General Solution of a Linear Differential Equations
-
Solution
dy —
1oy +2y = a3

The equation can be written in the form + 2y = 22, we can see that
the equation is in a Linear Differential Equatlon Form. Where P(x) = %,
and Q(z) = 2.

M(UU) _ efP(:):)dx _ ef Zde _ 22

The general solution will be in form

wla) = [ u(@)Qa)do +C.

yz? = /xszd:c = ya? = /x4dx.

Thus, the general solution is

so,

1
y:L‘2 51’5 +c.
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First Order Differential Equation The General Solution of a Linear Differential Equations

2. 1+2)¥ pay+a2®+2=0.

The equation can be written in the form g—g + —L5y = —x, we can see

1+a2
that the equation is in a Linear Differential Equation Form. Where

P(z) = 15, and Q(z) = .
,u(x) = efP(a:)da: = ef H%dz — e%ln(H—xQ) — (1 + 562)%

The general solution will be in form

i) = [ u()Qa)ds +C.
so,
yV1+ 22 = —/x\/1+x2d$,
thus, the general solution is

3
2

-1
y 1+x2:?(1+x2) +c.
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First Order Differential Equation The General Solution of a Linear Differential Equations

Exercise
Find the initial value problem (IVP)

(y—x+aycota)dr +axdy =00 <y<m

and
y(m/2) = 0.
(Hint: P(z) = 12292 3nd Q(z) = 1)

T
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L First Order Diffeential Equation JRgiIEEIRY
Bernoulli’s Equation

The Bernoulli's equation is a first order differential equation, which can be
written in the form

y' + P(x)y = Q(z)y", (12)
where n € R.
@ If n =0 then the equation (12) is a linear first order differential
equation and we can solve it as we saw before.

@ If n =1 then the equation (12) is becomes a differential equation with
separable variables, and we can solve it by by separating the variables.
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First Order Differential Equation Bernoulli's Equation

@ If n# 0 and n # 1 then the equation (12) can be written in the form

y "y + Pla)y " = Q(a).

Now we let uw = ™1, then we have

j—z =(—n+ 1)y7"j—z
or
u=(-n+1y "y
1 /
L P = Q)
or
'+ (—n+ 1)P(x)u = (—n+1)Q(x),

which is a linear first order differential equation and we can solve it.
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First Order Differential Equation Bernoulli's Equation

Bernoulli’s Equation

Example

Solve the following differential equations:
(1) gy + 22y = ze % .
Q y(6y* —z — 1)dz + 2xdy = 0;z # 0.
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Bernoull's Equation
)
Solution

1. 2+ 22y = ze $2y?’.

We can see that; the equation is in the Bernoulli's Equation Form.

equation can be written in the form

y 3 —|— 2ay 2 = ze™ ™
dz
Now we let u = y_2, thus we have

u/ — _2y—3y/

Thus, the equation becomes

—1d

7d—u + 2zu = ze —a?,
du 2
U g = —2ze70
e U re ¥,
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First Order Differential Equation Bernoulli's Equation

thus, the equation (13) is in linear first order differential equation and we
can solve it. Where P(z) = —4z, and Q(z) = —2ze~".

2
:efP(x)da: _ ef—4x de _ —2x%

() e

The general solution will be in form
un(w) = [ n(e)Qe)dz + C.

SO,

ue 2 = /e_2x2(—2xe_x2) dx

—2
ue= 2" = s —6ze3% dz
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First Order Differential Equation Bernoulli's Equation

2 1 2
ue 2 = §e_3x +c,
1 2 2
u=-e" +ce
thus, the general solution is
1 1 2 2
— =—e ¥ 4ce
y: 3
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2. y(6y? —x — 1)dx + 2zdy = 0;x # 0.
The equation can be written in the form

dx 2x T

So we have the Bernoulli's Equation, and it might be written in the form

—3dy 24l o, 3

dx 2x T

Now we let u = 32, thus we have
u = —2y73y.

Thus, this equation becomes

du x+1 6
— U .
dx 2x T
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First Order Differential Equation Bernoulli's Equation

Thus, the equation (14) is in linear first order difFerentiaI equation and we

can solve it. Where P(x) = &L and Q(x) =

2x

M(x) _ efP(z)dm — e I;;l CE—

The general solution will be in form

uplx) = / (@) Q(@)dz + C,

uze® = 6e” +C

thus, the general solution is

y?(6 + Ce™™) = .
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First Order Differential Equation Bernoulli's Equation

Exercises
Solve the following differential equations:
(1] g—g = %y = —2e%y2.
Q (2% — 2)dx + 22ydy = 0;x £ 0 with IV y(1) = 1.
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