Chapter 4 |nterval Estimation

4.1 Let the observed value of the mean X of a random sample of size 20 from a distribution
that is N(u, 80) be 81.2. Find a 95 percent confidence interval for u

Given X1,X5, ..., X509 ~Normal(y,80) 02 =80= 0 = /80
X =812

Since X;~Normal andoknown=pu€X+Z, _

N[R

3o

a

@ =005 = == 0025 =>1—§:0.975

= Zl—g - 20_975 = 196
2

V80

= u € (77.28,85.12)

4.2 Let X be the mean of a random sample of size n from a distribution that is N(u, 9). Find
nsuchthat P(X —1<u <X+ 1) =0.90, approximately.

X1, X3, ..., X, ~Normal(,9) ¢2=9=>0= 3
PX—1<u<X+1)=0.90
o

Since X;~Normal andoknown=pu€X+Z7Z « 7
2

1-a=090= a=010= Z, «=Zye; = 1.645

2

_ o _ o
X—Zoogs =< uU<X+Zygs —
n

Va Vn

X—1l<u<X+1

X_Zo_gs\/o-_ﬁ:X_l and X"‘Zogs\/o-_ﬁ:)?'i‘l

o
= Z0.95 ﬁ::l
:1.64S%=1 = %:1 = n = (4.935)2 = 24.35 ~ 25
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4.3 Let a random sample of size 17 from the normal distribution N(u, o) yield X= 4.7
and S2? = 5.76. Determine a 90% confidence interval for u

Given X1,X5, ..., X147 ~Normal(u, 02)
X=47 5?°=576 n=17

Since X;~Normal and o unknown n =17 <30 (small) > u€ X + t_

NI
3l

a
a =0.10 :>1—§=0.95

= tl—%,n—l == t0.95,16 == 174‘6
V5.76

S HE 711741 22,

= u € (3.6836,5.71632)

44 If 86 79 83 84 6.4 84 9.8 7.2 7.8 7.5 are the observed values of a random

sample of size 10 from a distribution that is N(8,52), construct a 90% confidence interval for

o°.

Xi=w? 2

Since X;~Normal and p known = }7* p X0

n 2 n 2
i=1(Xi — ) ) i=1(X; — )
T e, ST e,

f,n 1—7,7'1
a a
a=0.1 =>§=005 $1—5=095

= X2oos10 =394 and x?;ys, = 18307

n

Z(Xi _8)2 =751

i=1

Y. (X; —8)? <ol < T, (X; - 8)?
18.307 3.94

0.4102 < 0% < 1.9061
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4.5 A random sample of size 15 from the normal distribution N(u, o2) yields X = 3.2 and
52 =4.24. Determine a 90% confidence interval for oo2

(n-1)s? 2
o2 n-1

Since X;~Normal and g unknown =

- (n—1)52< 2 (n-1)s?
Xza a
7,n—1 1—En—1

a a
1-a=090 = a=0.10=> §=0.05=> 1_E=0'95

2 _ 2 _ _
X %,n—l =X"0.0514 = 23.6848 and = 6.57063

2 _ 2
X 1-Sn-1 = X" 0.95,14

(14)(4.24)< 02<(14)(4.24)
23.6848 6.57063

=  2.5062<0?%<9.0341

4.6 Find a pivotal quantity based on a random sample of size n from N (8, 82 ) population,
where 8 > 0. Use the pivotal quantity to set up a 1 - a confidence interval for 6 .

Suppose that n<30 and since 82 unknown and since X ~Normal

We can use the pivotal quantity ;(;9 ~tn-1)
/\m

X-0
= t n—1 < S/ < tl——,n—l
N 2
> =t <X-0 <=t > X+—=t <O <X+=¢t
yn gn-1 Jn 1-2,n-1 Vn an-1 yn 1-5.n-1

Or
since X ~Normal and € unknown

. .. (n—1)s? 2
We can use the pivotal quantity 57~ X ot

(n—1)s?
2 2 -1 —
P<X 1-Zn-1 < 92 <X Sn-1)~ l-a
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n—1)s? n—1)s?
= (2 ) <62 < (2 )
X Sn-1 X 1-Fn-1

— 2
> 5 <6< (n=ls

> n—1 X 1—%,71—1

4.7 Let X denote the mean of a random sample of size 25 from a gamma distribution with
4 and B > 0. Use the central limit theorem to find an approximate 0.95 confidence

interval for

Given that X~Gamma(4,8)=>u=EX) =48 V(X) = 4p?

— _ 2
By using the CLT = X~Normal ( E(X), Vix) ) = X~Normal (4[>’ ,% )

n

X—-4p

Then,

~Normal(0,1)

X—4f  _ X-4B _ 5X=208 _SX _ 4 ~Normal(0,1)

/432/25 ZB/S 2B 2B

a
1-a=095 = a=0.05> 1—520.975

P (Z% <Z-10 < Zl_%> =0.95 2, a=Zogs =196 Ze=-Z,_

B

Za < o 10 <Z
= _—
7 2f -3

N -1.96<%— 10 < 1.96

= 8.04<* <11.96
25
o2 _ 1
11.96 5X 8.04
5X 5X
(2)11.96<'B (2)8.04

B €(0.21X,031%)
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4.8 Let X1, X2, ..., X6 be a random sample of size 6 from a gamma distribution with
parameters 1 and unknown g > 0. Discuss the construction of a 98% confidence
interval for

Itis given that X;~Gamma(1,) n=6 My (t) =(1-pt)" "

= Yiv1X; ~Gamma(n, ) ® . X; ~Gamma(6, B)

= % Y, X; ~Gamma(n, 2) % >5 . X; ~Gamma(6,2) We know that x? ) = Gamma (0( = E,B = 2)

Check by using the M.G.F

_ 2 _ 2?=1Xi(zt)
My O =My (E t) = £ (5 46))

s (569)
=F (eXl(lz_gt)> . E (eX"(%t))

=(1 - ﬁf—;t)_l (1 - ﬁ%t)_l

=(1-2t)™"

_ v
We know that x* = Gamma (0( = E’B = 2)
We have % ZleXi ~Gamma(6,2)
2
= XX~ Koy a=3 2 6= v=2(6)=12

2 2 v6 ] 2
X 1—%,12<;; i=1Xi <X 212
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