Chapter 5: Bayesian Estimation

. 5.1: Let X1, X,, ..., X;, be a random sample from Bernoulli with parameter 0, and the prior
distribution of O is a uniform distribution, where 0 < 8 < 1. Find the posterior distribution and
the Bayes’ point estimator of © when the loss function be the squared error loss function

given that X;~Bernoulli(0) = f(x|6) = 0*(1—-0)"*, x=0,1
6 ~Uniform(0,1) >h(@)=1, 0<06<1
L(x]0) = [T, f(x;10) = 6= %i(1 — 9" Zima i

(a) The posterior distribution:

k(6]x) o L(x|0)h(6)

K(8]x) o OZE1%i(1 — @)Zita%i = gLinaxit1-1(1 _ gyn-XiL, xi+1-1

Then 6|X~Beta (Xi_ x;+1, n—Xi_;x; + 1) - The pdf of Beta Distribution

X~Bet ,b
(b) Then the Bayes Point estimator of 0 is eta (a,b)

I'(a+ b)
B i xi+1 Y x+1 f(x) = ————=x%1[1 —x]P1
E(le) o XA lAn-Y x4l T n42 NONC)
a
B =277

. 5.2: Let Y have a binominal distribution in which n = 20 a0 p = ©. TN prior propapnmy ono......______

is Beta(a, b), where a, b > 0 are known constants. Find the following:
. (a) Posterior distribution.
(b) Bayes’ point estimate of ©, when L[6, §(y)] = [6 — S(y)]z.
given that Y~Binomial(20,0) = f(y|0) = (2}10) 07(1-0)°7, y=0,1,..,20

I'(a+b)
I'(a)T'(b)

0 ~Beta(a,b),a,b > 0 = h(0) = 0% 1[1-01""1, 0<6<1

20 20 _y20 .
LY16) = 12 Fil6) = TIZ% () ) 65071 — p)o0-2itu



(a)  The posterior distribution
K(0y) x §Zi=rvi(1 — g)*00-Eiiviga-1[1 — g]b-1
o GLiZ1Yita=1(] — §)400-%i yi+b-1

Then 8|Y~Beta (320, y; + a,400 — ¥2%, y; + b)

(b) the Bayes Point estimator of 0

. 2?21 yita
E@1X) = 400+a+b

5.3: Let X1, X2, ..., X1 denote a random sample from a Poisson distribution with mean 6,

0<6<oo. Let Y =312 X;.Usethe loss function to be L[8, §(y)] = [0 — 6(y)]2. If @ has the
pdf h(0) =

-6
92;2 , for 0 < 6 < oo, Find:
(&) The posterior distribution.

(b) The Bayes’ solution §(y) for a point estimate for 8, when Y = 22.

-0 gx
given that X;,X,, ..., X;o~poisson(0),0 < x < o = f(x|0) = ¢ x|6
1
10 62e72°
Y=Y2,X; h(9)= for0< 0@ < oo o
16 - The pdf of Gamma Distribution
(a)  The posterior distribution X~Gamma (n, é)
n 10 e—0gx 100 92,-121;:1- n
L(x10) = [liz1 f(x:]0) = [1iz1——= Mo = Flx) = 4 n-1g-ax
r'(n)
k(0]x) < L(x|0)h(6)

1
K(0]X) « e—100 g¥iiyx; 926—59 = @liz1Xit2 1050 _ g¥ilgxi+2+1-1 ,—10.56

Then 8|X~Gamma (Xj=, x; + 3’ﬁ)



(b) Y =22 the Bayes Point estimator of 8 is

Y10 x;+3 2243
E@|X) = %=E= 238 (Y =310 X, =22)

(C) 90%Clford Y =22 Note: Gamma(a,0 =2) = x>, =v=2a

We have from (a) 8|X~Gamma O}/, x; + 3,L)

10.5

X~Gamma(n,0) = aX~Gamma(n,a@)
= 2(10.5)0|X~Gamma (O}, x; + 3,2)

2(10.5) 8|1X~Gamma (X1, x; + 3,2) = 2(10.5) 6|X~X22(2

?:1Xi+3)

2

= 210|X~y 2(22+3)
2

= 210|X~x*,,

Then, le—%,SO <2160< Xzﬁ,so
2

_ a_ a_ 2 _ 2 _
a=01 = 5= 0.05 = 1-— 5= 0.95= X“)9s550 = 34.76 ¥ 0.05,50 = 675

34.76 <2160 <675

1.66 <0 <3.21

. 5.4: LetY be the nth order statistic of a random sample of size n from a distribution with pdf
f(x|6) =%, 0 < x < 0, zero elsewhere. Take the loss function to be L6, §(y)] = [6 —

5(y)]2. Let 8 be an observed value of the random variable ®, which has pdf

B . ) .
h(6) = %, a < 6 < oo, zero elsewhere, with « > 0,8 > 0. Find the Bayes’ solution

6(y ) for a point estimate of 6.

given that f(x) = %, 0<x<@6

8
h(9)=%, a<f@<ow, a>0 >0

Y, =max(X,X,, .., X,)




fYn(Yn)= an(yn)[FX(yn)]n_1» 0< Vo < 6
B l y_n n—1_nynn—1
. na[e] Toen
K(Qlyn) o« %ﬁ /

1
K(Qlyn):Cm, a<0 <o
To find the constant c:

Since K(0|y,) is a pdf , then

I, K(8ly,)d8 =1
*© 1
a

:>f co ™ B14g=1
a

e—n—ﬁ—1+1

-n—B-1+1

0 g—n—B| co
=1l=>¢c =1
a -n-gla

c

=C=2F = (n+ B)anth

a B~

1 (m+p)a™*P
gn+B+1 —  gn+p+1

Then, K(6|y,) = ¢

We have proved in example (3.5) page:55

that Y = Maximum(X, X, ..
statistic

., Xp)is a sufficient

then

k(0]|x) o< fy, (v,16) h(6) page: 112

The Bayes point estimate of 6 such that the loss function is the squared error loss is

E@|Y,) = [, 6K(@®|y,)de
o) n+p
= [2o BT 49

gntp+1

=m+patf "o Fde

0—n—ﬂ’+1
-n—B+1

e}
a

= @+ Pt




_ntB

n+prn — o—n—p+1
_n_Bﬂa 0—a )

_ _nip n+Bo_ ,—n—f+1
- —n—[i’+1a ( @ )

n+p n+p-n—f+1
-n— [S’+1( o )

_ nip ()= n+p _
T —n—p+1' a)= —(n+p- 1) a)= (n+ﬁ’ n&

5.5: In Exercise 5.4, let n=4 from the uniform pdf f(x,0)= %.0<x<9,and the prior 6 pdf be
g9(@0) = % ,1 < 0 < oo, zero elsewhere. Find:

(a) The Bayesian estimator §(Y, ) of 6, based upon the sufficient statistic Y, , using the
loss function [6 — 6(Y4)]2.

(b) The Bayesian estimator §(Y,)of6,based upon the sufficient statistic Y, using the

loss function |§(Y,4) — 6.

in5.4ifn=4f(x)=%, 0<x<8

B 2
9(9)=%, 1<0<oo:>g(0):/3"‘ 2 2

gB+1 — g2+1 ~ g3
(a) Y, is the maximum order statistic in the sample X, X,, X3, X,

To find the Bayesian estimate of 6, we substitute in (1) byn=4,8 =2and a =1

n+p _ A4+2
(n+B-1) a_(4+2—1)

=1

E(IY,) = i

(b) The Bayesian estimator (Y4) of 8, based upon the sufficient statistic Y4,
using the loss function |8(y4)—0)|.

it Is the median m of K(0]y,,) @ < @ < o which is the solution of
m 1
[T K(Oly,)do =

n+p
> [ d9=§ (n=4,8=2and a=1)

gnt+p+1

= 1 57(10 ==



> ["6077d6 =

66‘6|m_1

611 2

5> M e-1)=2-51-mS=-sm®==smé=2=>m=11225
2 2 2

5.6: f(x|0) = @e %%

h(6) = %ea—le—ﬂl’,e >0

(a) The posterior distribution of 6
L(x]6) = [T~ f(x;16) = [T, 6e 6% = gne 0Lz i
K(6]X) « Pre—0 i xi ga-1,-08 _gnta—1,-0(B+Xi=; X))

1
Then 8| X~Gamma (n + a, m)

(b)  The Bayes Point estimate of 0 use L[8,5(y)]=[6 — 8(y)]?
E(Q |X ) _ _nta

B+Z?=1xi

(©)  If X1=2.5 X2=3.61 X3=4.8 X4=2.74 X5=3.95 and a=2 f=4. Calculate ().

¥? . x;=17.6 ,n=5, a=2 and f=4

n+a 5+2
E@]X) = ﬁ+z?:m_17_6+4_0.3241



