Chapter 4
Motion in Two Dimension
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Lecture Content

ePosition, velocity, and acceleration vectors
Acceleration

eTwo dimension with constant acceleration
*Projectile motion

eUniform circular motion

eRadial and tangential acceleration
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Position, average velocity
and instantaneous velocity

ePosition vector is defined by vector r.
*The displacement vector is Ar.

_ Ar
Y o-—

A

*The average velocity is defined as:

v = lim o
ar—0 Ap

*The average acceleration is
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Acceleration

*The average acceleration is : Av v,
__ v vi A
T o=t At

e|nstantaneous acceleration

= i AV _ 4V
H_-:Lr@'j At

e Caution: In vector change calculations, magnitude may
change, or direction, or both.
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Two dimensional motion with
constant acceleration

ePosition P = “ + 1:]
*Velocity
v = ar _ m-i+ d}:—f'i T
di  di il T "

Vi = (9 + n.’i'l-;'ljli + {z"_-r,: + -f!_-rf,'lj
= (v 1 + w},-jn‘_l + (a1 + n_Tj‘J.!'

vi=v; + ai

Np= i+ v+ S0 = g+ v + e,

rp= (% + vl + gadDi + (3 + vt + ga,i?)]
= (a1 + 1)) + (o1 + w0t + aa + aget

rp=1; + v+ %m’ﬂ
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A particle starts from the origin at { = O with an initial veloc-
ity having an x component of 200 m/s and a y component

of — 15 m/s. The particle moves in the xy plane with an x
. . - g o
component of acceleration onlv, given by a, = 4.0 m/s=.

(A) Determine the components of the velocity vector at any
time and the total velocity vector at any time.

(B) Calculate the velocity and speed of the particle at

i = 50 s,
U = U T ayl = (20 + 401 m/s

tyr = Ty +af=—ldm/s+0=—10m/s

vi=vgl + v = [(20 + 4060 — 15 1m/s

vi=[(20 + 4£0(5.0))i — 15]] m/s = (40i — 15)) m/s

= vl = Vug® + vy® = V(40)* + (= 15)* m/s

= 43 m/ s
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g = L:m_l( Elﬂr)
Uy 339¢°

SR

©=360-21=




(C) Determine the x and _Tcn:u:rt'dinﬂtes of the pm‘ticle at anv
time { and the pnsitiu:-n vector at this tme.

Xp= T + %r.:l,f.l:E = (20i@ + E.EIFE_“_I m

r=xd +yj = [(200+ 2009 — 15¢)]m

rF= |rﬂ = "-.'It’_l'flﬂl]jlE + (—75)*m = 170m
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Projectile Motion

e|mportant to separate the two components in the calculations.
e Assumptions:
eg js constant y

e Air resistance is neglected

cos i, = o,/ v sin f; = v/ v,

Ui = 14 COS |'}‘ t'_.l.l; = 14 S0 I'}j i

Xp= gt = (vycos G;)1

= ot + byt = (cssin 01— o

' _ : £ .- 9
I = If}" I:-TI.: COS% H’J _1 = {tan I'}I:.].I' - ( “;'tl-Eq’_'{_}ﬁ,E q. X
&1 . ;
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Active Figure 4.7 The parabolic path of a projectile that leaves the origin with
a velocity v;. The velocity vector v changes with time in both magnitude and
direction. This change is the result of acceleration in the negative y direction.
The x component of velocity remains constant in time because there is no accel-

eration al(mg the horizontal direction. The y component of ve.ln:}cit}-' s Zero at
the peak of the path.




y

0

Figure 4.8 The position vector rfof a projectile launched from the origin whose initial
velocity at the origin is v;. The vector v;f would be the displacement of the projectile if

. ] 9 . . . . . :
gravity were absent, and the X’E‘.Ct()l‘%g:‘." is its vertical displacement due to its downward

gravitational acceleration.
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Horizontal Range and Maximum Height of a
Projectile

* Let us assume that a projectile is launched from the origin at t,=0
with a positive v, component, as shown in Figure 4.10

Two points are especially interesting to
analyze:

the peak point A, which has Cartesian y
coordinates (R/2, h), and the point B which
has coordinates (R, 0). The distance R is o0 =0
called the horizontal range of the ®
projectile, and the distance h is its
maximum height. Let us find h and R in

I/

terms of v;, 6, and g. ¢ i
We can determine h by noting that at the o : .\-
peak, v, = 0 Therefore, we can use - R ,!
quatlon 483. to _determlne the time t.at Figure 4.10 A projectile launched
which the projectile reaches the peak: from the origin at #; = 0 with an
vy = vy toagt initial velocity v;. The maximum
' ' ' height of the projectile is A, and
0 = wv;sin 6, — gl, the horizontal range is R. At @), the

. peak of the trajectory, the particle
v; sin 6,

(= has coordinates (R/2, h).

o
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Substituting this expression for #a into the y part of Equation 4.9a and replacing
y = ya with A, we obtain an expression for /2 in terms of the magnitude and direction of

the miual Velocit}f vector:

h = (v;sin 8;))———— — 3¢

v;sin 6; (i sin 6; \2
g g

b
v;%sin? 6,

h =

20

L

The range R is the horizontal position of the projectile at a time that is twice
the time at which it reaches its peak, that is, at time ig = 2{s. Using the x part of Equa-
tion 4.9a, noting that v,; = v,g = v; cos #; and setting xg = Rat { = 2ia, we find that

R= ‘i.’inB — (TJI' COSs Ql}gfﬂ

2v; sin 6; 20,2 sin 6; cos 6;

g g

Using the identity sin 26 = 2sin fcos 6 (see Appendix B.4), we write R in the more

= (v; cos 6))

coIm pE’lC[ form

9 .
.1'1' 293
R = v A (4.14)

g

Ris a maximum when 6; = 45°. .



A long-jumper (Fig. 4.12) leaves the ground at an angle of

20.0° above the horizontal and at a speed of 11.0 m/s.

(A) How far does he jump in the horizontal direction? (As-

sume his motion is equivalent to that of a particle.)

(B) What is the maximum height reached?

Solution, A
Xp=xg = (v; cos 0;)tg = (11.0 m/s) (cos 20.0°) (g

Uy = Uya = v; sin 0; — gia
0 = (11.0 m/s) sin 20.0° — (9.80 m/s%)(x

(n = 0.384 s
fg = 2ip = 0.768 s.

xp= xg = (11.0 m/s)(cos 20.0%)(0.768 s) = 7.94m

Solution, B L
Ymax = Ya = (©; sin 0;) s — E:ﬂh

= (11.0 m/s) (sin 20.0%) (0.384 s)

—%(9-80 m/s%)(0.384 5)? =

0.722 m

v,;2sin 26,

g

R=

<@ .
v,2sin? 6,

h =

2g



Uniform Circular Motion

* Figure 4.17a shows a car moving in a circular path with constant
speed v. Such motion is called uniform circular motion, and occurs in
many situations. It is often surprising to students to find that even
though an object moves at a constant speed in a circular path, it still
has an acceleration.

* The velocity vector is always tangent to the path of the object and
perpendicular to the radius of the circular path. We now show that
the acceleration vector in uniform circular motion is always
perpendicular to the path and always points toward the center of the
circle. An acceleration of this nature is called a centripetal
acceleration (centripetal means center-seeking), and its magnitude is

i
= trz TR A\, St
-{TI!- - x:. - . | IP; \‘( .
! | ® _— ¥
a.: centripetal acceleration — 22T \‘ ,
v : is the velocity T\ = '
r : is the radius of circular P’
ath (a) (b) (c)
P
= 27y Figure 4.17 (a) A car moving along a circular path at constant speed experiences uni-

form circular motion. (b) As a particle moves from ® to ®), its velocity vector changes
] v from v; to vy. (¢) The construction for determining the direction of the change in ve-
T: is the perlod , the locity Av, which is toward the center of the circle for small Ar.

time required for one complete revolution.



Example: a car moves at a constant speed of 10
m/s around a circular path with radius 25 m. Find

the following: P
A- The centripetal acceleration “~
B- The period -

T=—
Solution:

A- a_=v?/r=10%2/25=4m/s?

B-T=2*1*25/10=15.715s



Tangential and Radial Acceleration

* Total acceleration a=a,+a,
* Tangential acceleration ”7_| v\
(; =
(i
* Radial acceleration )
[
a, = —a,= ———
-

Because a, and a, are perpendicular component vectors of a, it follows
that the magnitude of a is a = Va2 + a2 At a given speed, «, 1s large when
the radius of curvature is small (as at points @) and in Fig. 4.18) and small when ris
large (such as at point ©). The direction of a, is either in the same direction as v (if v
is increasing) or opposite v (if vis decreasing).

B Path of P
~T T~ particle L

' \
@ ey NN 7 a \ 16



Example: A car exhibits a constant acceleration of 0.300 m/s2 parallel to the
roadway. The car passes over a rise in the roadway such that the top of the
rise is shaped like a circle of radius 500 m. At the moment the car is at the
top of the rise, its velocity vector is horizontal and has a magnitude of 6.00
m/s.

What is the direction of the total acceleration vector for the car at this
instant?

2 6.00 m/s)2 ‘
ay = — o4 - m/s)” _ —0.0720 m/s?
r 500 m

a=va2+a’=(—0.0720)2 + (0.300)2 m/s

0.309 m,/s*

If ¢ is the angle between a and the horizontal, then

14 _1( — 0.0720 mfsﬂ)
= tan

- 7Y )= 1350
0.300 m/s2 7

¢ = tan~
i

This angle is measured downward from the horizontal. (See
Figure 4.20b.)

a,=0.300 m/s?
Ay

. - = —— | [} ]
¥ a,
v=6.00m/s a v




