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Jean-Baptiste Joseph Fourier

Fourier Transform History 

• Born 21 March 1768 ( Auxerre ).

• Died 16 May 1830 ( Paris  ) 

• French mathematician and physicist.

• Best known for initiating the investigation of Fourier  series.

• Fourier  series applications to problems of heat transfer and vibrations.

• The Fourier series is used to represent a periodic function by a discrete 

sum of complex exponentials.

• Fourier transform is then used to represent a general, non-periodic 

function by a continuous superposition or integral of complex 

exponentials (the period approaches to infinity).



Discrete Fourier Transform

• Discrete Fourier Transform (DFT) transforms (break up the signal into summations of sinusoidal components) the 
time domain signal samples to the frequency domain components (frequency analysis ).

In the time domain, representation of digital signals describes the signal 
amplitude versus the sample number (time).

The representation of the digital signal in terms of its frequency component in

a frequency domain, displays the frequency information of a digital signal

(signal spectrum).

• Fourier analysis is like a glass prism, which splits a beam of light 
into frequency components corresponding to different colors.
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• In this chapter we introduce the concept of Fourier or frequency-domain representation of signals.
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Continuous-time sinusoids
• A continuous-time sinusoidal signal may be represented as 

a function of time t by the equation

Amplitude frequency phase in radians

• The angular or radian frequency (radians per second.)

• Using Euler’s identity                          we can express every sinusoidal 

signal in terms of two complex exponentials with the same frequency

• Frequency (positive quantity.), viewed as the number of 

cycles completed per unit of time.
• Negative frequencies is a convenient way to describe 

signals in terms of complex exponentials.

• A discrete-time sinusoidal signal is conveniently obtained by sampling 
the continuous-time sinusoid at equally spaced points 𝑡 = 𝑛𝑇

normalized 

frequency

normalized angular 

frequency
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DFT: Graphical Example

DFT

1000-Hz sinusoid with 32 samples at 

a sampling rate of 8000 Hz in

Time domain

Sampling Rate

8000 samples = 1 second 

-> sampling period 𝑇𝑠 =
1

8000
= 125𝜇𝑠

Duration of 32 samples = 32*0.125 ms = 4 ms

1000-Hz sinusoid -> 𝑇 = 1𝑚𝑠
32 samples = 4 ms ->  4 cycles.

Signal Frequency

Time domain 

representation

Frequency domain 

representation

Amplitude peak is located 
at the frequency of 1 KHz
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DFT Coefficients of Periodic Signals

Periodic Digital Signal 𝑥 𝑛

𝑥 𝑛 is sampled at a rate of 𝑓𝑠 𝐻𝑧 (period 𝑇0= 𝑁𝑇 = 𝑁
1

𝑓𝑠
)

Equation of DFT coefficients:

We have: 𝑒𝑗𝜃 = cos 𝜃 + 𝑗𝑠𝑖𝑛 𝜃 𝑎𝑛𝑑 𝑒𝑗(𝜃+2𝜋) = 𝑒𝑗𝜃 𝑝𝑒𝑟𝑖𝑜𝑑 𝑜𝑓 2𝜋

𝜃 𝑡 = 𝜔𝑡 → 𝑒𝑗𝜔𝑡 = cos 𝜔𝑡 + 𝑗𝑠𝑖𝑛 𝜔𝑡For Rotation of a point on a circle

• Given a set of 𝑁 harmonically related complex exponentials 𝑒𝑗
2𝜋

𝑁
𝑘𝑛

, We can synthesize a signal 𝑥 𝑛

We determine the coefficients 𝑐𝑘 from the values of the periodic signal 𝑥 𝑛
Sum over one period

Discrete-Time 

Fourier Series

DTFS
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DFT Coefficients of Periodic Signals
• Fourier series coefficient 𝐶𝑘 is periodic of N

Since 𝑒−𝑗2𝜋𝑛 = cos 2𝜋𝑛 − 𝑗𝑠𝑖𝑛 2𝜋𝑛 = 1 𝐶𝐾+𝑁 = 𝐶𝐾

Amplitude 
spectrum of the 
periodic digital 
signal

The spectrum Ck has  
two sides.

1. spectral portion between the frequency 

− 𝑓𝑠 and 𝑓𝑠 (folding frequency) represents 

frequency information of the periodic 

signal.

2. For the kth harmonic, the frequency is 

𝑓 = k𝑓0 Hz (𝑓0 is the frequency resolution 

=The frequency spacing between the 

consecutive spectral lines)

3. the spectral portion from 
𝑓𝑠

2
to 𝑓𝑠 is a 

copy of the spectrum in the negative 

frequency range from −𝑓𝑠/2 to 0 Hz due to 

the spectrum being periodic for every 

𝑓𝑠 = N𝑓0 Hz.

Remarks
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Example 1 
The periodic signal 𝑥 𝑡 is sampled at 𝑓𝑠 = 4𝐻𝑧 𝑥 𝑡 = 𝑠𝑖𝑛(2𝜋𝑡)

a. Compute the spectrum 𝐶𝑘using the samples in one period.

b. Plot the two-sided amplitude spectrum 𝐶𝑘 over the range from -2 to 2 Hz.

Solution:

a. We match 𝑥 𝑡 = 𝑠𝑖𝑛(2𝜋𝑓𝑡)with and get 𝑥 𝑡 = 𝑠𝑖𝑛(2𝜋𝑡)

Therefore the signal has 1 cycle or 1 period in 1 second 

𝑓 = 1𝐻𝑧

Fundamental frequency

Sampling rate 𝑓𝑠 = 4 𝐻𝑧 1 second has 4 samples. 

Hence, there are 4 samples in 1 period for this particular signal. 

𝑇 =
1

𝑓𝑠
= 0.25 𝑠𝑒𝑐

Sampled signal 

𝑥 𝑛 = 𝑥 𝑛𝑇 = sin 2𝜋𝑛𝑇 = sin(0.5𝜋𝑛).
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Example 1 –contd. (1)

𝑥 0 = 0; 𝑥 1 = 1;
𝑥 2 = 0; 𝑥 3 = −1;

b. spectrum 

𝑥 𝑛 = 𝑥 𝑛𝑇 = sin 2𝜋𝑛𝑇 = sin(0.5𝜋𝑛).



The spectrum in the range of -2 to 2 Hz presents 

the information of the sinusoid with a frequency of 

1 Hz and a peak value of 2 𝐶1 = 1.
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Example 1 –contd. (2)

Using periodicity, it follows that

The amplitude spectrum 
for the digital signal



acquired N data samples with 
duration of 𝑇0

Take first N samples (index 0 to N-1) 
as the input periodic signal 𝑥 𝑛 to 
DFT.

Imagine periodicity of N 
samples. 
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Discrete Fourier Transform DFT Formulas
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DFT Formulas

DFT Coefficients

Formula.

Fourier series coefficients

Where the factor WN is called the twiddle factor

Given N data samples of 𝑥 𝑛 , the N-point discrete Fourier transform (DFT) 𝑋 𝑘 is defined by:

• k is the discrete frequency index (frequency bin number) indicating each calculated DFT coefficient.
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Inverse DFT
Given N DFT coefficients X[k], The inverse of the DFT  x[n] is given by

𝑊𝑁
𝐻is the conjugate transpose of 𝑊𝑁
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MATLAB Functions

We can use MATLAB functions fft() and ifft() to compute the DFT coefficients and the 

inverse DFT with the syntax listed in Table:
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Example 2
Given a sequence 𝑥(𝑛) for 0 ≤ 𝑛 ≤ 3 where 𝑥 0 = 1, 𝑥 1 = 2, 𝑥 2 = 3, 𝑎𝑛𝑑 𝑥 3 = 4.

evaluate DFT 𝑋(𝑘).

Solution:

Since N = 4 and 𝑊4 = 𝑒
−𝑗
𝜋

2 𝑋 𝑘 =  

𝑛=0

3

𝑥(𝑛)𝑊4
𝑘𝑛 =  

𝑛=0

3

𝑥(𝑛)𝑒−𝑗
𝜋𝑘𝑛
2
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Example 2 –contd. 
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Example 2 –contd. 
Using the DFT complex matrix

We first compute the entries of the matrix 𝑊4 using the property:

The result is a complex matrix given by: 

1
2
3
4

=

10
−2+ 2𝑗
−2

−2− 2𝑗

The DFT coefficients are evaluated by the matrix-by-vector multiplication

In MATLAB these computations are done using the commands:

The inverse DFT

The  DFT
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Example 3
Using DFT coefficients X(k) for 0 ≤ 𝑛 ≤ 3 of previous example, evaluate the inverse 

DFT (IDFT) to determine the time domain sequence 𝑥(𝑛).

Solution:
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Example 3 –contd. 
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Frequency of bin k
• The calculated N DFT coefficients X (k) represent the frequency components ranging from
0 𝐻𝑧 𝑡𝑜 𝑓𝑠 𝐻𝑧.

• The relationship between the frequency bin k and its associated frequency is computed using:

𝑓 = 𝑘
𝑓𝑠
𝑁
= 𝑘 ∆𝑓 (𝐻𝑧)

• The frequency resolution (frequency step between two consecutive DFT coefficients)



b. Frequency resolution: 
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Example 4
In the previous example, if the sampling rate is 10 Hz, 
a. Determine the sampling period, time index, and sampling time instant for a digital sample 
𝑥(3) in the time domain;

b. Determine the frequency resolution, frequency bin, and mapped frequencies for the DFT 
coefficients 𝑋(1)and 𝑋(3) in the frequency domain.

Solution:
a. Sampling period: 

For x(3), the time index is n = 3 and the sampling time instant is determined by

Frequency bin number for X(1) is k = 1, 
and its corresponding frequency is 

Similarly, for X(3) is k = 3, and its 
corresponding frequency is 
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Amplitude and Power Spectrum 
• Since each calculated DFT coefficient is a complex number, it is not convenient to plot it versus 

its frequency index.
• Hence, after evaluating the N DFT coefficients, the magnitude and phase of each DFT 

coefficient can be determined and plotted versus its frequency index.

Amplitude Spectrum:

To find one-sided amplitude spectrum, we double the amplitude keeping the original DC
term at k =0.
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Amplitude and Power Spectrum –contd. 

Power Spectrum:

For, one-sided power spectrum:

Phase Spectrum:
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Example 5
Consider the sequence in the Figure, assuming that 𝑓𝑠 = 100 𝐻𝑧, compute the amplitude 

spectrum, phase spectrum, and power spectrum.

Solution:
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Example 5 –contd. (1)
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Example 5 –contd. (2)
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Example 6
Consider a digital sequence sampled at the rate of 10 kHz. If we use 1,024 data points and 

apply the 1,024-point DFT to compute the spectrum,

a. Determine the frequency resolution;
b. Determine the highest frequency in the spectrum.

Solution:
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Zero Padding for FFT
FFT: Fast Fourier Transform.

A fast version of DFT; It requires signal length to be power of 2 (N = 2, 4, 8, 16, …). 

Therefore, we need to 

pad zero at the end of 

the signal.

However, it does 
not add any new 
information.

The frequency spacing is 
reduced due to more 
DFT points
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Example 7
Consider a digital signal has sampling rate = 10 kHz. For amplitude spectrum we need frequency 

resolution of less than 0.5 Hz. For FFT how many data points are needed?

Solution:
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MATLAB Example -1
Consider the sinusoid with a sampling rate of 𝑓𝑠 = 8,000 𝐻𝑧.

Use the MATLAB DFT to compute the signal spectrum with the frequency resolution to 

be equal to or less than 8 Hz.

Solution:

The number of data points is

%Compute the amplitude spectrum

2𝜋 1000 𝑛𝑇𝑠 → 𝑓 = 1𝐾ℎ𝑧
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MATLAB Example –contd. (1)
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MATLAB Example –contd. (2)
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MATLAB Example –contd. (3)
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Effect of Window Size

When applying DFT, we assume the following:

1. Sampled data are periodic to themselves (repeat). 
2. Sampled data are continuous to themselves and band limited to the folding frequency. 
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Effect of Window Size –contd. (1)

If the window size is not multiple of waveform cycles, the discontinuity produces undesired 

harmonic frequencies:
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Effect of Window Size –contd. (2)

Signal samples and 
spectra without spectral 
leakage and with 
spectral leakage. 

single frequency

expected frequency component 
plus many harmonics
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Reducing Leakage Using Window
To reduce the effect of spectral leakage, a window function 𝑤 𝑛 can be used whose 
amplitude tapers smoothly and gradually toward zero at both ends
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Example 8
Given,

Calculate, windowed sequence data

𝑥𝑤 2 𝑎𝑛𝑑 𝑥𝑤 5

Applying the window function 

operation leads to

Using the window function the 

spectral leakage is greatly reduced.
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Different Types of Windows
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Different Types of Windows –contd.
Window size of 20 samples
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Example 9
Considering the sequence x 0 = 1, x 1 = 2, x 2 = 3, x 3 = 4 and given fs= 100 Hz,

T = 0.01 seconds, compute the amplitude spectrum, phase spectrum, and power spectrum 

using the Hamming window function.

Solution:

Since N = 4, Hamming window function can be found as:
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Example 9 –contd. (1)

• The windowed sequence is computed as: 

• DFT Sequence:

We obtain: 
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Example 9 –contd. (2)

Power spectrum Amplitude spectrum Phase spectrum
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MATLAB Example -2
Given the sinusoid obtained using a sampling rate of 𝑓𝑠 = 8,000 𝐻𝑧

Use the DFT to compute the spectrum of a Hamming window function with window size 

= 100.

Solution:
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MATLAB Example –2 contd.
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Let, 𝑤𝑁 = 𝑒
−2𝑗𝜋/𝑁 then, 

DFT Matrix

DFT Equation: 

DFT requires 𝑵𝟐 complex multiplications

• The N equations for the DFT coefficients can be expressed in matrix form as:

DFT matrix 𝑊𝑁
DFT coefficient vector 𝑋𝑁 signal vector 𝑥𝑁

𝑋𝑁 = 𝑊𝑁 ∙ 𝑥𝑁Compact form :

Frequency Spectrum DFT Matrix Time-Domain Samples
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DFT Matrix Example

Determine the DFT coefficients of the four point segment 𝑥 0 = 0, 𝑥 1 = 1, 𝑥 2 = 2, 𝑥 3 = 3 of a sequence 𝑥 𝑛

We first compute the entries of the matrix 𝑊4using the property 𝑊𝑁
𝑘+𝑁 = 𝑊𝑁

𝑘 = 𝑒−𝑗
2𝜋

𝑁
𝑘 = 𝑐𝑜𝑠

2𝜋

𝑁
𝑘 − 𝑗𝑠𝑖𝑛

2𝜋

𝑁
𝑘

Solution

The result is a complex 
matrix given by

The DFT coefficients are evaluated by 
the matrix-by-vector multiplication

In MATLAB these computations 
are done using the commands:
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FFT

FFT: Fast Fourier Transform

A very efficient algorithm to compute DFT; it requires less multiplication.

• The length of input signal, x(n) must be 2𝑚 samples, where 𝑚 is an integer.

Samples N= 2, 4, 8, 16 or so.

• If the input length is not 2𝑚, append (pad) zeros to make it 2𝑚.
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DFT to FFT: Decimation in Frequency

DFT:

split Equation

𝑤𝑁 = 𝑒
−𝑗2  𝜋 𝑁

twiddle factor

𝑓𝑜𝑟 𝑘 = 2𝑚 𝑒𝑣𝑒𝑛 → (−1)𝑘= 1 𝑐𝑜𝑚𝑝𝑢𝑡𝑒 𝑋(2𝑚)

𝑓𝑜𝑟 𝑘 = 2𝑚 + 1 𝑜𝑑𝑑 → (−1)𝑘= −1 𝑐𝑜𝑚𝑝𝑢𝑡𝑒 𝑋(2𝑚 + 1)

𝑛 ← 𝑛 +
𝑁

2
to sum from zero

𝑊𝑁
𝑛+
𝑁

2
𝑘
= 𝑊𝑁

𝑛𝑘𝑊𝑁

𝑁

2
𝑘

=𝑊𝑁
𝑛𝑘𝑒−

2𝜋
𝑁
𝑁
2𝑗𝑘 = 𝑊𝑁

𝑛𝑘𝑒−𝑗𝜋𝑘

= 𝑊𝑁
𝑛𝑘(−1)𝑘
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DFT to FFT: Decimation in Frequency

Now decompose into even (k = 2m) and odd (k = 2m+1) sequences.

Using the fact that

With:

𝑊𝑁
2𝑚+1 𝑛
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DFT to FFT: Decimation in Frequency

The computation process is 

First 
iteration

Block1
(Even k) 

Block2
(Odd k) 

 

𝑛=0

(  𝑁 2)−1

𝑥 𝑛 𝑊
 𝑁 2

𝑚𝑛 𝑎𝑛𝑑 𝑥 𝑛 𝑖𝑠 𝑎 𝑛 𝑓𝑜𝑟 𝑒𝑣𝑒𝑛 𝑘 𝑎𝑛𝑑 𝑏 𝑛 𝑊𝑁
𝑛 𝑓𝑜𝑟 𝑜𝑑𝑑 𝑘

𝑁

2
Point DFT
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DFT to FFT: Decimation in Frequency

Second iteration

Third iteration

12 complex 
multiplication

Block1
(Even indices) 

Block2
(Odd indices) 

Block3
(Even indices) 

Block4
(Odd indices) 

The splitting process continues to the end (until having 2 input points to the DFT block, in this case third iteration). 

𝑊𝑁/2
1 = 𝑒

−𝑗
2𝜋
𝑁
2

(1)

= 𝑒
−𝑗
2𝜋
𝑁
(2)
= 𝑊𝑁

2

Using same process 
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DFT to FFT: Decimation in Frequency

The index (bin number) of the 

eight-point DFT coefficient 

becomes inverted, and can be 

fixed by applying reversal bits.

For data length of N, the number of complex multiplications:
For each k (N) we need  

N multiplications 
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IFFT: Inverse FFT

The difference is: the twiddle factor 𝑤𝑁 is changed to  𝑤𝑁 = 𝑤𝑁
−1, and the sum is multiplied by a 

factor of 1/N.
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FFT and IFFT Examples

FFT

IFFT

Number of complex multiplication = 

Sequence
𝑥 𝑛

Sequence
𝑥 𝑛
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DFT to FFT: Decimation in Time

Split the input sequence 𝑥 𝑛 into the even indexed 𝑥 2𝑚 and 𝑥 2𝑚 + 1 each with N/2 data 
points.

Using
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DFT to FFT: Decimation in Time

Define new functions as

As,

𝑊
𝑁

𝑘+
𝑁
2 = 𝑒

−𝑗
2𝜋
𝑁
(𝑘+
𝑁
2 ) = 𝑒

−𝑗
2𝜋
𝑁
𝑘
𝑒
−𝑗
2𝜋
𝑁
(
𝑁
2 ) = 𝑒

−𝑗
2𝜋
𝑁
𝑘
𝑒−𝑗𝜋 = −𝑊𝑁

𝑘

𝑊
𝑁/2

𝑘+
𝑁
2 = 𝑒

−𝑗
2𝜋
𝑁
2

(𝑘+
𝑁
2)

= 𝑒

−𝑗
2𝜋
𝑁
2

𝑘

𝑒

−𝑗
2𝜋
𝑁
2

(
𝑁
2)

= 𝑒

−𝑗
2𝜋
𝑁
2

𝑘

𝑒−𝑗2𝜋 = 𝑊𝑁/2
𝑘
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DFT to FFT: Decimation in Time

First iteration: 

Second iteration:
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DFT to FFT: Decimation in Time

Third iteration: 
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IFFT: Decimation in Time
Similar to the decimation-in-frequency method, we change 𝑊𝑁 to 𝑊𝑁, and the sum is 
multiplied by a factor of 1/N.

inverse FFT (IFFT) block diagram for the eight-point inverse FFT

IFFT
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FFT and IFFT Examples

IFFT

FFT

FFT Butterfly

𝑊𝑁
𝑖 −1

Stage 1 𝑊 has base 𝑁, stage 2 has base 
𝑁

2
, 
𝑁

4
, 

divide by 2 as you add stages.
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Fourier Transform Properties (1)
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Fourier Transform Properties (2)



CEN352, DR. Nassim Ammour, King Saud University 65

Fourier Transform Pairs 


