1.5 Elementary Row operations:

Elementary row operations are steps for solving the lincar system of equations:

I.  Interchange two rows
1I.  Multiply a row with non zero real number
III. Add a multiple of one row to another row

Note: Elementary row operations prodice same results when operated either on a
system or on its  augmented matrix form.

1.6 Methods for solving System of Linear equaiions

1. Gaussian Elimination Method

2. Gauss — Jorden Elimination Method

1.7 Gaussian Elimination Method

STEP 1. by using elementary row operations

ay, a, a b v o4, 4, B
Uy Ay dy b |0 1 4y B
ay ay dy Dy 00 1 5

STEP 2. Find solution by back — substitutions.




Example:3. Solve the system of linear equations by Gaussion- elimination method

x-2y —z =3
3x—-6y—5z=3
2x—y+z=0

Solefion:  Augmented matrix is

1 -2 -1 3
3 6 -5 3
2 -1 1 0

STEPR 1. Creating 0 in the first below first entry by performing row operations
-3R,+R, = R,, ~ZRtR;=> R,

I -2 -1 3 I 2 -1 3
0 0 -2 -6| =|0 3 3 -6

R R Ry
0 3 3 -6 0 0 -2 -6

Creating 1 in second entry of the second row and in thizd entry of the third row by
performing row operations %-RZ = Rz,—% R, => R,

I 2 -1 3

o 1 1 2

0 0 1 3

X

Equivalent system of equations form is:
x-2y —z =3

y+z=-2
z=3
STEP 2. Back Substitution
z=3
y=—z~2=-3-2=-3
x=2y+z+3=-10+3+3=-4

Solution is

x=4,y=-5,z=3



Gauss Elimination method

Example 3.1. Solve the system of linear equations by
Gauss Elimination method

4x, +5x, =2
Hx, +x, +2x; =3
x, +5x,+2x, =1

Selution:
Step I Elimination

It is io eliminate the values below the leading entries fo zero

4 50 2|1 5 21 15 2 1
11 1 2 311 1 2 3|R_R=|0 54 20 -8
1 52 1|14 5 0 2 0 -15 -8 =2
S
- _ 20 1 — —|Zfes=
IR +R,,—4R +R, 7 27|
0 —-15 -8 -2
bs o2t 9R, ! 2 1
- 5
~ 3~
=15, +R| g 1 10 4 > Flo 1 1004
27 27 7 371
0 0 =22 2 00 1
L 9 9

Step Il . Backward substitution
Writing the equation form of the augmented matrix and then substituting value

of X
X, +5x, +2x; =1 -1
x +10x 4 o
L R
277027 e xﬁl‘l(_l):ﬂ_, g =
. -1 27\ 11, 27 27
SR X = —5x,—2x,+]
S N e TR
27 11 11
3 4 -1
L X, =, LT 0 HET
Solution is 11 27 11




Example 3.2. Find values of x, y, and 7 by solving the system of
equations by Gauss Elimination method

_1_..._E. _§m_+_2__. )
X v A
X ¥ 4
N
X ¥ Z

Solution:

Step I is 10 eliminate the values below the leading entries to zero of the Augmented
matrix [A:b]

18 2 7

[Ab] =2 4 —4 3

2 1 1 2
s 2 7 I8 2 7
N [ S L S B SN [ B ”i“ %

0 -15 -3 -12 0 -15 -3 -12

1 8 2 7 1 8 2 7
1
15R, +R, 0 1 % 1_1_ FR-‘;O 1 2 E
3 12 31
00 7 L 001 1
L 4 | L 4 |

Step II . Backward substitution

Writing the equation form of the augmented matrix and then substituting value

I 1—21— = z =4
—+ — +— =7 Z 4
X Z
, ook Loz M0 T I s 4
r,2 11 y 32 6 12 4 3
y 3z 1
r_1 LE 7=_3(j}*2[% +7:é— = x =2
z 4 * y oz
. 4
Solution is x:2,y:§ and z =4



Example 4. Suppose that points (-2,-1), (-1,2), (1,2} lieon parabola
2
y=a+bx+cex®,

(i) Determine a linear system of equations in three unknown a, b and c,
(ii) Find the equation of parabola by solving the system of linear equation.

Solution:

(1) The system of linear equations can be obtained
equation of parabola as these Iie on the parabola.

Through point (-2,~1) a —2b + 4c¢

through point (—1,2)

a-b+ec

through point (1,2) a+b+c

The system of linear equations is

a —2b + dc=-1

a—b+c=2
a+b+c¢c =2

(i)

STEP: L.
Matrix form Of; the system is: _
1 -2 4
1 -1 1
11 1
Augmented matrix form is:
1 2 4
1 -1 1
111

-1
2
2

by substituting these points in the

Creating 0 in the first below first entry by performing row operations

~Ri+R; and —~R|+R3




1 2 4 -1
~0 1 -3 3
0 3 -3 3

Creating 0 in second eniry of the third row by performing row operations

—3R+R;

(1 2 4 1]
0 1 -3 3
0

U

0 6 -6

STEP: 11.
We are using Gauss Elimination method , so we write the equation of the matrix
a =2b + 4c=-1
-b -3¢ =3
6c =-06

Solving by hackward suhstitution
6c =—6 —c=-1

—b =3¢ + 3=-3+3=0
a =2b ~ 4c~1=0+4-1=3 =a=3

=b=0

Solution of the systemis =3 b =0and ¢ = -1/
Equation of parabolais ¥y = 3 — x2



1.8 Gauss — Jorden Elimination Method

a, G, 4 b 1 0 0 B
a, an ay b|—>|0 1 0 B
Iy Gy a4y b 0 0 1 B

Example.4. Solve the system of linear equations by Gauss - Jorden elimination method
x;+ xp +2x=4
wXp~ 2%y T 3x3 {
331 - 7xa+ dx;=10

Solution:  Augmented matrix is

1 1 2 8]
-1 -2 31
3 -7 410
11 2 8 |
~Y 0 -1 59 RitR,, SRR
10 ~10 -2 -14]
11 2 8
~ o1 -5 -9 R, 10Ry+R;
0 0 -52 -104
11 2 8
~ 0 1 -5 -9 “R3/52
|_0 0 1 2
11 0 4]
] 0 1 O 1 —2R3+R], 5R3+R2
00 1 2
1 0 0 3]
N 01 0 1 RotR,
0 0 1 2]




Equivalent system of equations form is:
X5 — 3

X2 — 1
x3 = 2 is the solution of the system.

1.9 Row Echelon Form

A form of a matrix, which satisfies following conditions, is row echelon form

i. ‘I’ (leading entry) must be in the beginning of each row,
ii. ‘1" must be on the right of the above leading entry,

ili. Below the leading entry all values must be zero,

iv. A row containing all zero values must be in the bottom.

Examples:
I 23 4
1 2 3 4 01 2 3 4
D 01 2 3 (")0123 i) {0 0 0 1 2
i ii ii
¢ 01 2
001 2 00 0 01
0 0 0 0

1.10 Reduced Row Echelon Form

A form of a matrix, which satisfies following conditions, is row echelon form

i. ‘1’ (leading entry) must be in the beginning of each row,

it.  “1” must be on the right of the above leading entry,

itl.  All entries in the column containing leading entry must be zero,
iv. A row containing all zero values must be in the bottom.

Examples
01 -2 0 |
1 06 0 3 1 00
y e 100 0 13
101 0 2, @Gy |0 1 0f,(i) 00 0 0 0
0 6 1 1 0 0 1
00 0 00

Note: 1. Gaussian Elimination method is reducing the given Augmented matrix
to Row echelon form and backward substitution.

Note: 2. Gauss- Jordan Elimination method is reducing the given Augmented
matrix to Reduced Row echelon form,
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Example:5. Use Gauss — Jorden method to solve the system of linear system

x— y+2z—w=-1
2x+ y—2z-2w=-12
—x+2y—4dz+ w =1

3x -3w=-3
Solution: Gauss-Jorden methed is same as to reduce the augmented matrix to reduced
row echelon from.
Augmented matrix is

1 -1 2 -1 -1
2 1 -2 -2 -2
-1 2 -4 1 I

3 0 0 -3 -3

There is a leading entry *1” in the first row, making all other entries in the first
column zeto

-1 2 -1 -1

L0 b 20 (2R 4R2)/3 , Ri+Ry -3R+Rs
0 1 -2 0 :
0 3 -6 0 0
10 0 -1 ~i

~ 01 -2 00 RyHR;, -Ry+R;3, -3R2Ry
00 0 0
00 0 0 0

is reduced row echelon form
Equivalent matrix form is
x—-w=-—lI
y—-2z=0
there are four variables x, v, w and z in the example, variables appearing as

leading entries are called LEADING VARIABLES, and other variables are
FREE VARIABLE

x and y are leading variables and w and z are free variables.
Let z =45 and w = ¢, where s and ¢ are real numbers,

x=-1+w=-[+1{
y=2z =15
z=3"
w=1 tandseR
There are infinite many solutions of the given system.
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1.11 SYSTEM WITH NO SOLUTION

Example: 6 . Solve the system of linear equations

x— 2y+ z- 4du=I
x+ 3y+ T2+ 2u=2
x—=12y-1lz—16u=>5

solution:
Augmented matrix is:

1 -2 | -4 1
i 3 7 2 2
i1 -2 11 -16 3

Reducing it to row echelon form (using Gaussian - elimination method)

1 -2 1 —4 1
0 5 6 6 | Ro- Ry, R3-Ry
0 -10 -12 ~12 4

&

-R3+2R,

a2
o o =
o
oy =
<
o o— —

Last equation is

Ox +0y 40z +0u =06
but 06

hence there is no solution for the given system of linear equations,



EXERCISE 1.1

SYSYTEM OF LINEAR EQUATIONS

Solve the system of linear equations
(a) Gaussian Elimination (Row Echelon form )
(b) Gauss — Jordon method ( Reduced Row Echelon form )

x+y+z =7

1. —-x+y+z=5
x—y+z=5

x+2y —z =2

2. 2x+3y+2z=5

3x+2y+3z=10

3x+y —z=-4
3. x+y-2z=-4

—x+2y-z=1

x+2y+3z=6
4. 2x~3y+2z=14

3x +y —z=-2

x—y+z =4

5. dx+2y+2z=48
3x+2y+2z=2
x+2y+3z =17

6. 3x+2y+z=11

x—5y+3z=-5

Ans: x=Ly=Lz=5

Ansix=4,y=-1,z=0

Ans:x=-1ly=1,z=2

Ans: x=Ly=-2,z=3

Ans: x=6,y=-3,z=-5

Ans: x=1,y=2,z=4

1€




x+8y+2z =7
2x+4y—4z=3
2x+y+z=2

x+y—2z=1
2x—y+z =2
x—2y—4z=—4

Ans: x=1/2,y=3/4,z=1/4

Ans: x=26/21,y=25/21,z=5/7

Solve the system of linear equations by Gauss — Jordan method

9.

AR

13.

14.

4x; - x3t2x4=-3
xz+ x3+3x4:]

Xyo dx;+3x3+ x4=40

X7 - 2x2+ X3 -3)54 =2
Xyt 3+ 7x;t 2x4=3
Xy-12x;-11x;3 - 13x,=7

X+2y+3z+4w=>5
x+3y+5z+Tw=11
X —z-2w=-6
Ans: No solution

x+y+2z-5w =3
2x + y—z+3w=-11
2x+3y—z-9w=-3
x=3y+2z+7w=-5

10. X;+ 2xz+ dxz+ x;=3
2x; -+ 3x; =3
x;+3x; +2xy =2

12, X7 - Xzt 2x54+ x4 =-1
2+ xF x3-x4 = 4
x1+2xz- X3 -2)@;2 5
X7 + Xz =1

Ans: x=-5-2t,y=2+3,z=3+2t, w=t



15,

2%, + x, T6x,+x, =0
6x, —6x,+2x, +12x, =36
4x, +3x, +3x, —3x, =-1
2%, +2%, — x,+ x, =10

Ans: x,=2,x,=1,x,=-1,x,=3

16.
2x—3y —z =5

x+2y =4
10y+3z=-2
3x+3y +2z =1
Ans:x=2,y=1z=—4

17.
Ix—-y+7z =
2x-y+t4z =

x-y+z =
6x—4y +10z =

W o= =2

Ans: x = —é— -3t y= —% —2t,z =t, where ¢ is arbitrary.

18.
X+ % —x+2x, =10

-5x, +3x, —15x, ~6x, =9
3x,—x, ¥Tx +4x, =-1

Ans: System is inconsisitent.

V7
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1.12 Conditions on Solutions

Example:7. For which values of ‘a’ will be following system

2x+3y+z =—1
X+2y+z =0
3x+y+(a’-6)z=a-3
(i} infinitely many solutions?

(ii)  No solution?
(iiiy  Exactly one solution?

Solution:

Using Gaussian Elimination method: Reducing the Augmented matrix to
row Echelon form

The augmented matrix.

[A:bl=
3 1 1 |Ror= |1 2 1 0 | Ry+(-2R)
1 2 1 0 23 1 1 Rr3ry)
1 a—6 a—3 3 1 a6 a—3
1 2 1 0 iR, 1 2 1
= 0 -l -1 -1 Rs+(5R,)= 1 1 1
0 5 &*-9 a-3 0 -4 aq-2

I infinitely many solutions: a =2, a’ —4=a-2 < 0 =0, as number of equations
are reduced to two and number of variables are three.

I nosolution:a=-2,a—-4=a-2¢ 0 #—4 , It is never true statement

I one solution: a =R~ {2, — 2}, for every value of a in the given interval there will
have only one solutions.

Note: System is inconsistent is case a = — 2, otherwise the system is consistent.



Conditions on Solutions

Example:7.1. For what values of A does the system of equations
3x +Az =2

3x +3y +4z =4
y +2z =3

have (i) unique solution, (ii) infinitely many solutions and (iii) no solution.

Solution: (a) Augmented matrix is Form
304 2

[Alp] =3 3 4 4
012 4
30 A 2

R 510 3 4-2 2
01 2 A
30 A 2

— BB 510 3 4-4 0 2

0 0 A+2 31-2
considering last row the Augmented matrix
Ox +0y +(A+2)z =34-2

() fA=-2, then 0=-8, but 08 whichisnot possible,
so there is no solution.

(i) If A -2, then , we have three equations and three unkowns,
s0 we have unique solution.

(iit) As both side of last row of the matrix will not have all zero value

for any value of A, so system will not have infinitly many solutions.




Example:8. What conditions must a, and b satisfy in order for the system of

equations
x=2y+3z =4
2x—-3y+az =5
Ix—4y+35z =b

to have (i)infinitely many solutions? (i) No solution? (iii) Exactly one solution?
Solation: The augmented matrix is

1 -2 3 4
[4:B]=|2 -3 a 5
3 -4 5 b

reducing it to reduced row echelon form

1 -2 3 4

=0 1 a-6 -3 [ Ra2R;, R3-3R,
0 2 -4 p-12

1 -2 3 4

~|0 1 a-6 -3 | R32R,

0 0 -2a+8 b-6

(1) Infinitely many solutions?
If a=4 and »=6 then

1 -2 3 4
=0 1 -2 =3
0O 0 0 0
(ii) No solution?
If a=4 and b6 then
1 -2 3 4
=0 1 -2 =3
0 0 0 b5-6

(1i1) Exactly one solution?
If a#4 and beR then

1 -2 3 4
=0 1 =2 -3
00 h—6
L —2a+8 |



Example:9. What conditions must a, b, and ¢ satisfy in order for the system of
equations

x+y+2z=a
X +z=b
2x+y+3z=c

to be consistent.

Solution: The augmented matrix is
11 2 a
~1 0 1 b reducing it to reduced row echelon form
21 3 ¢

1 1 2 a
-1 -1 b-a

1
=

Ro-Rj, R3-2R,

1 1 2 a
-1 -1 b-a
10 0 0 c—a-b

.4
o

Rs-R;
The system will be consistent if only if ¢—a-5=10

Or ¢=atb
Thus the required condition for system to be consistent is

c=ag+b
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EXERCISE 1.2

Conditions on solutions

Find the relationship between a, b and ¢ for which the system of
equations will be consistent:

1. 2x—-y—z7=a
xXH2y+z=5b
Sx+y—-z=c¢

2. Xy - X2 + X3=da

2x; - x2 t3x35 =5
X7 +2x3=¢
3. Xy -2x2 + x3=a

2x;+x2 + x3=b
3xy - x35=¢

4. X;-x2+ 3x3=a
3)C1 -3).’32 +9JC3 =h
“2x; +2x; -6x3 =c¢ Ans: 2b=c+4q

x+2y—-2z-2t=aqa
—y+3z+2t=5b
5. Solution: a-b+c=2
—-x+y+4z+3t=c

2

il

4y —z—t¢

R ||

3
ans. x:—ar,y: f,z=t

For what values of A does the following system of linear equations have
(a) Unique solution, (b) infinite many solutions, and (¢) no solution.

6. 3x + hz=2
3x +3y + 4z=4
' y + 2z=24
Ans. (@) A#-2 ,(b)A=-"2and 1=2/3, () A=-2 .

7. X+ y+ z=3
2X -y - z=1
3X +Ay + Az=7

Ans. , (@R —{0,1} ,(hI1=9/5, ) A=00ri =1

2.2
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8. 2x + 3y + z =-1
X + 2y + z=0
3+ y +(A13)z=213

Ans. (a) A=+11 ,(B)A=4/11 and 1= -2 (A =211

9. x+ y+2z=h
X - 3z=2
2x + y - z=0

Ans. (a) No unique solution,(b) A=00rd=-1,(c) A # -LA=0.

10. 2x + y - z=1
x+ y+z=2

3x + 2y =%

11. x + 2y - 4z=3
3x - y+ 13z=3
4x + y + APz=)43

12 x+ y- z=2

Ans. (@) A=2 ,(D)A=22, (c}A=-2.

For what values of A and p does the following system of linear equations
have (a)Unique solution, (b) infinite many solutions, and (c) no solution.

13.
Xx+y+z=6
x+2y+3z=10
x+2y+Az=u

Ans: (@) A=3 ueR, (B)A=3,u=10 (c) A=3,u=10
14.
x—2y+ 3z=4
2x-3y+Az=35
3x—4y+ S5z=pu




15. For what values of 2 does the following system of linear equations
have(a) Unique solution, (b) infinite many solutions, and (¢) no solution.

xXty+z=2
2x+y—z=4
3x+2y =4

Ans: A =06, system will have many solutions

16. For what values of A does the following system has non-trivial solution

2x+y - z=1
x+y+ z=2
3x +2p =X

17.Find a relation between a and ¢ so that the system

ax + 3z =2
3y- 2z =]
x + ¢z =2 hasaunique solution



1.4 HOMOGENEOUS SYSTEM
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Let AX=b be asystem of linear equations. This system is called homogeneous
system of linear equations if and only if b=0.
A system of equations of the form

That is with all constants b’s taken as zero.

Example:
ay X, +apX, +aX et ax, =0

Ay Xy + Ay Xy + Ay Xy b+, x, =0
Ay X + Ay Xy + Ay X + oty x, =0

........................................................

amix{ + aml‘xz T a.'n3x3 tot aumxn =0
is homogeneous system of linear equations.

1. The homogeneous system AX=0 always has at least one solution,
X, =X, =%, =.=x_ =0 called a trivial solution.

2. The homogeneous system has infinitely many mon- trivial solutions in
addition to the trivial solutions.

3. The homogeneous system will have a non- trivial solution if and only if Aisa

singular matrix = determinant of A is zero.



Example:10. Solve the homogeneous system of finear equations

2x+2y+4z=0
w - y=3z=0
2w+3x+ y+ z=0
2w+ x+3y-2z=0
Solution: The augmented matrix is

RioR,

[0 2 2 4 0 1 0 -1 =3 0
1 0 -1 =3 0 0 2 2 4 0

<> <=
2 3 1 1 0 2 3 1 1 0
-2 1 3 =20 -2 1 3 -2 0
Ro/2, R3— 2Ry, R4+2R; Rs-3R;, -Ro+Ry
10 -1 -3 0 1 0 -1 =3 0
01 1 2 0 01 1 2 0
03 3 7 0 00 0 1 0 <
01 1 -80 00 0 -10 0
R;+3R3, Ry-2R3, Ry+10R;
10 -1 0 0
01 1 00
00 0 1 0O
00 0 00

System form is;

w—y =0
x+y =0
z=0
leading entries are w, x, and z , free entry is y
lety=t
w=y=t
x=—-y=-—1
z=0

solution is w=t,x=—-t,y=t,z=0, where teR, ¢+0.

so there are inifitly many solutions.
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Example:11. Solve the homogeneous system of linear equations
X, +3x, +x,=0
¥ +4x, + 2x, =0
=2x%,—-2x,~x,=0
2% —4x, + x,+x, =0
: X =2x, - x;+x,=0
Solution: The augmented matrix is

RoRy, Rs, Ri-2R1 RsR;

1 3 0 1 0 1 3 0 1 0
1 4 2 0 0 0 1 2 —-10
0 -2 -2 -1 0| = |0 2 2 1 0
2 4 1 1 0 0 -10 1 -1 0
1 -2 -1 1 0] 0 -5 -1 0 0]
Rg—Rza R4-10R2, R5+5R; 2R4+21 Rg, 2R51H9R;
13 0 1 0 1 30 1 0
01 2 -1 0 01 2 -1 0
~|0 0 -2 3 0 ~ {0 0 -2 3 0
00 21 =11 0 00 0 41 0
00 9 -5 0 00 0 17 0]

Ry/41, -Rs/17-R¢/41  Ri-Ri RytRy, (Rs-3Re)-2

13 0 1 0 I 30 0 0
o1 2 -190 ¢ 1 2 00
=~ |0 0 -2 3 0 = (0 01 00
00 0 1 0 0 00 1 0
00 o0 0o Jooo ool
Ri-2R, Ri-3R;
1 3000 190 0 0 0
¢ 1 000 01 000
~ 1001 00 ~ |0 01 0 0
00 010 60 001 0
00000 [o0o0 0 o

Equation formis  x, =0,x, =0,x, =0and x, = 0.
There is only trivial solution and there are no additional non-trivial solutions.
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Example:12. For which value (s) of A, the system of equations have non — trivial
solutions,

(A-3)+ y=0
x+(A- 3)y=0
Solation:

L. [A=-3 1 0
The augmented matrix is :
1 A-3 0

1 A-3 0 1 A-3 0
“la-3 1 o o 1-@-3* 0
The equation form is

x+{A-3)y=0 1
N-(A-3Yly=0 2

ify =0 = x =0, which are trivial solution,

hencey =0 = [1-(1-3)°]=0
1— (2 —64+9)=0
1-A+61-9=0
R +61-8=0
A —61+8=0
(A-2)(A—-4)=0 o~

1. Both equations arc identical for A =2 or A =4 = there are infinitely many
solutions. :

2, If A=4,then x+y=10,whenx ={
y=-t,where f eR, t#0.

3. If A=2,then x—y=0,when x =1
y=1,wheret eR, t0.

4, 1f L =2, and A # 4 , then the system will have trivial solution.
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Example:13. For what values of A the following system of equations
x4+ (/l - 1) y=0
(A-Dx+y=0
has (a) unique solution, and (b) infinitly many solutions.

Solution:
Augmented form of the homogeneous system

1 A-1 0
[,1 -1 1 (}}
Reducing it to reduced row echlon form,
multiply R, by -(4-1)and add to R,

1 A-1 0
Tlo 1-(2-1) o

From R, the system will have solution, if
[1—(1—1)1;::0:”(2—3);;: 0.
Ify =0, then x =0 and system will have unique trivial solution x =0 , y =0,
Ify«0,then A2--1)=0=A=00rl=2,

(@) ifA=0thex+y=0 or x=—y, then the system will have infinite many sohtions,

(b) ifAi=2thex—~y=0 or x=y, then the system will have infinite many solutions, and

{c) if A#0o0rd#2then the system will have unigue solution and that is trivail solution
x=0,y=0.
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EXERCISE 1.3

Homogenous system of equations

1. Solve the homogenous system of equations by reducing it to reduced
row echelon form:
Xy-x3+ x3=10
2x; - xz + 4x3 =)
3.3C1 + 2)62 +II)C3 =(
2. Solve the homogenous system of equations by reducing it to reduced
row echelon form:

2x -9y + 3z + 2w=10
x - 4y - w =0
2x -6y -2z + Sw=0.

3. Solve the homogenous system of equations by reducing it to reduced
row echelon form:

x+y+tz =0
x—y+2z =0
3x—y+52z=0
4. For what values of & does the following system has non-trivial
solution

x+2y + 4z=0
3x - 2y+ hz=10
5x+3y + z=0

5. For what values of A does the following system has non-trivial
solution
3x+y -Az =0
4x—-2y-3z =0
2Ax+4y+Az=0
Ans: A=1,-9




2.4 Inverse of a 2x2 matrix

b
Consider a 2x2 matrix A= [a d}
c

ad—-bcl—¢c a

1 d -b
Ifad—be #0, then A'I:—mm[ }

3 2
Example:3. Find inverse of matrix A = [4 5}

3x5 2x4=15-8=17

a5 -2
A1=%[ }
-4 3

Properties of Inverse

1. AlA=AAT=I

2 If A and B are invertible matrices of the same size , then
AB is also invertible and
(ABY'=B'A"

2.5 Power of a matrix

(A =(47)", n=0,1,2,.

I A'=I

2. A"=AAA...A (n-factors), where n>0.

3. A"= (A']T =A"ATATLAT (n-factors) , where n>0.
4, ATAT=A""S

5. (AT =A"

6. (ANY'=4

7.

8.

(k4 = %A‘i , where k is a scalar,

4S




Example:4. Let A be an invertible matrix and suppose that inverse of 7A is {

find matrix A

-2 7
Solution: (7A)'= Ly
7 1 -3

A"—’?_Z 77 [-14 49
[ T T X I N B, §

A:(A_])_1:_1[—21 49}_ 7 [3 7

~7 —14| 49|1

290
Example:5. Let A be a matrix L J compute A°, A%, AZ-2A + L.

vy T HS
O b AR A

1 0
Aﬁ3 — (A3)_] = l
8-28 8
4 0 /4 0 |1 0 1 0
A —244+1= - + =
12 1 8§ 2 0 1 4 90
Example:6. Find inverse of the matrix

cosf  siné
A= .
[- sinf cos 9]

ad—be= cos” @ +sin’ 0 =1,

Solution:

Solution:

A—1:1|:COSH _Sing}_[cosﬁ —sind

I[sind cost | |ng  cosd

|

2

}:

1

7

|

37

1

2

-2 7
1 -3

|

hé



2.6 Elementary Matrix

An nxn matrix is called elementary matrix, if it can be obtained from
nxn identity matrix by performing a single row operation.

100
Examples: ,={0 1 0 isa3x3 identity matrix.
0 0 1

Elementary matrices E1,E; and Ej can be obtained by single row operation.

0 0

Ei=|0 1 0 |-3R3
00 -3
1 0 0

E,=|0 1 0 [-2RsH+R;
01 -2
(0 0 1

Es=|0 1 0] RjoRs
1 00

NOTE: _
When a matrix A is multiplied from the left by an elementary
matrices E, the effect is same as to perform an elementary row
operation on A,

49



Example: 1.
1 0 2 3
let A be a 3x4 matrix, A=|2 -1 3 6|and
1 4 40

E be 3x3 elementary matrix obtained by row operation 3R;+R;3 from an
Identity matrix

¢ 0
E= 1 0
0

w o

1o o0lft o 23] 1 0
EA=|0 1 0|2 -1 3 6|=|2 -1 3 6|3RyiRs,
30 11

o
(8]

4 4 0 4 4 10 9

2.7 Method for finding Inverse of a matyix

To find an inverse of matrix A, we perform a sequence of elementary
row operations that reduce

A | 1] w0 [1]A7

-56

: |1 4
Example:2. Find inverse of a matrix A ﬂL 7} by using Elementary matrix

method.
. 1 41 0O
Solution: [A|I ] =
2 70 1
1 411 0
~ | —2R, +R,
_O -1-2 1
1 41 0
o - Rz
_0 112 -1
1 07 4
~ -4R, +R,
_0 1 -
=14




5

Example:4. Use Elementary matrix method to find inverses of

3 4 -1
A=110 3 if A is invertible.
2 5 —4
Solution:
3 4 -111 0
[Alf] =1 0 3 1
2 5 —-4/0 0
(1 0 30 1 0
~[3 4 -11 0 0| R &R,
2 5 —40 0 1
1 0 3o 1 0
~0 4 -10]l -3 O|-3R +R,—2R +R,
0 5 -1000 -2 1
1 0 3(0 1 0
~|0 4 -10{1 -3 O|-R+R
01 01 -21
1 0 3{0 1 0 )
“01 okt 1 1] Rer, TR
. - 10
00 -3 ¥ #
1o o3 # ¥
~l0 1 01 1 1| —3R+R,-R
00 1|13 & 4
~ ]
3 o1 =6
2 10 5
At=1-1 1 1|
= 2
2 10 5



2.8 Solving Linear system by Inverse Matrix

Let a given linear system of equations is

AX =B
Find A™
Multiply with A from left
' ATAX =ATB
IX=AB

. X =A"B is asolution.

Note: To find A™ we use Elementary Matrix method.

- Example:5.
Write the system of equations in a matrix form, find A™, use A™ to
solve the system

X +3x, +x,=4
2%, 4+2x, +x,=-1
2% +3x, +x, =3

Solution: 1. Matrix Form is:

1 3 1]x 4
2 2 1|x,|=l-1| isinformofAX=B
2 3 1f=x 3

2. Find Al by using Elementary Matrix method

311 0 0

1
[A1I]= 2 2 110 1 0
2 3 10 0 1

52



4

I

&

{

a

b4

R

24

1 3 171 0

2 2 10 1
2 310 0 1
1 3 11t 0 0

0 -4 -1-2 1 0} R,-2R,R-2R
10 -3 -i2 © 1
1t 3 1|1 0 0

0 -4 ~1-2 1 0| 4R -3R,

0 0 -1-2 -3 4

1 3 0-1 -3 4]
01 0(0 -1 1| -iR
0 0 -1-2 -3 4
1 3 01 -3 4]
01 00 -1 1 ~R,
0 0 1]2 3 -4

-1 0 1

At=10 -1 1

2 3 —4
-1 0 1747 [-1
X=ATB=|0 -1 1 |-1[=| 4
2 3 —4|3]| |-7

Solution setis x =-Lx, =4,x; =-7.

" gj




Example:6.
Write the system of equations in a matrix form, find A™, use A to
solve the system
X+ z=-y+4
x+2z=y+1
v+z=3

Solution: 1. Matrix Form is:

1 1 1] «x 4
I -1 2)y|=|-1] isinformofAX=B
0 1 1|z 3

2. Find A by using Elementary Matrix method

1 1 1)1 0 o0
[4l7]={1 -1 2j0 1 0
0 1 10 0 1
1 1 11 0 o
~[0 =2 11 1 0| R,-R
0 1 10 0 1
11 11 0 0]
[0 1 10 0 1] R©oR
0 =2 1-1 1 0
1 0 0 —1]
~ 0 1 10 1| R-R,2R +R,
0 0 3-1 1 2]

0 01 0 -1
~0 1100 o 1| 1z
00 1.1 1 2| °

I 3 3 3]



lZ
o o o=
S o= O
- o O

I

3
Y

[

[E—

A-l

Ii
|
I

|
u.)|r_‘ I R
(]

'_
W=

Solution setis x=1,y=2,y=1.

Wik W=
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EXERCISE 3

SOLUTION OF SYSTEM OF EQUATION BY FINDING INVERSE OF

MATRIX BY ELEMENTARY ROW OPERATIONS

1. Use elementary matrix method (using row operations) to find A of the matrix

S

2. Use elementary matrix method to find A™! of the matrix

(1 2 3
A=[1 1 2
01 2
3. Use elementary matrix method to find A™' of the matrix

2 4 3 2

36 5 2
A=

25 2 3

4 5 14 14

Operation (Row Reduction }

11 -17x] (=1

In problems 3 to 5, write the following system of equations in matrix equation and
solve by using row operations (elementary matrix method) for find the inverse of

the coefficients matrix

5. 2x+t4y+3z=6
y - z=-4

Ix+3y+T72=7

4. -1x + z=2

-S5X + y+3z=-2
X -y -dz=1

Solve the matrix equz_ition by finding A™', by using the Elementary Row

56



3.1 Determinant of a Mairix

A number is associated with each matrix that is referred as
determinant of matrix A is denoted by |4l or det(A)

3.2 Evaiuating determinant by direct muliipiication

The determinant of a 2% matrix
' a, & ,
aefe ] .

{0y 9m

2% 22

Det (A) = d Gy 2
gt (A) = det o a = Qyfy ~ Ondz

4y
Py — Gy

det (A)=&et 4, dn 9n

fy Gm 9n

- @y, xylyy + iy O + 38 6

- Gy 83~ Gnfndn T 18y T

Note: This method does not work for 4x 4 or higher order.

61




3.1  Determinant of a matrix

A number us associated with each matrix A that is referred as

determinant of matrix A and is denoted by | A | or det {A)

3.2 Evaluating determinant of Matrix

For 2x2 matrix

-
A:
¢ d

a -b

c ><:+d

fA| =det A =ad —cbh

For 3x3 matrix

a, d, d;
4= ay 4, dy
_a31 ay, Ay |

a a a

21 a

21 23 22

a, a

22 23
detd=aq, —a, +a,
d a33 a31 a33 a

31 d

32 32

= U (azzass - a32a23) - alZ(a2]a33 - a31a23) + al}(a2]a32 - aalazz)

= Ay dyy — Gy Ay dy, — (a]2a21a33 o auas]azz) T 40,0, —a,d

31a22



Example .1: Find the determinant of matrics

23
A= , B=
)

Solution: Determinant of 2x2 matrix

A:E 3}  detA=2x9-3x5=18-15=3.

SN VS N o)
th N e
vwoce L

Determinant of 3x3 matrix

wel
il
o W W
W N B
" oo Lha

st Y-a S
— 2(54 - 40) — 4(27 -32) + 5(15-24)
= 2(14) — 4(=5) + 5(-9)
~28+20-45
= 4845
=3
2 3
59

Note: We can write itas det(A) or |A| or

2 3
°rd¢t5 9
|

3.3 Finding determinant bv method of co-factors !

nt of a matrix a; ofa matrix A, denoted by Mg, 1s
btained by deleting the row and column

Minor The mirnor of an eleme ‘

the determinant of the matyix 0
containing ajj.

Gy O G |
Example: A= a, dx
Gy dp Gy

31 32

The minor My; of the element 223 of matrix



4, dn Yo o a]
A=la, ap ay|isthe determinant of 2x2 matrix[ " } . Thus
a, a
1

10y I 9y
2. @
11 12

@y Gy

Maa =

=y iy — Gtz

Cofactor of an element &; of a matrix A , denoted by Cjj, is defined as
Al s J - i
el . .
Cy= (--T[)1 IV, where Mj is minor of the element &jj.

- NOTE: Cy=Wj; wheni+jis even,and Cyj=- M wheni+j is odd.

@ G 9
Determinant of mattix A=|dy; G n by method of cofactor is

a3 My D
Det(A) =anCu +anCi + a3Ci3
. NOTE: Determinant of a matrix can be obtained by expanding about any column or TOW.
Finding determinant by expanding it through second row:
Det(A) = a9/Cz1 +anln + a23Ca1

Example:2. Find +he determinant of matrix

1 2 3}
A=12 1 2
431
Solution: :
Det(A) = anCii + 8l +23C1s
i 2 2 2 2 1
= (i -(2 +(3
.()\3 1 ()*4 1 G 3\
=(1) (-5)—(2) (-6) +(3) (2}
=-5+12+6

=13



Example:3. Find determinant of mamix if A=

JUNSR TR N R )
o o L
S [\ B
fan IRV | Ly L

Solution: Expanding from 4% ToW

{ 28 P23 o 1 8% o1
Det(Ay=- (L 2 3+ OF ) A-(ap -1 3rOR -T2
1 9

218 P 5 2 8 p 21
. ()@ +OD-BEH* O

- 4136 =-140.

Example : 4. Tind all values of % for which det(A) =0 for matrix

-4 0 0
A=l 0 4 2
o 3 A-il

. a2 o 2 0 A
Solution: det(A)=_(7L—4)‘3 . 1\_—(0)\0 ,1~1\+(0)\0 3|

C=e® A1 -6
= (h-4) [ A5 - 6]
= (h-4) (h - 3) (W)
det (&) =0.
(A-4) (b -3) ) =0
— =4, A =3 A=-2

3.4 Evaluating Determinant by row operations

1. If matrix A is obtained from matrix A by the iiere
det(A1) =- det(A).

hange of tWo TOWS then

5. If matrix Azl obtained from matrix A by the muitiplication ofatowof A by

» constant k , then det(Az) =K det(A).

3. If matrix Az is obtained from the mairix A by addition of a multiple of one row

10 anather row . then det(As) = det(A).

&S




L)

jr 23 [ ] [ 2
MA;=|2 4 8, (DA,=0 (i) A3=L{) 1
12 L2 4 10 o

o

™
 ——

23
Example:S. Let A= 1 2|, and dew(A) = 2. Find determinant of
4 8|
1
2
]

o 2

Solution: (i) A, is obtained from A by imterchanging Ry and Rs of A,
det(A)) = - det(A) = -2.

(if) Az is obtained from A by muliiplying Rs of Aby 1,
det(Aq) = L det(A) = 1@)y=1

(111) A is obtained by row operamon 2R+ Ry,
det(Ay) = det(A) = 2.

NOTE:

1. If A is any square matrix that containg a row of zeros, then dei(A) = 0.
2. If asquare matrix has two preportional TOWSs, then det{A) = 0.

i

3. In case of upper or lower triangular matmix, determinant is the product of the
diagonal elements.

Lsw e triangalar matrix

aq, 0 0 _
A={a, a, 0| det(A) = 3,855

B=|0 an @, det(B)=03aaM

ﬂ)iuao nal matns
D=

a|| g o

£€



Example:b.
a b ¢ ool e f 1q 3 3¢
Giventhat |d ¢ fi=6, find (2)lg 7 i, (B)}-d - f
4g 4h A

g h i a b ¢
a+g b+h c+i 3ag -3 -3c\
(c) ¢ e £, (@) d e i
18 h i g-4d h-4e 1'-4\‘
Solntion:
d e f a b ¢ a b ¢
@ g h il=-lg b1 _(nebd e A=ENEN® =9
' a b ¢ id e I g h 1
R1<->R3 R2<—->R3
3¢ 3b 3¢ a b ¢
© la e S|=EEDEE A=(12X6) =72
4g 4h 4 g h 1
a+g b+h c+if ja B ¢
{c) d e f‘ =ld e f =06
g h i g kI
Ry-Rs

2g W 3 Ja b c\

@ 4 e fl=(=3)0d ¢ fl=(=3)6)=-18
g-4d  h-4e i-4 i g .h i\
4R‘L+ Rs

&7
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Example:7. Evaluate the determinant by row reduction

1 3 1 5 3
—2 -7 0 -4 4
DetA=|0 0 1 0 1
' o 0 2 1 1\
0 0 o 1 1
Solution:

173 135 3
o -1 2 6 8

detd=lp 0 1 0 1 2R FR.IRFER
0 0 0 1 -1
0 ¢ 01 1
1 3 15 3
0 -1 2 6 8

=l 0 10 1l -Ryt&

60 0 0 1 -1
0.0 00 2

;
(OO =2

Example:8. Find the value(s) of x if  detA= -12, where

1 o0 o
A=|2 %-3 -3
1 x—4 8
Solutiop: Performing row operations -2Ri+Rz, R
i1 0 4] .
. -3 -
seth=lo x-3 -3 = ] O}I—(O)+(0)
p x-4 0 *
=3(x-4)
detA=-12 =>-Zx-12=-12
~He=0
x=0./

b a .
NOTE: Operations on columns are - SaIae as 0R rows.
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Theorem:
For an nxn matrix A, following are equivaient:

det(A) =0,
A exists, and
AX = B has a unique solution for any B.

A 15 Tavestible

il

AT

3.5 Properties of Determinantial Function

ot

If A is a nxn matric det(kA) =K' det(A}),
det(A +B) = det(A) + det(B) ,
det(AB) = det(A).det(B),

4, det(A™)= L ,

detA

5. A square matrix is invertible if and only if
det(A) # 0,and

6. det(Ah) = det(A)

W

-t l:g_ Aot A =0 Thawn u{v\&f’\’\?x; A o t!]y\(‘ddﬁy’ s
g A)( =0y LU\:QQ p\o_{l\f&‘- \.’\.op\_r“"-";\q Vel ’&ﬂwhhﬂ" ‘ijg ali-t-{:\ —0

a b ¢
Example:9. Let A=|d e [ and det(A) = -7 find
g h i
a g d
(a) det (3A), (b)det 24)", (c)det A and (@ P B €
‘ c i f
Solution:  a det (3A) = 3det A =27 (-7)=-189
b deiRAY = == 1 _-t
- det(24) 2°det(d) B8(-7) 356
c. det2a™hy = 2° dei(A)ﬂ-—-%—=~8—=:§
det(d) -7 7
v a g d ‘e b c a b cf
d. b h el =g h il=-d e fl=-(-7)=T
10 i fl |d e f g h i
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Example:10. Use oW reduction to show that

111
a4 b ci=B-a}c—a}e-b)
a! bll Cl.\

Solution.
det(A) = det (A)

1 a a \1 a at e &
1 b bl = |} h-a bi_.a“" =(b~—a)(c—a)0 1 b+a
1 ¢ ¢ \0 c—a ct-al[v’ 0 1 c+a
Rz—Rl,RS—Rl

11 a all

=(b—a)(c—-a).0 1 b+a

30 0 c—-’l

RE-—RZ

=(h-c)c—a)c~ b)

Example:11. Without directly evaluating %;‘jusing properties of detenminant
show that ‘
bre c+a b+d
a b =0 .

11 1y
" Solution:
lhic c+a b+d lavbrec avbd+c a+b=c
a b e (=] .a b ¢ R +R
P11 1 1 1
o1l
=@+b+®L b ¢
b1



EXERCISE 4

DETERMINANTS AND PROPERTIES OF DETERMINANT

In problems 1 to 8 evaluate the determinant by the definition of a determinant or

by direct multiplication.
‘ 2
L.
4
1 6
3.
5 4
2 -5 -1
5 -1 6 1
-1 -3 -3
1 30
7 2 41
-6 7 2

-6
2
721
36
’ 48.
o
301 2
6 2 -4
43 6
1 5 -1
8 4 1 0
2 -3 0

In problems 9 to 16 evaluate the determinant by using row operations to infroduce

Zeros,
g -1 -1
9, -1 7 =2
i 1 -6
2 3 -3 8
4 0 1 5
11.
9 0 -5 9
2 0 12 8

2 13 4

01160
10. :

1 01 2

4 211

312 6

1 2 3 4
12. g

4 3 5 10

1 21 3

7




2 4 6 8 -1 1 1 1
1 345 1 -1 1 1
13. 14.
2 5 6 7 1 1 -1 1
32 45 1 1 1 -1
1 4 1 2
1011
-3 -4 -3 =5
2 1 31
15. 16. 0 0 2 0
03 8 1
0 0 -3 ~4
0 2 3 4
0 0 0 3
2 3 1
17. If A={-1 0 4| ,find () detA (i) det AT
5 -2 =3

18. Find values of A the determinant of the matrix

A4 2o
~4 -~ A 2 1,ifthe inverse of matrix { ;J
6 3 X ' !

does not exist.

19. For what values of A, A is not invertible.

T2

(A -1 0
6)) A=[0 A-1 0
-1 0 2-4
1 0 1
i) A=|2 1 3
10 A
20.  Find the values of A for which the following matrix does not have an
inverse
1 2-2 0
(i) 1 24 O
0 2 A



20.

21.

22.

23,

24,

25.

73

-2 A-1 A+1
(i) 1 2 3
2—A A+3 A+7

Find the values of & for which an inverse of the matrix

1 1 0
I 24 0] exists.
0 2 2

Find the value of x if det A = -12, where

1 0 2
A=12 x-3 1
I x-4 2

Solve the determinantal equation

x -3 2
2 x =3=-19
-3 2 x

Use properties of the determinant to evaluate

det (2A4) + det (2A™) +2 detA . detA™

1 -2 3
if A=|-1 =3 2.
0 0 4

Use properties of the determinant to prove

2%, 42y 2% -2y 7| X, M
2%, 42y, 2%,-2y, z,|=-8x, ¥, 2z
2%y +2y; 2x,-2y; 7, Xy Vi Z
1 1 1
Show that inverse of the matrix a b c does not exist.

c+hb c+a a+b




T4

x x? 1+x?

26. Iy ¥y’ 1+y°=0,

z z? 1+z°

then prove that xyz = -1, where x, y, z are unequal.

1 a a°
27. Provethat det |1 & B° |=(a—5b)b-c)c—a)
1 ¢ ¢

28. Use properties of the determinant to evaluate

1 1 1 1
1 1 1 1
a b c d
a b C d

bed acd abd abc

29. Use properties of the determinant to show that

a—3b r-3s x-3y| |la r x
b—2¢c s-=2t y-2zi=5b s y
| 5c St 5z c t z

30. Find the value of det[ (2A)* (A'Y], where

a b ¢ d
e f g h

A=|i Jj k [land det A =3,
m n 0 p

31. Without expanding the determinant show that

I 1 1
a b c|=(b-clc—alc-b)a+b+c)

a b c

det

W



s

32. Find the values of x for which the matrix

2x-1 2—-x x
x 1 x has no inverse.
2x l+x l+x

33, For what values of x matrix A is singular

x -1 0
A=|0 x-3 -2
2 1 X+ 2
a b ¢
34, Let A={d e f| anddetA=35,find
g h i
(a)  det {(ZA?‘I] ](b) det (2A)
{c) det (3A7) + det [(3A) ] + det (2A)
—a ~b —-c

(d) 3a+d 3b+e 3¢+ f
4g 4h 4i

a b c a+x b+y c+z
35. If |x y z|=3 evaluate| [—x m—y n—z
[ m n ag+x+l b+y+tm c+z+n

36.  Find the matrix A if (SA)' = E ﬂ
37.  If A is 3x3 matrix and if det(A}= 10, find
(2) det(7A) (b) det (5A™)
38.  Finddet(A) if (i) det(A)=S5
(iii)  det(2A) =25 where A is 3x3 matrix.

39, Find non - trivial solutions, if any, of

10
(-43—A)x=0 where A=1 1 1 andx =]y
0 1




40. Find the values of “a” for which an inverse of the matrix A exists

0
0
o

N

1
A=]1
1

41. Find the values of *a” for which the matrix A does not have an inverse

1 -2 0
G A=|1 2-a 0
0 2 a

—a a—-1 a+1
(i) A=| 1 2 3
|2—a a+3 a+7

42. For what values of “A”, matrix A is not invertible

1 0 1
A=12 1 3
1 0 A

I

2 3
43, If A=|1 1 2| andshow that det(A")= 1
1

det (A
0 2 et (A)
44.  Solve by inspection
(i)
x 5 7
0 x+1 6 |=0
0 0 2x+1
Ans:x:{),x:m],x:__l_
2
(i)
1 x &
i1 1i=0
1 -3 9
Ans:x=1x=-3
k5. Salve. Wt I T Y 2 & 4
PRV S I G by 5 oo
) O e fox « (7

A c . M-, s~y -k



3.5 Minors and cofactors of a Matrix

ay  dy Gy
LetA=la, 4, axn
dy Gy Oy

Minor of a, =M,

i

. .

is determinant obtained by deleting ith row and.j'th column.

a a
1 n
M, =
Qyy Gy
[4) a 4] d
12 Y 21 Y3
M, = My, = M, =
sy Uy Gy Uy
(21 a [#4 [#)
12 s n Y
M, = Moy = My, =
Ay Oy y i
a a a a
_|8n Gn 14 Oy
M, = My = My
a3 Oy gy dn

i

Cofactor of a, =C, = (-1)"" M,

Signs of Cofactors

For 2x2 — matrix * ]

For3x3 —matrix |- + -

For 4x4 — matrix

is determinant obtained by deleting 1st row and st column




s

Fxample:1. Find all minors and cofactors of the matrix

34 -1
4=[1 0 3
205 —4
Solution:
0 3
My=lo C=-15M, CEI0M = =S
M, =1F Mo, =P TYaiom =P Hav
S R R P A
M, = Nen SR EE T 7 S I
S S B
Cofactor of a, =C, = (1) M,
C,=-15, Cp=10, Cy=5
Cy=11,  Cp=-10, Cp=-7
C, =12, C,=-10, C,=-4
-15 10 5
NOTE: Mairix of cofactors, C=| 11 =10 -7
12 -10 —4

NOTE: Determinant of matrix of Cofactors by the method of Cofactors

det(4) = a,,C,, +a,,Cy; +a,,C)5
det(A4) = ay, Cyy +ay,Cy +a,,Cy
det(4) = a;,Cy, +a,,Cyy + a5, Cyy

The above equations can be used to check that the cofactors are found correctly as
the values of determinants found must be equal, we open matrix from any row or column,
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Example: 2 . Find the determinant of the matrix A by method of cofactors,

-1
3
—4

v O B

3
4=|1
2

Solution: : Using the cofactors found in the last example

det(4) = a,,C,, +a,Cy; + 5,055
= 3(-15)+4(10)+(-1)(5)
=-45+40- 5=-10

NOTE: 3. We can find determinant by opening matrix from second or third
row or first column, the value of the determinant will be same

det(4) = a,,Cyy +a,Chy + azsczs
=(1)(1 1)+0(—10)+3(—7)311 —-21=-10

det(A) = a,,Cy, + a3, 05y + a3, Cy

= 2(12) +5(-10)+(-4)(-4) =24 — 50 +16 = -10

NOTE : 4. Determinant of A can be obtained by multiplying any row or any
column of matrix A with the corresponding row or column of the matrix

of cofactors.

NOTE: 5. Determinant of matrix A = | ay a4y
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Inverse by method of Cofactors:

an Gy Gy
A=ia, a, a, det A#0.

by O3 Uy

Step:1. Find Matrix of cofactors

C]] CEQ C13
C = C'2I CZ?. C23
CB[ C32 C33

Step: 2.  Find Adjoint of matrix A, adj(A)

T

Cy Co Cs
Adj(A)=|Cy Cn Cy
Cy Cy Gy

Step: 3.

If A is an invertible matrix, det(A)= 0, then

S
A" = etA[adJ(A)]




Example: 3 . Find A of matrix A

2 0 3
A=|0 3 2 |bythemethod of cofactors.

-2 0 -4

Solution: Cofactors of the matrix A are

o) 2ol 2fencoe]S, 3o
c :_‘0 3’;0 =l2 3‘=_2 c __\2 012
270 4T TR 2 -4 TR 200
c :]o 3\$_9 c =_12 3’=;4 c R 01:
S A G | T A (VI
~12 -4 6
Matrix of cofactors, C=| 0 -2 0
-9 -4 6
-12 0 -9
Adjoint of matrix A, adj(A)=| -4 -2 -4
. 6 0 6
det(A4) = a,,C,, + a,Cry +91,C 1
= 2(-12)+0(-4)+3(6)
=24+18=-6% 0
Inverse of matrix A is
1 -12 0 =9
A7 = ladj(A)] = Ll_4 —2 -4
det 4 -6
6 0 6

NOTE: If we can find A", then solution of linear system
AX=Bis X=A"B
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EXERCISE 5
FINDING INVERSE OF A MATRIX and SOLUTION OF SYSYTEM OF
EQUATIONS

1 2 3
1. Let A={2 1 3| beamatrix. Find adjA and hence find A™ if
1 2 4

exists.
2 20
2. Let A=|-2 1 0|beamatrix. Find adjA and hence find A™ if
3 01
exists.
3. Consider the following system of equations
X —y+3z=8
4x +y +6z=24
X - 7 =22

(a) write the system in the form AX =B,
(b)  Find A™if exists,
(¢} Use (a) and (b) to solve the given system.

4, Consider the following system of equations
X - z2=2
y+ z=3
3x -2z =3

(a) write the system in the form AX =B,
(b) Find A™, if exists,
{c) Use (a) and (b) to soive the given system.,
5. Let A be the coefficient matrix of the following system of equations

2x — 3y +4z=-19
3x + 2y - z=4
X + 3y +4z=.23
{(a) find adj(A)
(b) Use adj (A) to find A if exists,
{c) Use A to solve the given system.
6. Solve the system of equations by finding A™ by method of cofactors:

(i) X +2y +8z=35
X -y =1
X + 2y t72 =4
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3.8 Cramer’s Rule

If A is nxn marix with det(A)# 0, then the linear system AX =B hasa
unique solution X = (x;) given by

~ det(4,)

I det(A)
Where A;is the matrix obtained by replacing the jth column of A by B.

x =120

NOTE: If A is 3x3 matrix,, then the solution of the system AX=B1is

dettd) | dei(d) | delld)
ey T ded)” dei(4)

Example: Use Cramer’s Rule to solve

4x+5y =2

lx+y+2z=3

x+5)}+2z=1
4 50 250 4 20 4 5 2
Solution: A={11 1 2], &4={3 1} 20, Ap=1]11 3 23,4:=|11 1 3
' ' 1 5.2 15 2 112 151

det(A) =-132,  det{Ar) =36, det{A;)=-24, ~ det(As)=12

)36 3
det(A) 132 11
Cdet(d,)  ~24_ 2
Y ey 132 1
,e det(4;) _ 12 _-l
det(4) -132 11 : .
NOTE: when det(A) = 0, then there does not exist any solution of the system.




Cramer’s Rule

EXERCISE 6

In problem 1 to 9, use Cramer’s Rule to solve the system of linear equations:

1.

2x + 2y =2

Ix - y=-0

3x + 5y = 2]

2x + 3y =12

X+ 2y +3z= 1

Zx + 5y +3z=-2 Ans: x=0,y=-1z=1

X + 8z = 8§

2x + 2y = 1
1 1 1

2x + y +z=0 Ans: x=—,y=—,z=—
4 4 4

3% +z=1

3x+2y + z=7
13 31 26

2Xx -y +32z=3 Ans: x="-,y="—,z="
7 7 7

Sx + 4y -2z =1

Zx -3y + 4z = -19

Ix+2y - z=

X+ 5y + 4z =23

dy + 3z = -2
2x + 5y - z=1 Ans;x:ﬂ —59 = 106

2

a? Tt T

Ix+4y +52=6
x+ y +22=0
<2x + Sy + 2z = |
3x + y + 4z= -1

X -~ yt+tz+ w =22
-x + 3y + 2w =0

y +z - w=1
X + z - w=]

34



