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Describing Data: 
Numerical Measures

Chapter 3

Learning Objectives

• Calculate the arithmetic mean, weighted mean, geometric mean, median, and the mode.

• Explain the characteristics, uses, advantages, and disadvantages of  each measure of  location.

• Identify the position of  the mean, median, and mode for both symmetric and skewed 
distributions.

• Compute and interpret the range, mean deviation, variance, and standard deviation. 

• Understand the characteristics, uses, advantages, and disadvantages of  each measure of  
dispersion.

• Calculate the mean and the standard deviation of  grouped data.

The Population Mean

• For ungrouped data, the population mean is the sum of  all the population values 
divided by the total number of  population values:

• Population mean: ߤ ൌ ∑ ௫
ே

, where:

.Represents the population mean :ߤ
ܰ: Is the number of  values in the population.
ݔ : Represents any particular value.
ݔ∑ : Is the sum of  the ݔ values in the population.

The Population Mean

• Example:
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The Sample Mean

• For ungrouped data, the sample mean is the sum of  all the sample values 
divided by the number of  sample values.

• Sample Mean: തܺ ൌ ∑ ௫
௡

where,

• തܺ: Is the sample Mean. It is read “ X bar.”

• ݊: Is the number of  values in the sample.

The Sample Mean

• Example: STC is studying the number of  minutes used monthly by clients in 
the package “Postpaid 30”. A random sample of  12 clients showed the 
following number of  minutes used last month. What is the arithmetic mean 
number of  minutes used. 

90 77 94 89 119 112
91 110 92 100 113 83

തܺ ൌ
ݔ∑
݊ ൌ

90 ൅ 77 ൅ 94 ൅⋯൅ 113 ൅ 83
12 ൌ

1170
12 ൌ ݏ݁ݐݑ݊݅ܯ	97.5

Properties of  the Arithmetic Mean

• Every set of  interval-level and ratio-level data has a mean.

• All the values are included in computing the mean.

• The mean is unique.

• The sum of  the deviation of  each value from the mean is zero.

• The mean is affected by unusually large or small data values.

The Weighted Mean

• The weighted mean is a special case of  the arithmetic mean. It occurs when 
there are several observations of  the same value.

Example: Suppose a near by Herfy Restaurant sold medium, large, and 
supersize soft drinks for 2.5, 5, 8 Saudi Riyals respectively. Of  the last 10 drinks 
sold, 3 were medium, 4 were large, and 3 were supersize. What is the mean 
price of  the last 10 drinks sold?

തܺ ൌ
2.5 ൅ 2.5 ൅ 2.5 ൅ 5 ൅ 5 ൅ 5 ൅ 5 ൅ 8 ൅ 8 ൅ 8

10 ൌ 5.15	ܴܵ
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The Weighted Mean

• The mean selling price of  the last 10 drinks is 5.15 SR.

• An easier way to find the mean selling price is to determine the weighted 
mean. That is, we multiply each observation by the number of  times it 
happens.

• We will refer to the weighted mean as തܺ௪ This is read “X bar sub w.”

തܺ௪ ൌ
3 2.5 ൅ 4 5 ൅ 3ሺ8ሻ

10 ൌ
51.5
10 ൌ 5.15	ܴܵ

The Weighted Mean

• In this case, the weights are frequency counts. However, any measure of  importance
could be used as a weight. In general, the weighted mean of  a set of  numbers 
designated ଵܺ, ܺଶ, ܺଷ, … , ܺ௡with the corresponding weights ݓଵ,ݓଶ, ,ଷݓ …  ௡isݓ,
computed by:

തܺ௪ ൌ
ଵݓ ଵܺ ൅ ଶܺଶݓ ൅ ଷܺଷݓ ൅⋯൅ ௡ܺ௡ݓ

ଵݓ ൅ ଶݓ ൅ ଷݓ ൅⋯൅ݓ௡
This may be shortened to:

തܺ௪ ൌ
∑ሺܺݓሻ
ݓ∑

The Median

• The Median is the midpoint of  the values after they have been ordered from 
the smallest to the largest ( ascending order) or from the largest to the 
smallest (descending order)

The Median

Example 1: The ages for a sample of  
five college students are:

21, 25, 19, 20, 22.
Arranging the data in ascending order 
gives:

19, 20, 21, 22, 25
Thus, the median is …

Example 2:  The height of  four 
basketball players, in inches, are:

76, 73, 80, 75.
Arranging the data in descending order 
gives:

80, 76, 75, 73
Thus, the median is…
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Properties of  the Median 

• There is a unique median for each data set.

• It is not affected by extremely large or small values and is therefore a 
valuable measure of  central tendency when such values occur.

• It can be computed for ratio-level, interval-level, and ordinal-level data.

• It can be computed for an open-ended frequency distribution if  the median 
does not lie in an open-ended class. 

The Mode

• The mode is the value of  the observation that appears most frequently.

The Mode

• Example1:
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• Example 2:
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Properties of  the Mode 

• It can be determined for all levels of  measurement.

• Not affected by extremely high or low values.

• Might not exist.

• For some data set there are more than one mode.

The Relative Positions of  the Mean, Median 
and the Mode

The Geometric Mean

• Useful in finding the average change of  percentages, ratios, indexes, or growth rates 
over time.

• It has a wide application in business and economics because we are often interested 
in finding the percentage changes in sales, salaries, or economic figures, such as the 
GDP, which compound or build on each other. 

• The geometric mean will always be less than or equal to the arithmetic mean. 
• The geometric mean of  a set of  n positive numbers is defined as the nth root of  the 

product of  n values. 

• ܯܩ ൌ ଵݔ ଶݔ ଷݔ … ሺݔ௡ሻ
೙

The Geometric Mean

• Example 1: Suppose you receive a 5 percent increase in salary this year and a 
15 percent increase next year. The average annual percent increase is 9.886, 
not 10.0. Why is this so? We begin by calculating the geometric mean. 

ܯܩ ൌ 1.05 ∗ 1.15మ ൌ 1.2075 ൌ 1.09886
This means that the average annual percent increase is 9.886.

Let us assume that the monthly earing was $3,000.
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The Geometric Mean

• A second application of  the geometric mean is to find out an average percentage 
change over a period of  time. For example, if  you earned $30,000 in 2000 and 
$50,000 in 2010, what is your annual rate of  increase over the period?

• It is 5.24 percent.

• The rate of  increase is determined from the following formula.

• ܯܩ ൌ ௏௔௟௨௘	௔௧	௘௡ௗ	௢௙	௣௘௥௜௢ௗ
௏௔௟௨௘	௔௧	௦௧௔௥௧	௢௙	௣௘௥௜௢ௗ

೙ െ 1

The Geometric Mean

• Example 2: During the decade of  the 1990s, and into the 2000s, Las Vegas, 
Nevada, was the fastest-growing city in the United States. The population 
increased from 258,295 in 1990 to 607,876 in 2009. This is an increase of  
349,581 people, or a 135.3 percent increase over the period. The population 
has more than doubled. What is the average annual percent increase?

Dispersion

Why Study Dispersion?

• A measure of  location, such as the mean or the median, only describes the center  of  
the data. It is valuable from that standpoint, but it does not tell us anything about the 
spread of  the data. 

• For example, if  your nature guide told you that the river ahead averaged 3 feet in depth, 
would you want to wade across on foot without additional information? Probably not. 
You would want to know something about the variation in the depth.

• A second reason for studying the dispersion in a set of  data is to compare the spread in 
two or more distributions.

The Range

• The range is the difference between the largest value and the smallest values 
in a data set.

ܴܽ݊݃݁ ൌ 	݁ݑ݈ܽݒ	ݐݏ݁݃ݎܽܮ െ ݁ݑ݈ܽݒ	ݐݏ݈݈݁ܽ݉ܵ

• Very easy to calculate and understand.

• Only two values are considered.
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The Range

• Example: The number of  cappuccinos sold at the Starbucks location in 
Sahara Mall between 4 and 7 p.m. for a sample of  5 days last year were 20. 
40, 50, 60, and 80. Determine the range for the number of  cappuccinos sold.

ܴܽ݊݃݁ ൌ ⋯

The Mean Deviation

• The mean deviation is the arithmetic mean of  the absolute values of  the 
deviations from the arithmetic mean.

ܦܯ ൌ
∑ ܺ െ തܺ

݊
• Uses all the values.

• Easy to understand.

The Mean Deviation

• Example: The number of  cappuccinos sold at the Starbucks location in 
Sahara Mall between 4 and 7 p.m. for a sample of  5 days last year were 20, 
40, 50, 60, and 80. In the Granada Center, the number of  cappuccinos sold 
at Starbucks between 4 and 7 p.m. for a sample of  5 days last year were 20, 
49, 50, 51, and 80. Determine the mean, median, rang, and the mean 
deviation for the number of  cappuccinos sold for each location. Compare 
the differences.

The Mean Deviation

Sahara Mall
20, 40, 50, 60, and 80

തܺ ൌ 50
Median = 50
Range = 60

MD= 16

The Granada Center
20, 49, 50, 51, and 80

തܺ ൌ 50
Median = 50
Range = 60
MD= 12.4

The mean deviation is 16 cappuccinos per day and show that the number of  cappuccinos sold deviates, on 
average, by 16 from the mean of  50 cappuccinos per day.
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Variance and Standard deviation

• The variance is the arithmetic mean of  the squared  deviation from the 
mean.

• The standard deviation is the square root of  the variance.

Variance and Standard deviation

Population:

Variance

ଶߪ ൌ ∑ሺ௑ିఓሻమ

௡

Standard deviation

ߪ ൌ ∑ሺ௑ିఓሻమ

௡

Sample:

Variance

ଶݏ ൌ ∑ሺ௑ି௑തሻమ

௡ିଵ

Standard deviation

ݏ ൌ ∑ሺ௑ି௑തሻమ

௡ିଵ

Variance and Standard deviation

• The process of  computing the variance:
1. Finding the mean.
2. Finding the difference between each observation and the mean.
3. Squaring the differences.
4. Summing the squared differences.
5. Dividing the sum by the number of  items in the population OR the 

number of  items in the sample minus one.

Variance and Standard deviation

• Example: The number of  cappuccinos sold at the Starbucks location in 
Sahara Mall between 4 and 7 p.m. for a sample of  5 days last year were 20. 
40, 50, 60, and 80. calculate the variance and the standard deviation of  the 
number of  cappuccinos sold.

ଶݏ ൌ 500
ݏ ൌ 22.36
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Chebyshev’s Theorem Empirical Rule

Empirical Rule The arithmetic Mean of  Grouped Data
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The arithmetic Mean of  Grouped Data

• Example: In an event we asked a sample from the audience about their ages 
and we construct the following table:

Q) Determine the arithmetic mean age.
Class Frequency(݂)

5 up to 10 10

10 up to 15 3
15 up to 20 4

20 up to 25 3

25 up to 30 5

The arithmetic Mean of  Grouped Data

Class Frequency(݂) Midpoint (M) ܯ݂
5 up to 10 10 7.5 75
10 up to 15 3 12.5 37.5
15 up to 20 4 17.5 70
20 up to 25 3 22.5 67.5
25 up to 30 5 27.5 137.5

Total 25 387.5

തܺ ൌ
∑ ܯ݂
݊ ൌ

387.5
25 ൌ 15.5

Standard Deviation of  Grouped Data Standard Deviation of  Grouped Data

Steps to find the standard deviation:

• Step 1: Subtract the mean from the class midpoint. That is, find ܯ െ തܺ .
• Step 2: Square the difference between the class midpoint and the mean.
• Step 3: Multiply the squared difference between the class midpoint and the

mean by the class frequency.
• Step 4: Sum the ݂ ܯ െ തܺ ଶ.
• Step 5: Divide the sum by the total number of  frequencies minus 1
• Step 6: Take the squared root of  step 5.
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Standard Deviation of  Grouped Data

• Example: In an event we asked a sample from the audience about their ages 
and we construct the following table:

Q) Compute the standard deviation of  age.
Class Frequency(݂)

5 up to 10 10

10 up to 15 3
15 up to 20 4

20 up to 25 3

25 up to 30 5

Standard Deviation of  Grouped Data

Class Frequency(݂) Midpoint (M) ሺࡹ െ ഥሻࢄ ሺࡹ െ ഥሻ૛ࢄ ࡹሺࢌ െ ഥሻ૛ࢄ

5 up to 10 10 7.5 -8 64 640
10 up to 15 3 12.5 -3 9 27
15 up to 20 4 17.5 2 4 16
20 up to 25 3 22.5 7 49 147
25 up to 30 5 27.5 12 144 720

Total 25 1550

ݏ ൌ
∑݂ሺܯ െ തܺሻଶ

݊ െ 1 ൌ
1550
24 ൌ 8.04

Midpoint (M)

7.5
12.5
17.5
22.5
27.5


