Lol ) @kl 166

e Salns oo o F DN ol s Jgtms 3 U85 0 o
S (6.14) sl Lay ¢ 20l e Jlpadl L) &y sl Jlpadf ey ikl ki
dod  oay ¢ (6.2) Lkl S0 n > 00 Ldze w¥elaalodes Byl 5V 4l
LYl e dkarecall Ll Lol ) G5,k Y F sl ol jan
JolSIL F D Jzas LS| a5 YT 4(6.3)
% [fwf(g)e‘xédg (6.15)
oSl gl 13 Baaall o OIS

I =5 [ @)
T

O g1 f DIl 4y x5 U1
fx) = 77 [F1(x) = —217 [*fe)e™az (6.16)

055 Y &5 (Fourier integral) ey 8 folS& iy adl ¢(6.15) Jol S S
Y b iy Oy AU eyl [E] o> o0 Lokt £ I 595 @I 5] <15 g g
(iJLE.H M\JWL&‘MRL};L_@(616) Z‘JLMJ‘C,M

(6.1)  py\ed
OF 3l a3 gume T3l S8 131 () (1)
fe L0 = fe L' ()
Of BT e 55 5doue D £ 318 13 (i)
fe L'(Q) = fe L2 (D)
e UL () O R S 065 51 0 IxIC 01 o5l (2)
¢ geL(D) e xel 1S oEx)| < gx) 08 3] .xel J T e



167 g e

FE)=ho(€.x)dx LIl of ol (6.1) G phaadt )il & 5 puseeals
J e e
F Ol o el T e Usls e (2) ¢l b 0(-%) DIt 1S 1)
J e Galad Wz Lal
LU F ol et T e 2l (2) (m podl 5 (%) DIl LS 13)
J e Waze F'() = fio(Ex)dx 0l GlixeM
Ol el

f:-e"éxdx = % VE >0

OB a Lo e ade oY Of

ij“e—&xdx= B VE>a , VneN
0 éfH‘l

nosdall O eaed JUb 2l e fess E= 1 Late
1= [ xPedx =
n! jo x"e *dx=I(n+1)
Sl S O ¥ (6.1) Bl pld sl oz g0 2 e (512 OLS 1)
el
€)= I:e“xxé’ldx

\plite par Ols [2,0) Je Daze Ul

rOE= [ L6 e

(0,0) Je s T Of 3 pe o fa,0) Je dazs

(«_:_J.'a:.] ((3.2) w2 C’q—b) ol iy pdles olss (6.1) gl r.—\.;-.‘:_uu\
AW oLl

()
4)

)

©)

7



ol 31l 168

. . /2
() lim J_ Da®)e

. . /2
(i) lim [ Dy(E)ds
n—oo
T n/6 D d
(i) lim [ D, (E)dE
(v) lim [ D,(&)d
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Y
7

-7

254 Solutions to Selected Exercises

5.39 Assuming u(r,t) = v(r)w(t) leads to

w’ 1 ( 7 1 /) 2
=—|v'+-v|=—pu.
kw v T

Solve these two equations and apply the boundary condition to obtain
the desired representation for u.

5.41 Use separation of variables to conclude that
oC
u(r,t) =Y Jo(ur)larcos .t + besin pyct),
k=1

ak =

m/ f(r)Jo(pyr)rdr,

b = -——-———/ r)J, r)rdr.
g cﬂkR2J12(/1'kR) 0 9(r)Joluer)

Chapter 6 |
6.1 (a) () = &(1—cosg). (c) F(&) = & (1— ).

6.3 For any fixed point £ € J, let £, be a sequence in J which converges to
&. Because

F(E,) - F(€)| < /1 o, €,) — p(z, )| da,

and |p(z,&,,) — o(z,€)| < 2g(z) € L}(I), we can apply Theorem 6.4 to
the sequence of functions ¢, (z) = ¢(z,&,,) — ¢(z,€) to conclude that

Jim [F(&) - F@)I < Jim [ lo(z.6) — ol@ Ol da

= [ Jim lo(z.62) — o(z.€)| do = 0.

6.5 Suppose £ € J, and let £, — . Define

Sa(x7§n) — (P(x,f)
gn —é ’

then 1,,(z,£) — ¢¢(z,£) pointwise. 1, is integrable on I and, by the
mean value theorem, v, (z, ) = ¢, (z,7,) for some 7, between ¢,, and £.

wn(x9§) =
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6.8

y 8 .
- 6.9

Therefore |1,,(z,£)| < h(z) on I x J. Now use the dominated convergence
theorem to conclude that [; ¥, (z,§)dz — [; ¢(z,&)dz. This proves
F(&)—F :
Dl 22O o gas

c
En—S

The continuity of F follows from Exercise 6.3.

(a) 1, (b) 1/2, (c) O

Express the integral over (a,b) as a sum of integrals over the subintervals
(a,z1),...,(zn,b). Because both f and g are smooth over each subinter-
val, the formula for integration by parts applies to each integral in the

sum.

4 1
6.10 (a) f is even, hence B(§) =0, A(§) = 2/ sinz coséx dz = 2L§2ﬂf,
o _
2 (1
and f(z) = / M sz€ dE.
o 1-¢
/ { sm z€ d€.
6.13 Define
f(z) = e~ “cosz, z>0
| —e®cosz, z < 0.
Because f is odd its cosine transform is zero and
B(¢) = 2/oo e Tcoszsinézr dr = 2
&4
Now f(z) may be represented on (—oo, ) by the inversion formula (6.28),
Fcosz = / § smrf d€.

Because f is not continuous at x = 0, this integral is not uniformly

convergent.
6.15 Extend ) 0

, <z<m
f(@) = { 0, T>T

as an odd function to R and show that its sine transform is B() =

2(1 —cosmE) /€.
6.17 Show that the cosine transform of f is

1—cos{ sin®(£/2)

e (€22
Express f(x) as a cosine integral and evaluate the result at x = 0, which
is a point of continuity of f.

A(§) =2
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£(x) = cosx , O<x<m 3
x)= 0 , x<0,x>mn )
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() = f(E)e ™"

= u(x,t) = B %(g)e—kizteiixdé
mT=®

B _21_11 '.jooo [ .‘-jow f(Y)e—iaydy}e_k‘gzt eiE"XdE_,
- —217 .'—0000 J-_wgo f(Y)ei("“Y)ée—kiztdédy
U O g 3 5 pporitald Tl JlS 5 o Spme 1 2131 o
—kE2t

OB JSixye
wx =L [7 [“fprcostx-y)e e lazdy (640
T —o0 J()

Al o) e 3 Ly

(6.3) yles
O i 3T (1)
Flf(x - a)|(E) = e f(E)
™ £(x))(E) = (& -a)
wlnigfobcep @bl ()

L
Y. (x)=e 2 H,(x) , —0o<x<w

ol el n 45 )1 old Con yp 3 90 3,28 Hy o
¥, (5) =127 ¥, ()
el Bolas Jo a5l (3)
U, (x,t) =kuy(xt) , 0<x<oo,t>0
Lol by 20
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187 0P Jus

ux,0)=1fx) , 0<x<w
fe L00) e
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, O<E<m
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, m<f<o

ol el (5)
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Solutions to Selected Exercises

12
6.19 Equation (6.31) implies that ”fH = | A+ |IBJ? = 27 |If|1%.

6.21 v, (z) decays exponentially as |z| — oo, so it belongs to £!(R) and %

therefore exists. From Example 6.17 we have ,(€) = v/2m1,(€). Assum-
ing ¥,,(6) = (—i)"V2m,,(€), we have
Vni1(6) = <€—12/ Hp1( )(E)
- [e 220 Ha(2) — Hy(2))] (6)
F [z, (z) — ¢y ()] (£)
i, (€) — €00, (€)

= (=)™ V27 [, (€) + E¥,(€)]
= (_i)n+lmwn+1(l’)a

where we used the identity H,1(z) = 2zH,(z) — H, (z) and Theorem
6.15. Thus, by induction, 1,,(£) = (—%)"v2m,,(§) is true for all n € Ny.

6.23 Define the integral I(z) = [3° e‘bﬁz_cos z€ d¢ and show that it satisfies

the differential equation I'(z) = —=zI(z)/2b, whose solution is I(z) =

I(0)e=%"/%b where I(0) = 5/ 7/b. (: “ir']/

J‘)// 6.25 The boundary condition at z = 0 implies A(\) = 0 in the representation

of u(z,t) given by (6.39), so that u is now an odd function of z. By
extending f(z) as an odd function from (0, c0) to (—oo,00) we can see
that B(A) is the sine transform of f and the same procedure followed in
Example 6.18 leads to the desired result.

6.27 The-transformed wave equation dy(€,1) = —c2€*0(€,t) under the given
s Ahitial conditions is solved by 4(&,t) = f(&)cosct. Taking the inverse

WV

7.1

Fourier transform yields the required representation of wu.

27,
¢ 0"/
" Chapter 7

(a) 2az+2ab+b2
Y3 52 s
1
d) ——.
()32+4
2s
(2) CEIE
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u‘,S’L».u—f(x)JL:..i:Y L@Jlb&a‘dlc@&jbﬁ‘a“ C....'-'JUJ
oY s OF e 4 Ll
fF
-1 -1
Fi=F,= L [Fi]=L [F)]

=5 Il o OF (o 31 e Lidue 3 g5 Lgd At 101 OF 6
S5 O adanad I3 5 e el T lgde yo gl Lyl ol yon,

L1 L1 x"! ¥YneN
st (n-1)!

OIS in=1lakie 1ol byl VI G )l s Com

-1 a _ -yl 1 1
+ [sz——azJ + [2(s—a s+a):|

(7.1) oI

1(8) M (1) et 3 Jlsdl pa JST oY g dom

f(x) = (a+bx)’ (1)
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f(x)= sin’x

f(x) = sinxcosx

¢c O<x<a
f(x):{
0 a<x<w

a—2x , O<x<b
f(x)= b
0 , X>b

f(x) =x cos x

f(x) = x€e*

f(x)='—1— , x>0

Jx
(0,00) e & (X)) DIl s gdowe OF e 13 oy el Juy 1 4B el
LTF] 592 5) Gy i o
H(15) ) (9) o el b JIsall in IS0 oL [F] ol

F(s) = —2
®) s+b
25-5
s -9

1
s(s+1)

1

s +2s

F(s) = 2521

s“—6

F(s) =

F(s) =

F(s) =

194

@
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(4)

®)

(©)
(M
®

)

(10)

(11)
(12)
(13)



195 N Jug

F(s) = 5—31/2— (14)

1452 + 555+ 51
253 +125% + 225 +12

F(s) = (15)

loeai¥ly BlEEY) ol 5 (7.2)

JelSy GLaa VL Y Jogos U I D L S s

(7.2) & b

15] .0 Lo ol [0,00) e 53 gdon € 7f(X) Oy Lheaza T AN 0T o 31 (3)
OB Lakss oama £ Lanill 518
L[ =sL[f]-f(0) , s>a (7.6)

OB [0,00) e 53 gumee € T H(X) Dl y Laked Aozze F AU 5 1) (i)

J[J.(:f(t)dt]=l,f[f(x)] . x>0, s>0 (71.7)
S
Bl
O o 6 52elly

LTf']= j:e‘“f'(x)dx , s>a
= e (%) |‘;° + sj: e (x)dx

= s L[f] - £(0)
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(7.5) Jus
Y sl g
xy"+(1-x)y'+ny=0 , neN;, , x>0
S L3k
i[SZY —sy(0) = y'(0)]+5Y — y(0) + %[SY— y(0)]+nY =0
25Y-52Y' +y(0)+sY - y(0) + Y+sY' +nY =0

‘(s—sz)Y’+(n+1—s)Y=O
Y _n+l-s_ _n _n+l
Y s(s-1) s-1 s

Y(s) = cis—;?—n
S

= y(x) = cf{———(s— D" }

1
g+

=ceX L] st
(S+1)ﬂ+1

n
ziex d (e—xxn)
n!  dx"

Y o i 01,280 (4.26) Gana)l e feic =1 5Ll

(7.2) ool

U Aoyl 3l Dl WYL W Dl e e (1)
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(i)

Q)
(i)
(i)
(iv)
W)

f(x) =1

(7.3) S
[ —x

e , O<x<2
cosSTX , 2<x<7/2
sintx , 7/2<x<9/2

(x-Du

(2/9x , x>9/2
L@AJQJN{YJA%A};}\@@&MJBJ\MJ‘ (2)
(x-1)

(x-Dux-1)

xzu(x -

1)

e u(x —2)
u(x — 1)sinh x

(vi) u(x- —;—) cOSX

Jugos Al @ ‘swxsﬂscjuomiu-pﬂgﬂxgu1dsj.u‘~J\ 3)

@

(1)
(iii)
(iv)

X
e

2
X bl
1—-¢e™

COoSTX

Le JSI O
0<x<1
1<x<2
, 0<x<l1

, 1<x<2
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o IS S Y g aa T (4)

i) e %5
.. e s
11 -_—
W) s% 4+ 2s+2
(i) L(e™ +e™)
(v) —— (e +e™)

s—1

1+e™™
A%
© s2+9

o JSU Jodlam gl (5)

() y'+4y +5y=0 , y©0)=1 , y(0)=1
(@) Y9y"-6y +y=0 , y0)=3 , y(0)=1

(i) y"+4y' - 10y =12cos2x y0)=1, y(0)=3
(iv) y"+2y' - 8y=-256x y(0) =15, y'(0) = 36
(V) y'+2y —8y=—e+3e ", y(0)=4, y'(0)=-2

(vi) y"+2y 2y =x[u(x) —u(x-1)]

. sin X , O<x<m ,y(0)=0, y'(0)=1

(vil) y"+y= :
—-2sinX , X>T7

oY g Jge slmy (7.10) Usleadl 51 (7.9) Dslaad) adszsd (6)

o U g..SaJl
. S
1 ———————————
® (s® +9)2
(i) log3*t2
s+b
(iii) log—>

s—1
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(iv) cot™'(s+1)
Jraall JolSIL Si i R > R DI G

i = [ Sii‘t dt

Of el .(Sine integral) ! JolSS oy

sin X 1
]=tan1——
X S

L [Si(x)] = étan—l %

L[

Ol ey e 03 .(0,0) o aM5 g 5 F ol e IS 0T o 3
(convolution) i) Alédt

frg(x) = [ f(x-Dg(tt
= j:f(x—t)g(t)dt

Ol @3B 0ty 4 e L] 5 LIf] O 13
LE* gl=Lf] . L]g]
ex 20 3 fix+p) = f(x) O Lraey P 3 &yso Fi— Ul 3lS 13)
ol el
1
1-e7P°
fix) =0.x20 X fix+1)=f(x) 0<x<1 JKf(x)=x01 >3l
.J’[ﬂJb,-ﬂ.x<OJ§J
ol il g(x) =1/4nx , f(x) =€ oS 13)
frg(x) = e erf(Vx )
oL [erfx ] SLiSy L[ erfX ] dano Gl yo ez

Lf]=

J';e—sxf (x)dx , s>0
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)

(8)

&)

(10)

(11)
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' \J_.A) Sdadl
O
el 3ol 5 [x] o ¢ L[]
el X d> i
-5l (12)
ol

[x]=n
Vxenn+l) n
, ne N
0
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-

7.2 (b) 2 cosh 3z — % sinh 3z.

(d) = (1—e%).

(f) 2/z/m.

75 f(z)=z[H(z)— H(z - 1)+ e *H(z —1).

b =

1 ,
LUE) = (1 — ) = e 4 =

76 (c) Hlz—3)+ H(z—1).

7.7 If f has jump discontinuities at the points z1, ..., z, then the sum f(z] )—
fz)+ -+ f(z7) — f(x;}) has to be added to the right-hand side of
(7.6).

1 1
7.8 (e) y(z)=H(z—-1) |r§ez(‘”—1) — el 4 5} — €% + €22,

7.9 (c) = (e7% —e7).

SH N

7.11 (a) Write

L(f)(s) = / " fe)eeda

©  rnt+Dp
= Z / flx)e™**dx
n=0"Y 1P

©  rp
= Z/ fz + np)e™*@P g,
n=0"0

then use the equation f(x + np) = f(x) to arrive at the answer.

Pyt —— [Sizu ey e;] |

7.13 The left-hand side is the convolution of z* and y(z). Applying Theorem
7.14 gives 3!Y (s)/s* = F(s), from which Y (s) = s*F(s)/6. From Corol-
lary 7.7 we conclude that

y(@) = FD @) + LN + F00) + /(07 + (0]

The integral expression for f(z) implies that f(™(0%) = 0forn =0,1,2,3
(we also know from Exercise 7.12 that s™ cannot be the Laplace transform
of a function in & for any n € Ny). Assuming that f is differentiable to
fourth order (or that y is continuous), the solution is y(z) = f4)(z)/6.
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s(1—e—%)
717 u(z,t) = H(t — z/c)cos*(t — z/c).
7.19 u(z,t) = e %/¢H(t — z/c)sin(t — z/c).

7.15 L([z])(s) =

7.21 F(s) = e~%V%/\/s is analytic in the complex plane cut along the negative
axis (—o0,0]. Using Cauchy’s theorem, the integral along the vertical line
(f — 100, f + i00) can be reduced to two integrals, one along the bottom
edge of the cut from left to right, and the other along the top edge from
right to left. This yields
L7HF)(z) = =— F(s)e**ds
27T’t JB—ico
1 [e.e]
_ _/ cos a\/ge—”ds
™ Jo Vs
2 <

= —/ e‘zt2 cosat dt.
™ Jo

Noting that the last integral is the Fourier transform of e™", and us-
ing the result of Example 6.17, we obtain the desired expression for

L7Y(F)(z).

zt?
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if either f or g is (piecewise) continuous, and (piecewise) smooth if either f or
9 g is (piecewise) smooth (Exercise 7.16).
= 1f f(z) and g(x) are dominated as z — oo by e®®, then one can easily check
[)_4 that f * g(z) will be dominated by 8% for any 8 > a. Consequently, if f and
g belong to £, then so does their convolution f * g, and its Laplace transform
is given by

L(f*g)(s) = /000 e %% /Ow ft)g(z — t)dtdz
= [ [ e = 0519t~ te>atas

= e~ s(t+y)
/0 £t / o(v) dydt
— L(f)L(9)(s).

In the third equality, the order of integration is reversed, and this is justified by
the uniform convergence of the double integral on Re s > 3+ ¢ for any positive
€. Thus we have proved the following convolution theorem which corresponds
to Theorem 6.22 for the Fourier transformation.

Theorem 7.14
Let f,ge E.If L(f)(s) = F(s) and L(g)(s) = G(s), then

L(f % g)(s) = F(s)G(s).
Now we can go back to Equation (7.19) to conclude that

u(z,t) = L7 (e‘“/mF(s)) (t)
= peL (VT o),

The function £~ (e~*V*/¥)(t) can be evaluated by using the inversion formula
(7.4), which requires some manipulations of contour integrals (see Exercise
7.21), or it may be looked up in a table of Laplace transforms. In either case

— —x+/s/k T —z2/4k
L7} (e /k) (t) = —47r_kt3e /4“,

hence
t
u(z,t) = \/%/0 Ft — 7)r3/2e 7" /4kT g (7.20)

Here the solution u differs considerably from that in the first two cases. It tends
to 0 as ¢ — oo at any time ¢ and also as t — oo at any point x, and the signal



