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Abstract

The Uncertainty principle is a core concept in the quantum theory. It
is worthy of a full lecture discovering it from all the points of view. Later
on, the semi-classical limit is discussed in Ehrenfest theorem
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1 the uncertainty principle for the free particle

In the previous lecture, we have derived the expression for the wavefunction
of the free particle, for a Gaussian momentum wavefunction with width σ it
is given by:

ψ(x, t) =
∫ +∞

−∞
dp e−

p2t
2mh̄

e−
σ2

h̄2 (p−p0)
2

( 2πh̄2

4σ2 )1/2

eipx/h̄
√

h
(1)

This integral is a Gaussian itself. Nevertheless, the width of the position
Gaussian is inversely proportional to the momentum one, in particular :

σ(x)σ(p) ∼ h̄ (2)

This is a form of the celebrated uncertainty relation for position and mo-
mentum, which is directly derived from solving the free particle problem.
The physical meaning for this relation is that in order to have a well-defined

Figure 1: The position wavefunction is made from interference of infinite
number of momentum wavefunctions

position for the wave-packet ( sharp width), we need to superimpose wide
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Figure 2: A real picture of Hydrogen atom; taken by special techniques. Indi-
cating the probability of electron’s position around the nucleus, in complete
agreement with quantum theory. [3]

momentum wavefunctions ; and vice versa ( figure 1). Implying the impossi-
bility for having an absolute accurate measurement for either momentum
and position regardless of the ’apparatus’ used. Moreover, the increase in
the accuracy in one implies the decrease in the other quantity.
This principle is what -alone- explains the stability of atoms, counter to what The uncertainty

principle is a
fundemental property
in nature unrelated to
our methods of
measurment

the classical theory of electrodynamics predicts . Because electrons are bound

In classical
electrodynamics, an
accelerating charge
emits electromagnatic
radiation

within the atomic radius ∼ 1 ÅThey have to possess a velocity uncertainty
of about ∼ 3× 103 m/s or few eV c2 of energy. For the electron to fall into
the nucleus, i.e. being bound by the nuclear radius ∼ 10−5 Å; it requires an
enormous energy ∼ 22 MeV or more. Thus, electrons are forbidden from
falling into the nucleus. Figure 2 shows how the uncertainty principle, and
schrödinger’s equation agrees completely with nature, the picture illustrates
a real hydrogen atom’s electron wavefunction indicating the probability of
finding the electron in the vicinity of the atom.

2 generalised uncertainty principle

We can show - mathematically- a more general form of the uncertainty
principle for position and momentum starting from the axioms of quantum
mechanics; in particular the canonical commutation relation. We start by
defining the variance of an operator Var(A) , as : We shal drop the

’hat’ whenever it is
understood we are
talking about an
operator

Var(A) = |(A− 〈A〉)2| = σ(A)2 (3)

In the position representation this equals to
∫

dxψ∗σ(A)2ψ. We define the
Schwartz inequality :

|A|2|B|2 ≥ |AB|2 (4)

For A = σ(X) and B = σ(P); we have :

Var(X) Var(P) = |〈X P〉|2 (5)

But the product XP can be expressed as :

XP =
1
2
[X, P] +

1
2
(X P + P X) (6)
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Proof :
Start by Writing :

XP = XP− 1
2

PX +
1
2

XP

Moreover :
XP =

1
2

PX +
1
2

XP− 1
2

PX +
1
2

XP

Gathering terms, we obtain :

XP =
1
2
[X, P] +

1
2
(XP + PX) �

Substituting this result in (5); and knowing [X, P] = ih̄ we obtain:

Var(X)b Var(P) ≥ |1
2

ih̄|2 + 1
4
|(〈PX〉) + 〈XP〉|2 (7)

Since both 〈PX〉 and 〈XP〉 are equal, and the expression 1
4 |(〈PX〉) + 〈XP〉|2

is non-negative . We may write:

Var(X) Var(P) ≥ h̄2

4
(8)

Taking the square root :

σ(X)σ(P) ≥ h̄
2

(9)

In fact, this result can be generalised for any two non-compatible observables
A and B:

σ(A)σ(B) ≥ 1
2
|〈[A, B]〉| (10)

This is the general form of uncertainty principle.

3 uncertainty in time and energy

In modern physics, we were introduced to the quantum harmonic oscillator.
Although we shall revisit it soon, but we may recall an import result. Which
is the zero-point energy:

E0 =
1
2

h̄ω (11)

Although the harmonic oscillator is in its ground state, yet it has an amount
of energy inversely proportional to its period of oscillation. If the period is
dependent of measurement - like any quantum mechanical observable- to
assign the period with accuracy, we need to measure time with precision.
This implies a large ω of the oscillator that should be used for measurement
since T ∝ 1

ω . That implies adding a lot of energy to the system - even if it
was in the ground state- by the above equation (11). In fact this translates to :

σ(E)σ(t) ≥ h̄
2

(12)

This principle holds for any quantum system, not just the harmonic oscillator.
However, it is easier to see in this case.
The time-energy uncertainty principle has rather deep implications, in partic-
ular for the law of energy conservation. One can ’trade’ energy with time, by
adding energy -from nothing- to the system provided it is for short period of
time. This is an important phenomena observed a lot in particle physics. For
example the weak interaction which allow beta radiation ( neutrons decaying
into protons or vice versa). A particle called W- boson , having about 80

times the mass of proton is created from nothing, but for a very short time
∼ 10−18 sec. Just enough to allow the weak interaction to occur.
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Figure 3: A diagram showing the weak interaction mediated by the W boson
which is created from nothing by the uncertainty principle

4 ehrenfest theorem

As we have seen, classical mechanics is obtained from averaging quantum
mechanical results. For example the conservation of energy is an average
result from the uncertainty principle discussed above. Therefore, we need to
prove that from quantum mechanics we can arrive to classical equations of
motion. This is Ehrenfest theorem.
The classical observable ω is the expected-value of the quantum mechanical
operator Ω̂:

ω = 〈Ω̂〉 = 〈ψ|Ω̂|ψ〉 (13)

Let’s take the time derivative of the expected-value d/dt(〈Ω̂〉):

d
dt
(
〈ψ|Ω̂|ψ〉

)
by the product rule:

∂〈ψ|
∂t

Ω̂|ψ〉+ 〈ψ|∂Ω̂
∂t
|ψ〉+ 〈ψ|Ω̂ ∂|ψ〉

∂t

Now by substituting in Schrëdinger’s equation 1
ih̄ Ĥ|ψ〉 = ∂|ψ〉

∂t , and its com-
plex conjugate. We obtain :

d
dt
(
〈ψ|Ω̂|ψ〉

)
= − 1

ih̄
〈ψ|ĤΩ̂|ψ〉+ 〈ψ|∂Ω̂

∂t
|ψ〉+ 1

ih̄
〈ψ|Ω̂Ĥ|ψ〉

This is equivalent to :

d
dt
(
〈Ω̂〉

)
=

1
ih̄
〈[Ω̂, Ĥ]〉+ 〈∂Ω̂

∂t
〉 (14)

This is the exact mathematical formula for Ehrenfest theorem. Now, we turn
to applying this theorem to the operators p and X, in order to recover the
classical equations of motion:

˙〈p〉 = 1
ih̄
〈[p, V(x)]〉

since p is time-independent, and the Hamiltonian takes the form : H =
p2

2m + V.
Working in the position representation, the above commutator is written
explicitly as :

−
∫

dxψ∗
∂

∂x
(Vψ) +

∫
dxψ∗V

∂

∂x
(ψ)

Applying the product rule to the first expression :

−
∫

dxψ∗
∂

∂x
(V)ψ−

∫
dxψ∗V

∂

∂x
(ψ) +

∫
dxψ∗V

∂

∂x
(ψ)
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Thus we get:
˙〈p〉 = −〈∂V

∂x
〉 (15)

Which is Newton’s second law, or one of Hamilton’s equations : recall that F = − dV
dx

〈[p, H]〉 = −〈∂V
∂x
〉 (16)

Let’s now apply Ehrenfest theorem. to the position operator X:

˙〈X〉 = 1
ih̄
〈[X,

p2

2m
]〉

since X is also time-independent, and the potential is only a function of
position. We need to use the result from lecture (3), equation (22)

[A, f (B)] = [A, B]
d f (B)

dB

with A = X, B = p and f (p) = p2; we obtain:

˙〈X〉 = 1
2imh̄

〈[X, p]
d

dp
(p2)〉

⇔
=

1
2imh̄

(ih̄)(2〈p〉)

Finally :
˙〈X〉 = 1

m
〈p〉 (17)

The definition for the classical velocity, or the second Hamilton’s equation:

〈[X, H]〉 = 1
m
〈p〉 (18)
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