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Abstract

We introduce an elementary scattering theory in 1-D, the scattering
”S” matrix is also introduced in this lecture. Finally, we discuss the 1-D
optical theorem.
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remarks on the quantum scattering theory

Scattering problem in quantum theory is a vast topic, it is the second problem
in quantum mechanics along with bounded states one. There are two main
cases for a an interacting quantum particle; the first is when it’s bounded
to a potential. The particle takes a discrete energy spectrum . The second
case, is when the particle is scattered of a potential, and takes a ccontinuous
spectrum of energy.
Hence, we inscribe the incident wavefunction oψ(x, t) by a free particle
wave-packet ( as plane wave). The scatterer, is a stationary potential, that
elastically scatter off the incident wave-packet ( in our simplified problem),
i.e. the energy is conserved. Then the scattered wave shall be a spherical

Figure 1: Sketch of the scattering problem in quantum mechanics. Notice
that we use the wave nature of the quantum particles

wavefunction outψ(~r, t), we care about the probability for a scattering with a
certain solid angle Ω. This is calculated from the differential cross-section
see figure 1:

dσ

dΩ
≡

Nφ,θ
o j

(1)
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Where Nφ,θ is the probability of detecting the scattered particle by a detector
placed at angles φ and θ . And o j is the incident probability flux current. i.e:

o j =
h̄

2mi

(
oψ(x, t)∗

∂oψ(x, t)
∂x

−o ψ(x, t)
∂oψ(x, t)∗

∂x

)
(2)

However, we shall restrict ourselves to one dimensional scattering problems,
where the differential cross section calculation is not the major problem.
Rather we are interested in the probability of transmission and reflection of
the incident flux.

scattering/reaction channels

In general, for two particles a and b interacting in a scattering problem. We
have many possible reaction channels; listed as follows:

Reaction channel Name
a + b −→ a + b Elastic scattering
a + b −→ a + b∗ Inelastic scattering
a + b −→ c + d Rearrangement collision
a + b −→ c Absorption
a −→ b + c Decay

Table 1: Classification of the reaction channels in a tow-particle scattering
problem

scattering by potentials in 1-d

A moving wave-packet with an energy E approaching some potential vari-
ations illustrated in figure . Will have the general solution for their time-
independent Schrödinger equation (TISE):

ψL(x) = Ae+ikx + Be−ikx (3a)

ψR(x) = Ce+ikx + De−ikx (3b)

With:
k2 =

2mE
h̄2

The previous set of equations can be put in a vector form as follows:

outΨ = S ·o Ψ ⇔
(

B
C

)
=

(
S11 S12
S21 S22

)(
A
D

)
. (4)

This equation resembles the scattering amplitude and S is known as the
S-matrix, and it plays an important rôle in scattering problems. As the
S-matrix elements characterises the full properties of the scattering process.
Recall the current density in (2) is conserved, i.e.:

jR = jL (5)

That implies:
|A|2 − |B|2 = |C|2 − |D|2 (6)

Since:

jL =
h̄k
m

(
|A|2 − |B|2

)
(7a)

jR =
h̄k
m

(
|C|2 − |D|2

)
(7b)
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Since we have in our problem the incident flux is from the left only⇒ D = 0.
We have thereby:

TL =

∣∣∣∣ C
A

∣∣∣∣2 = |S21|2 RL =

∣∣∣∣ B
A

∣∣∣∣2 = |S11|2

Or similarly for flux approaching from right A = 0 :

TR =

∣∣∣∣B
B

∣∣∣∣2 = |S12|2 RR =

∣∣∣∣ C
D

∣∣∣∣2 = |S11|2

With T and R are the transmission and reflection probabilities respectively.
Note that:

TL(R) + RL(R) = 1 (8)

the optical theorem in 1-d

Consider a free particle (V = 0), we can write the its S-matrix as:

S =

(
0 1
1 0

)
, (9)

taking the canonical form. When (V 6= 0), S should be written according to
the continuity conditions. Let :

ψ(x)L = eikx + re−ikx ψ(x)R = teikx (10)

Satisfying the conditions ( V changes at x = 0):

ψ(x = 0)L = ψ(x = 0)R
dψ(x)L

dx
|x=0 =

dψ(x)R
dx

|x=0 (11)

We obtain the expression for the S-matrix:

S =

(
2ir 1 + 2it

1 + 2it 2ir∗ 1+2it
1−2it∗

)
, (12)

Or:
|r|2 + |t|2 = =(t) (13)

Which is the optical theorem in one dimension.
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