
 ١

 

א 
 

  
 

Lא 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 



 ٢

Basic Properties of Congruences  

 تعريف
n ∈ Z,a b +∈ ZK 

abn  ( )moda b n≡  אn a b− 
א|n a b/ −abn( )moda b n≡K 

 ١مثال 

 الحـل 
 
 

n ٣,١مبرهنة ∈ ZKא,a b ∈ Z 
( )moda b n≡ ⇔  ka b kn= + 

  .البرهان

  الخواص الأساسية للتطابقات ١}٣



 ٣

Linear Congruences

אx،א 
 ( )10 2 7 mod14x x− + ≡ ( )3 2 5 mod9x + ≡ 

 א10  

) Wאאא )modax b n≡،,a b ∈ Zn +∈ Z 
 ⇔|n ax b−⇔y ∈ Zax b ny− =ax ny b− = 

 א0x،( )1 0 modx x n≡1xKאא0[ ]xK 
אאnW 

)א ٣,٢مبرهنة )modax b n≡⇔( ), |a n bKא0xאא
nW( )0 ,

n
n ax x k= +( ), 10,1, , a nk −= …K 

axאאאא .البرهان ny b− =אאא( ), |a n bKא0x
0yאאאW 

( )

( )

0 ,

0 ,

n
n a

a
n a

x x k

y y k

= +

= +،k ∈ ZK 
אW ( )0 ,

n
n ax x k= +k0( ), 1n a − 

W onpאK 

oא 
( ) ( ) ( )0 1 0 2, , modn n
n a n ax k x k n+ ≡ +( )1 20 , 1k k n a≤ < ≤ − 

א  ( ) ( ) ( )

( ) ( ) ( )

( )
( )

( )( ) ( )

,

0 1 0 2, ,

1 2, ,

1 2

1 2 2 1

mod

mod

mod

mod , , |

n
n a

n n
n a n a

n n
n a n a

n

x k x k n

k k n

k k

k k n a n a k k

+ ≡ +

⇔ ≡

⇔ ≡

⇔ ≡ ⇔ −

 

א( )2 10 ,k k n a≤ − ≤K 

p( )0 ,
n
n ax x k= +k ∈ ZKאאא 

( ),k q n a r= +( )0 , 1r n a≤ ≤ − 
k( ) ( )0 , modn

n ax x r n≡ +K 

  التطابقات الخطية ٢}٣



 ٤

18Wאא ٢مثال ( )21 12 mod18x ≡K 

) الحـل )18,21 3 | 12=3א18KאW 
oאאאא21 18 12x y+ =K 
pאאאא18{ }0,1,2, ,17…W 

אא( )3 12 mod18x ≡אא( )4 mod18x ≡Kאא 
18
34 4 6x k k= + = +0,1,2k =K ; 

אאאאK 

W9אא ٣مثال 5 13x y+ =K 

)אא الحـل )9 13 mod5x ≡א( )4 3 mod5x ≡K( )5,4 1 | 3=
5אW 

 ( )14 3 2 mod5x −≡ ≡ 
אאאא2 5x k= +אא،W 

 1 9y k= − − 
 
 



 ٥

Systems of Linear Congruences in One Variable 

xW ٤مثال  
 א32 
 א43 
 א54 

Wאאאא الحـل 

 
( )

( )

( )

2 mod3

3 mod4

4 mod5

x

x

x

≡

≡

≡

 

 אאxאW12 3x k= +1k ∈ ZK 

 אאא1kW  ( )

( )

( )

1

1

1

2 3 3 mod4

3 1 mod4

3 mod4

k

k

k

+ ≡

⇔ ≡

⇔ ≡

 

1kאW1 23 4k k= +2k ∈ ZKאxאאאא
אxאW( )22 3 3 4x k= + +211 12x k= +2k ∈ ZK 

 אאא2kW  ( )

( )

( )

( )

( )

2

2

2

1
2

2

11 12 4 mod5

12 7 mod5

2 3 mod5

2 3 mod5

4 mod5

k

k

k

k

k

−

+ ≡

⇔ ≡ −

⇔ ≡

⇔ ≡

⇔ ≡

 

2kאW2 34 5k k= +3k ∈ Z،xאאאא
אW( )311 12 4 5x k= + +359 60x k= +3k ∈ ZK 

59אK 
 

אא 



( )

( )

( )

1 1 1

2 2 2

mod

mod

modk k k

a x c m

a x c m

a x c m

≡

≡

≡

 

أنظمة التطابقات الخطية بمتغير  ٣}٣
  واحد



 ٦

ix( )modi i ia x c m≡1 i k≤ ≤Kאxאאx 



( )( )

( )( )

( )( )

1

1 1

2

2 2

1 ,

2 ,

,

mod

mod

mod k

k k

m
a m

m
a m

m
k a m

x x

x x

x x

≡

≡

≡

 

אאאK 

1אאא ٣,٣مبرهنة 2, , , km m m…א 



( )

( )

( )

1 1

2 2

mod

mod

modk k

x c m

x c m

x c m

≡

≡

≡

 

א1 2 kM m m m= ⋅ ⋅ ⋅…K 
 אא .البرهان

1 2
1

i

k
M

imi j k
j
j i

M m m m m m
=
≠

= = = ⋅ ⋅ ⋅ ⋅ ⋅∏ … …،1,2, ,i k= … 

( ), 1i iM m =( ), 1j im m =j i≠KiziMimא 
1 1 1 2 2 2 k k kx c M z c M z c M z= + + +… 

W1,2, ,i k= …|i jm Mi j≠ 

( )

1 1 1 2 2 2

1 1 2 20 0 1 0

mod

i i i k k k

i k k

i i

x c M z c M z c M z c M z

c z c z c c z

c m

= + + + + +

≡ ⋅ ⋅ + ⋅ ⋅ + + ⋅ + + ⋅ ⋅

≡

… …

… … 

אMuvKא( )modi iu v c m≡ ≡1,2, ,i k= …K
|im u v−1,2, ,i k= …|M u v−( )modu v M≡K 

54Kא43א32א ٥مثال 

אא الحـل 

 
( )

( )

( )

2 mod3

3 mod4

4 mod5

x

x

x

≡

≡

≡

 

א3א،4،5אxאאW3 4 5 60M = ⋅ ⋅ =، 
 1 2 320 15 12M M M= = = 



 ٧

 

 
( )

( )

( )

( )

( )

( )

( )

( )

( )

1 2 3

1 2 3

1 2 3

20 1 mod3 15 1 mod4 12 1 mod5

2 1 mod3 3 1 mod4 2 1 mod5

2 mod3 3 mod4 3 mod5

z z z

z z z

z z z

≡ ≡ ≡

≡ ≡ ≡

≡ ≡ ≡

 

א 

 ( )

2 20 2 3 15 3 4 12 3

80 135 144

20 15 24

59 mod60

x = ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅

= + +

≡ + +

≡ ; 
אאאW 



( )

( )

( )

1 1

2 2

mod

mod

modk k

x c m

x c m

x c m

≡

≡

≡

 

1 2, , , km m m +∈… Z1 2, , , kc c c ∈… ZK 
אא( )( )mod ,i j i jc c m m≡1 ,i j k≤ ≤K 

 Kא⇔אFE ٣,٤مبرهنة

FEא[ ]1 2, , , km m m…K 
,0x،1,2אFE .البرهان ,i k= …،( )0 modi ix c m≡K1 ,i j k≤ ≤، 

( ), |i j im m m( ), |i j jm m m⇐( )( )0 mod ,i i jx c m m≡( )( )0 mod ,j i jx c m m≡ 
( )( )mod ,i j i jc c m m≡K 

אאWאאאא 

 

111 12 1

1

221 22 2

2

1 2

1 11 12 1

2 21 22 2

1 2

t

t

ktk k k

k

nn n
t

nn n
t

nn n
k k k kt

m

m

m

p p p
p p p

p p p

= ⋅ ⋅ ⋅

= ⋅ ⋅ ⋅

= ⋅ ⋅ ⋅

…

…

…

 

 



 ٨

 

( )

( )

( )

( )

11

12

1 1

1

1 11

1 12

1 1

1 1

mod

mod

mod

mod t

n

n

n
t

x c

x c

x c m

x c

p
p

p

≡

≡

≡ ⇔

≡

 

  

 

( )

( )

( )

( )

1

2

1

2

mod

mod

mod

mod

k

k

ktk

k

n
k k

n
k k

k k

n
k kt

x c

x c

x c m

x c

p
p

p

≡

≡

≡ ⇔

≡

 

אאאpאאאpK( )mod r
ix c p≡

אאKאא( )mod s
jx c p≡s r≥K|s jp m|r ip m

s r≥|r jp m⇐( )| ,r
i jp m mKא 

( )| ,r
i jp m m ( )( ) ( )mod , mod r

i j i j i jc c m m c c p≡ ⇒ ≡ 
|r sp p ( ) ( )mod mods r

j jx c p x c p≡ ⇒ ≡ 
אא( )mod r

ix c p≡Kאאאאא
KאאאאאK 

FEאא[ ]1 2, , , km m m…K 
  :كطريقة للحل

oאאW( ), |i j i jm m c c−ijK 

oא[ ] 1 2
1 2 1 2, , , rn n n

k rm m m p p p= ⋅ ⋅ ⋅… …FאE،אא
אjn

jp1,2, ,j r= …אW 
( )mod jn
i jx c p≡א|jn ijp m 

qאאאאK 

א ٦مثال  
( )

( )

( )

3 mod10

8 mod15

5 mod84

x

x

x

≡

≡

≡

 

 الحـل 
 
 



 ٩

 
 
 
 
 
 



 ١٠

FEn ٣,٥مبرهنة +∈ ZKא( ), 1a n =( ) ( )1 modna nϕ ≡( )nϕאK 
) .البرهان ){ }1 2, , , nr r rϕ…אאnK( ), 1a n =

( ){ }1 2, , , nar ar arϕ…אKאאnאאW 

( )( )1 2 , 1nr r r nϕ⋅ ⋅ ⋅ =…

( ) ( ) ( )
( )

( ) ( ) ( )
( ) ( )

1 2 1 2

1 2 1 2

mod

mod

1 mod

n n

n
n n

n

ar ar ar r r r n

a r r r r r r n

a n

ϕ ϕ

ϕ
ϕ ϕ

ϕ

⋅ ⋅ ⋅ ≡ ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ≡ ⋅ ⋅ ⋅

≡

… …

… …

 

)אW :ملاحظة ) ( )1 modna nϕ ≡( ), 1a n =K 

)א .البرهان ) ( )1 modna nϕ ≡( )( ), 1na nϕ =⇐( ), 1a n =K 

|pאpaאEאF )١(نتيجة a/( )1 1 modpa p− ≡K 
p|p .البرهان a/( ), 1a p =،( ) 1p pϕ = −K( )1 1 modpa p− ≡K 

)pא )٢(نتيجة )modpa a p≡a ∈ ZK 

|pא .البرهان a/،( )1 1 modpa p− ≡⇐( )modpa a p≡K 

א|p a( )0 moda p≡( )0 modpa p≡⇐( )modpa a p≡K 

)א )٣(نتيجة ), 1a n =W 

FE( ) 1naϕ −anK 
FEאאW( )modax b n≡( ) ( )1 modnx a b nϕ −≡ 

)FE .البرهان ) ( ) ( )1 1 modn na a a nϕ ϕ−⋅ = ≡K 

FE( ) ( )1 1 modna a nϕ− −≡( )modax b n≡⇔( ) ( )1 modnx a b nϕ −≡K 

 38882Kאאא ٧مثال

) الحـل )3,100 1=K( )100 40ϕ =W 

 ( )
( )

2228882 222 40 2 40 2 2223 3 3 3 1 9

9 mod100

⋅ += = ⋅ ≡ ⋅

≡
 

 

  بعض التطابقات الخاصة ٤}٣



 ١١

)א ٨مثال ), 42 1mn =6 6168 |m n−K 

3168אא الحـل 42 4 7 3 2= ⋅ = ⋅ ⋅، 

 ( )6 1 mod7m ≡،( )6 1 mod7n ≡⇐( )6 6 0 mod7m n− ≡ 
 ( )2 1 mod3m ≡،( )2 1 mod3n ≡⇐( )6 1 mod3m ≡،( )6 1 mod3n ≡⇐

( )6 6 0 mod3m n− ≡ 
 א( )1 mod2m n≡ ≡⇐( )0 mod2m n− ≡( )( )3 3 2 22m n m n m mn n− = − + +

⇐3 34 |m n−K3 32 |m n+( )( )3 3 3 3 6 68 | m n m n m n− + = −K 
( )7,3,8 1=6 6168 7 3 8 |m n= ⋅ ⋅ −K 

 العدد شبه الأولي
אאn +∈ Zbא( )modnb b n≡ 

}אpK .١تمهيدية }1,2, , 1a p∈ −…( )2 1 moda p≡{ }1, 1a p∈ −K 

|2 .البرهان 1p a −⇐( )( )| 1 1p a a− +⇐| 1p a −| 1p a +⇔{ }1, 1a p∈ −K 

)pאFE ٣,٦مبرهنة ) ( )1 ! 1 modp p− ≡ − 
2pאא .البرهان =،2p >Kאא{ }2, , 2p −…

אא، 

( )2 3 2 1 modp p⋅ ⋅ ⋅ − ≡… 
 

( ) ( )1 ! 1 1 modp p p− ≡ − ≡ − 
אאא17p =W 

( )( )( )( )( )( )( ) ( )2 3 5 15 2 9 3 6 4 13 5 7 8 15 10 12 11 14 1 mod p⋅ ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ≡… 
אK 

)אFE ٣,٧مبرهنة ) ( )1 ! 1 modn n− ≡ −nK 
nq1q .البرهان n≤ −( )| 1 !q n −

( )| 1 ! 1n n − +( )| 1 ! 1q n − +( )( ) ( )| 1 ! 1 1 ! = 1q n n− + − −אK 
  :ملاحظات

 אאאא
אאnK 

 אאאpאא{ }1,2, , 1p −…
אאp( )1 mod p−K 



 ١٢

 
 
 
 

  بعض التطبيقات على مبرهنتي فيرما وولسن
)Kאp ٣,٨مبرهنة )2 1 modx p≡ −⇔( )1 mod4p ≡א،

א( )1
2 !px −=K 

)x .البرهان )2 1 modx p≡ −א،1
2
p− 

( ) ( ) ( )
11

22 2 11 1 mod
pp px x p
−− −− ≡ ≡ ≡ 

א( )
1

21
p−

−1–1p( )1 1 mod p− ≡/( )
1

21 1
p−

− =K1
2
p−،

1
22 | p−1

22 2 | 2 p−⋅ ⋅4 | 1p −⇔( )1 mod4p ≡K 
א( )1 mod4p ≡K 

( ) ( )1 ! 1 modp p− ≡ − 
( )1 !p − 

( )

( ) ( ) ( ) ( )

1 1
2 2

1 1
2 2

1 ! 1 2 2 1

1 2 2 1

p p

p p

p p p

j p p j p p

− +

− −

− = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ − ⋅ −

= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ − ⋅ ⋅ − ⋅ ⋅ − ⋅ −

… …

… … … …
 

אאאjp – j1
21,2, , pj −= …، 

( ) ( )2 2 modj p j jp j j p− = − ≡ − 
1

21,2, , pj −= …Kא 
( ) ( )

( ) ( )

( )

( ) ( )

1
2

212 2 2
2

212 2 2
2

21
2

21
2

1 ! 1 2

1 1 2

1 2

! mod

p

p

p

p

p

p j

j

j

p

−

−

−

−

−

− ≡ − ⋅− ⋅ ⋅ − ⋅ ⋅ −

≡ − ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

≡ ⋅ ⋅ ⋅ ⋅ ⋅

⎡ ⎤≡ ⎣ ⎦

… …

… …

… …
 

( )1 mod4p ≡( )
1

21 1
p−

− =Kא( )1
2 !px −=( )2 1 modx p≡ −K 

)א ٩مثال )2 1 mod29x ≡ −K 

) الحـل )29 1 mod4≡،א( )29 1
2 ! 14!x −= = 

אאא؟אא6 ١٠مثال 

 אאאK الحـل



 ١٣

, 1, 2, 3, 4, 5n n n n n n+ + + + + 
א{ }, 1, 2, 3, 4, 5n n n n n n+ + + + +אאa

אאbK 

א،7אאאא7Kאאא7
אאab،אabKאא7،אאא 

 ( ) ( ) ( ) ( ) ( ) ( )1 2 3 4 5 6! 1 mod7n n n n n n⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ≡ ≡ − 

( )1 mod7ab ≡ −Ka b=א( )2 1 mod7a ≡ −x a=
( )2 1 mod 7x ≡ −א( )7 1 mod4≡/K 

 
 

4אאאא )٤(نتيجة 1p k= +K 

}א .البرهان }1 2, , , kp p p…אאאאא4 1k +K
א 

( )21 22 1kp p p +… 
אpאאpא،( ) ( )2

1 22 1 modkp p p p≡ −…Kא
א( )1 mod4p ≡א1 i k≤ ≤ip p=| 1pאK 

4אאאא ١١مثال 3p k= +K 

}א الحـل }1 2, , , lp p p…אאאאא4 3k +Kא
1 22 1lp p p +… 

  ( ) ( ) ( )1 22 1 2 1 1 2 1 1 3 mod4l
lp p p + ≡ − + ≡ ± + ≡… 

 אאא4 1k +א4 1k +K 
1 22 1lp p p +…qא4 3k +Kאiq p=א 

1 2| 2 1lq p p p +…1 2| 2 lq p p p…⇐( ) ( )1 2 1 2| 2 1 2l lq p p p p p p+ −… …| 1qאK 
 

א( ), 1a n =( ) ( )1 modna nϕ ≡( )nϕאא
אאK 

 nرتبة العدد الصحيح قياس 
א( ), 1a n =ank( )ordn a k=אk

( )1 modka n≡K 



 ١٤

)א ١٢مثال )10ord 3K 

 الحـل 
( )

( )

( )

2

3

4

3 9 mod10

3 7 mod10

3 1 mod10

≡

≡

≡

25 ≡ 

 ( )10ord 3 4=K 
 
 

EnאאF ٣,٩مبرهنة +∈ Za ∈ Z( ), 1a n =K 

o( )1 modma n≡⇔( )ord |n a mK 

p( ) ( )| ordn aϕ 
q( )modr sa a n≡⇔( )( )( )mod ordnr s a≡ 
rאא( )2 3 ord, , , , n aa a a a…nK 

s( )
( )

( )( )
ord

ord
,ord
nm

n
n

a
a

m a
=K 

t( ) ( )ord ordm
n na a=⇔( )( ), ord 1nm a =K 

)o .البرهان )1 modma n≡אא، 

( )ordnm a q r= ⋅ +( )0 ordnr a≤ < 
א 

( ) ( ) ( )ord ord modn nm a q r a q r ra a a a a n⋅ + ⋅= = ⋅ ≡ 
( )ordnr a<0r =KאאאK 

pאoK 

q 
( )( )( ) ( ) ( )

( ) ( )ord

mod ord ord ord

modr s t a s

r s a r s t a r s k a

a a a n+ ⋅

≡ ⇔ − = ⋅ ⇔ = + ⋅

⇔ = ≡
 

rאqK 

sא 
( )

( )

( )( ) ( )( ) ( )( ) ( )( ) ( )
ord

,ord ,ord,ord ord 1 1 mod
m man

m a m an n nm anm aa a n= ≡ ≡ 
א( ) ( )1 modtma n≡( )ord |n a mt⇐( )

( )( ) ( )( )
ord

|
, ord ,ord
n

n n

a m
t

m a m a
⋅ 



 ١٥

( )

( )( ) ( )( )( )ord

, ord , ord
, 1

a m

m a m a
= 

( )

( )( )
ord

|
, ord
n

n

a
t

m a
אma( )ord m

n aK 

tאsK 

)א ١٣مثال )14ord 5K 

) الحـل )14 6ϕ =( )14ord 5( )14ϕF236KE 

 
( )

( )

2

3

5 11 mod14

5 13 mod14

≡

≡
 

א4555אW( )14ord 5 6=K 
אאabאabK 

) ٣,١٠مبرهنة ), 1ab n =Kא( ) ( )( )ord ,ord 1n na b =( ) ( ) ( )ord ord ordn n nab a b= ⋅K 
  .البرهان

( ) ( ) ( ) ( ) ( ) ( )ord ord ord ord 1 1 1 modn n n na b a bab a b n⋅ = ⋅ ≡ ⋅ ≡ 
אab( )ordn abאא،( ) ( ) ( )ord | ord ordn n nab a b⋅Kאא

א 


( ) ( ) ( ) ( ){ } ( ){ } ( ){ }

( ) ( )( ) ( )

2 3 ord 2 3 ord 2 3 ord

ord ord

, , , , , , , , , , , ,

, mod

n n n

n n

ab a b

b a

ab ab ab ab a a a a b b b b

x x x n

×→… … …
 

אאW 
( ),i ja b،אאא 

( )[ ]( )

( )[ ]( )

mod ord

mod ord

n

n

x i a

x j b

≡

≡
 

( ) ( )( )ord ,ord 1n na b =אאx k=( ) ( )ord ordn na b⋅K 
אא 

( )

( )

mod

mod

k i

k j

a a n

b b n

≡

≡
 

אא( )kabאא( ),i ja bKא
אאK 



 ١٦

n ٣,١١مبرهنة +∈ ZKאa ∈ Z 

o( )1 1 modna n− ≡K 

p( )
1

1 mod
n
pa n
−

≡/p1n −K 
nK 

) .البرهان )1 1 modna n− ≡( ), 1a n =Kאא( )ord | 1n a n −א
( )ord 1n a n= −Kא( )ord 1n a n=/ −،( )ord | 1n a n −א

1x > 

( )1 ordnn x a− = ⋅ 
אqx 

( )

( )( ) ( )
ord1 ord 1 mod

xx an n qq q n aa a a n
⋅−

= = ≡ 

אאאK 
 
 

  :ملاحظة
אאאאאא1n −א

אאnKאאאאא
K 

32א ١٤مثال
3 2 1 257F = + =K 

32 الحـل
3 1 2F − 3aא2Kאאא= =K 

 


