M 106 - INTEGRAL CALCULUS
Solution of the first mid-term exam
First semester 1441 H
Dr. Tarig A. Alfadhel

Q1. (2+3+3 Marks)

30

(a) Find the number ¢ so that Z (k* —¢)=0.
k=11
30 30 30
Solution : Z (k* —¢) =0 < Z k* — ZCZO
k=11 k=11 k=11
30 30 30 30 10
= Y e=> K =Yy 1= F-) K
k=11 k=11 k=11 k=1 k=1
s 20c = (BUBHEDY  (10)A1)E1)
6 6
30
< 20c= r ((31)(61) — (11)(7))
5 1814 907

2
(b) Approximate the integral / (cos z)* dx using Simpson’s rule with n = 8.
0

Solution : [a,b] = [0,27] , n =8 , and f(x) = (cosz)* .
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/ (cosz)? dx ~ (8) = ?ﬁ ~ 2.0944
0



1
(¢) Use Riemann sums to evaluate / z3 dx.
0

Solution : [a,b] = [0,1] , f(z) =3 .
~b—-a 1-0 1

Ay

n n n

xk—a—l—k‘Az—O—i—k(l)—k
n n

Using the right-end point of the sub-intervals.

n

Ry=> flue) Ap=
k=1

1 n?(n+1)2 1 (n+1)? 1 nP4+2n+1
Cond 4 4 n2 T4 n2
1 2
1 n“4+2n+1 1 1
3 o B
/0 v dx_nh—?oloR"_nILH;o [4 N2 ]—4(1)—4
Q2. (3+2+3 Marks)
tan x
(a) Evaluate the integral / m
5tanx 5tanx
Solution : /W dx:/5tanw sec? 1 du — — Le
of @

Using the formula /af(gﬂ) f(x) dz = +c,wherea >0

Ina

(b) If y = 9(sin@)® 4 e , find ¢/.

Solution : 3’ = 26m 0% 9gin gz cosz In2+ (ma™ ") 7 +2" (7° lnm)

1

y'=2In2 2619 gin cosr+max" T at+x2" 7t Inw

dx
(¢) Compute /\/W

Lo dx _ dx
Solution : /7\/5 212) 2 /2\/5 [(\/5)2—&-(\/5)2]

=2 /(Qlﬁ) dr =2 = tan~! <ﬁ>+c

Vorsver v Ve

! 1
Using the formula / L)Q dr = — tan™? (f(z)>+c , where a > 0
a?+ [f(z)] a a




Q3.
(a)

(3+3+3 Marks)

Find (mxﬂ)
V16(zInx)?
1 1 1 4(1 1
Solution : (nz+1) der = - (nz+1) dx

\/m 4 / \/[4(3: lnsc)}2 — (3)2

— COSh71 (W) +c

Using the formula /Lz) dx = cosh™ <f(33)) + ¢ , where
[f ()]

a>0

Evaluate the integral /
& T/ :E5

()

Soluti
olution : /x\/r /

Mo
w\w

é % 5
2 ’ I n
5\/7 52 2 ¢
2
Using the formula / f'(z) dr = 1 sec ! (f(x)) Yo,
a

@) \/If @) - a? ¢

where a > 0

2
Compute / ¢ dx
1—e

2 —3z —3x 2 _ -3z
Solution:/ ¢ 5 deQ/e—de:7/3;2
T=e® = T S e

= —% tanh ™! (e_gz) +c

! 1
Using the formula /# dxr = - tanh ™ (f(x)) + ¢ , where

a>0

,/(x%)Q —(2)2

dr



M 106 - INTEGRAL CALCULUS
Solution of the second mid-term exam
First semester 1441 H
Dr. Tarig A. Alfadhel

Q1. (2+3+3 Marks)
1
. . 2 172
(a) Find alcli% (1+ 82?)

1
Solution : lim (1 + 8z7)+? (1)

z—0

% 1 In|l+ 8

Puty= (1823 > iyl =mn|(1+ )| - L2
x
In |1+ 822
lim In Jy| = lim M (O)
z—0 z—0 x 0
Using L'Hopital’s rule
16x

. . In|1+82% (1+8m2> , 8 8
lim In|y| = lim ——— = lim ~—%* = lim ——— = - =38
z—0 r—0 x2 z—0 2x z—0 1+ 82 1

1
Therefore, lim (1 + 8z%) =" =¢€°
z—0

(b) Compute the integral /64”” sinx dzx

Solution : Using integration by parts twice.

u=sinz dv = e** dz

4z

du=cosxdr v=-c¢e

| =

1 1 1 1
/64‘"” sinx doz = 1641 sinx—/ 164'"’3 cosx dr = 164”3 sinx—i /e4m cosx dx

u=cosx dv = e** dx
1
du = —sinz dz U:Z€4$
1 11 1
/6490 sinz dr = 16436 sinz — 1 {4645” cosT — / 164w(—sin$) dx}

1 1 1
e sing dr = -e*®sine — —e*®cosz — — [ e sinz dz
4 16 16

1 1 1
/e“sinx dx—|—1—6/e4msinx dr = ieusinx—ﬁe“cosm—&—c

17 4z

1
6 esine dx = 164

4

. 1 4.
Tsinx — 1—66 Tcosx +c



16 |1 1
/643” sinz doz = I7 [4649” sinx — Ee‘lx cosx + ¢

—_—

(c¢) Evaluate /(Sinl‘)Q(COSl‘)Q dx

1—cos2z\ /1 9
Solution : /(Sinx)Q(cos:c)Q d:c:/ (3208 x) ( +c205 sc) e

:%/(1—c0522w) dw:i/{l (M;SM)] dw
(

7N

1 1 cosdx 1 1 cosdx
4/(1‘2‘ 2 )dxw/ 37 3 )dw
1 1 1 cosdx 1 111
Z/idxfi/ 5 fg/d17151/cos4x(4)dx
—lx——smélx-i-c
8

Q2. (3+3+2 Marks)
/ Va? —25 i
x

(a) Evaluate the integral

Solution : Using Trigonometric substitutions.
x
Put z = 5sec = secl = 3

dr = 5secO tan6 db
/\/ - 25 /\/2586(32 — 25 5secf tanf

do
5sech

:/\/25(SQC29—1) tan 0 d9:/5\/tan29 tan 6 d9:5/tan29 de

:5/(se020—1 ) df =5(tanf — 6) + ¢ =5tand — 560 + ¢

Aﬁ

V2 — 25
5

From the triangle : tanf =

Note that secd = % — § =sec! (%)



Va2 —25 Va2 —25 /(T
- dr =25 3 — 5sec (g)—i-c

=+vx2—-25—5sec” 1(5>+c

Fld/ 322 + Tz + 2
z+1)2(z+3)

Solution : Using the method of partial fractions.

32+ Tx+2 . Ay i Aq n As
(z+1)2(x+3) z+3 x+1 (v+1)2

30° +Te+2=A(z+1)* 4+ Ao (z + 1)(z + 3) + A3(2 + 3)

322 +Tx+2 = Ay (2 + 22 + 1) + Ax(2® + 4o + 3) + Az(z + 3)

322 +Tx+ 2= A12? + 2410 + Ay + Asx? + 4450 + 345 + Asx + 343
322 + 7w+ 2= (A + Ag) 2% + (2A1 + 44y + Az) 2 + (A; + 345 + 343)
By comparing the coefficients of the two polynomials in both sides :

A1 + A2 =3 — (1)
2A1 +4A5 + A3 =7 — (2)
A1 + 3A2 + 3A3 =2 — (3)

Multiplying Eq(2) by 3 and subtracting Eq (3) : 54;+942 =19 — (4)
Multiplying Eq(1) by 5 and subtracting Eq (4) : —44; = -4 = Ay, =1
From Eq(1) : 41 =2

From Eq(2) : 2(2) +4(1)+ A3 =7 = A3=7-8=-1

/3ﬁ+m+2m/ 2 1 . -l "
(x+1)2(z+3) x+3 x4+1 (z+1)2

1 1
=92 - _ 172
/:1:+3dmd‘_/ac-i-ldJU /(I+ )7 dw

1 1
= omet3+nfe+ 11~ C T oo g1 e
d
Compute/—x
z(z+1)+1
Solution :

_ 1 = x
_/(x2+x+ d /\/$+ 3)2d



Q3.

N[

_ inh T+ 4 e—sinh 2z +1 +
= sin @ ¢ = sin 7 c
(34343 Marks)

/ dzx
1 1
xr2 4+ a3

Solution : Put u = 25 = o = u® = dx = 6u® du

1 5 5
/ﬁdﬁ:/#duz/%du
xr2 + a3 <u6)§—|—(u6)§ u° 4+ u

6u® 6u>
_/7u2(u+1) du_/iu—i—l du

Using long division of polynomials

6u’ 6
/ v du:/ 6u? — 6u + 6 — du
u+1 u+1)

=2u® —3u? +6u—6Inju+1]+c

1 1 1 1 1
———— dx =2x2 — 323 + 626 —6In x6+1’+c

i 1
xr2 + a3

o0
d
Does the integral / % converge? Find its value if it does.
0 x

. * zdx . txdx . 1/t 2z
Solution : ——— = lim = lim | = ———dz
o l4at tooo g 142t =0\ 2 /) 1+ (22)?

= lim (; [tan-l(x2)]g) = lim (; [tan~!(¢?) —tan‘l(O)D

t—o00 t—o00
1w T
2 {2 4

Compute the area of the region bounded by the curves: y =22,y =z—1
,y=0and y=4.

Solution : y = 22 is a parabola with vertex (0,0) and open upwards.
y =x — 1 is a straight line passing through (0, —1) and its slope is 1.
y = 0 is the z-axis.

y =4 is a straight line parallel to the z-axis and passing through (0, 4)



N

y=r—1 = z=y+1

y=12> = z = +,/y , but since the desired region is in the first quadrant

then z = \/y

AreaZ/O/[(y+ ﬂdy—// dy

= {y;gy+yﬁ ((42)25 (4)3’+4) —(0—-0+0)

16 16 36 —16 20

3 3 3 3




M 106 - INTEGRAL CALCULUS
Solution of the final exam
First semester 1441 H
Dr. Tarig A. Alfadhel

Q1. (2+2+3 Marks)

(a) Find the number ¢ in the mean value theorem for f(z) = —2% + 4z on
[0,3]
Solution : Using the formula (b — a) / flx

(3—0)(—c2+4c)=/03(—~”” o) dv = [_3+2x]z

3(=c +4c) = (—?5 +2(32)> —(0+0)=-9+18=9

= —c?+4c=3 = > —4c+3=0
= (¢c=1)(c=3)=0 = ¢c=1,c¢c=3
Note that 1 € (0,3) while 3 ¢ (0,3) .

The number that satisfies the mean value theorem is ¢ =1 .

(b) Compute the integral / m

Solutio / de / ! d
ution : —_—— = —_———— QT
(R

where a > 0 and |f(x)| > a

cotx

\/9 — (sinx)

(¢) Evaluate

t
Solution : /% dz :/ 8T
V9 - (sin ) sinz 4/ (3 sm x



1 2si 1/ 1 in”
_ §/ sinxz cosx : do — 5 (_3) sech—1 (SII; x) b
sin® 2 4/(3)2 — (sin” z)

Using the formula / f'(z) - dx = 72 sech™? <f(a$)> +c
f@)/a? = [f(2)]

where a > 0 and |f(z)| < a

. (34343 Marks)

1 1
Compute lim ( — >

e—=3t \x—3 In(zx—2)
Solutio li ! L ( )
ion : lim — —
b e—=3t \z—3 In(x —2) o

() ()

Using L'Hopital’s rule

o In(z —2) —(z—3)\ _ im ﬁ*l
mLﬁ( (z —3) In(x —2) ) 71L3+ <1n(x—2)+(x—3) 12>

1—(z—2)
— 13 r—2
o zlglgl+ <(r—2) In(z—2) +(m—3)>

r—2

e ((:::—2) 1n(_xxj21) ¥ (x—3)) -

Note that —z+1 — —2 and (z —2)In(z —2) + (x —3) — 0" when z — 37"

Find /x2 tan" 'z dx

Solution : Using integration by parts.

u=tan 'z dv = 22 dz
1 x3
duzmdw v = —
3 3

2 -1 _Z -1 £ 1
/x tan xdl’—?tan Xr — gmdir

3 3 3 3
T . 1 x T . 1 f(a®+2)—2
=gty [ =t [EE

3 3
T 1 1 z°+ T
=—t - = ——de— | ——= d
3 at x 3|:/1+1'2 v /1+£U2 x:|

10



1+ a2 3) 1+ a2
x3 1 1 11 2z
=—tan "z — = [ xdr+ - = T
3 3 32 14 22
3 1 2
:%tan_laﬁ—g %—1—6 1n‘1+x2|+c

(c) Evaluate the integral /(tan z)*(secz)® dx

Solution : Put v = tanz = du = sec?z dx

/(tan z)*(secz)b dx = /tan4x sect z sec? x dx
= /tan4 T (sec2 x)2 sec?z dx = /tan4x (1 + tan? m)z secz dx

:/u4(1+u2)2 du:/u4(1+2u2+u4) du:/(u4+2u6+u8) du

_i5+2 “77+“79+C_tan5$+2 tan7x+tan9x+c
5 79 T 5 7 9
Q3. (3+3+3 Marks)
72
a) Compute the integral /7 dx
(a) p g o

x? z?
Solution : /7,5 dz 2/73 dx
@2+ 91 (2 + 33

Using Trigonometric substitutions.

Put z =3tanf — tan@zg

dx = 3sec? 0 do
2 2 2 2 2
/( x dx:/(?)tanﬁ) 3sec” 0 dez/(Qtan 0) (3sec®0) 20

3 3
2 2

22 +9)3 ((3tan6)2 +9) (9tan20 + 9)
2 2 2 2 2 2
:27/ tan”6 sec”§ dh??/M d9:27/%d9
9 (tan? 6 +1)] 2 (9sec? )2 (9)2 (sec2 0)>2

tan® 6 sec?6 tanZ 0 sec?f —1
— 2 —_— = = _—
7 / 27 sec3 6 d0 / sec 6 d0 / sec 6 d

sec2 @ 1
/(8609 sec&) da*/(secgfcose) de

=In|secd + tanf| — sinf + ¢

11



%
*
X
7}
3
x 2 4+ 9
From the triangle : sin = —— and sec = ——
& vVzZ+9 3
2 2
/xisdxzm Vemt9 wl_r,
(@2 19)8 3 3| VaZio
3r—2
Find the int l [ ——F———d
in e integra /(m2+4)(x+2) T

Solution : Using the method of partial fractions.

3z —2 A Bx+C

(22 +4)(x +2) x—|—2+ 22 +4

3z —2=A(2®+4)+ (Bx +C)(z +2)

3z — 2= Ax? + 4A + Bx? + 2Bz + Cx + 2C

3r —2=(A+ B)2* + (2B + C)z + (4A + 20)

By comparing the coefficients of the two polynomials in both sides :

A+B=0 — (1)
2B+C =3 — (2)
4A+2C = -2 — (3)

Dividing Eq(3) by 2: 2A+C=-1 — (4)

Subtracting Eq(2) from Eq(4) : 2A-2B=—-4 = A-B=-2 — (5)
Adding Eq(1) to Eq(5) : 24 =-2 — A=-1

From Eq(1): -1+ B=0 = B=1

FromEq (2):24+C=3 = C=1

/ 3x — 2 dx—/ -1 +x—|—1 e

(22 +4)(z+2) x+2 2244
-1 T 1

- d Ty 4
/x—|—2 x+/a:2+4 $+/x2+4 m
1 1 2x 1

=— | —do+= | —— d ———d

/x+2 I+2/x2+4 ngL/x2+22 o

1 1
:71n|x+2|+§1n|x2+4\+§tan71 (g) +c

12



dzx

(¢) Evaluate the integral / .
3 —sinx + cosx

Solution : Using half-angle substitution.

X
Put u =t (7>
ut u an 2

. 2u 1—u? 2
sint =——, cost=—— , dv = —— du
14 u? 1+ u? 14+ u?
2
dx (1+u2>
3 3 = 1—u? du
—sInx + Cosx 3— 1+u2 + 1T

_/ (1+u> / 2 J
N ( (1+u2) 2u+(1 uz)) 3432 —2utl_w ™
1
du= | ——— d
/2u272u+4 / 7u+2 /u2—u+2 Y

:/(u2u1+}1)+1d“:/( )21+(ﬁ)2 du

Q4. (3+2+1 Marks)

(a) Sketch the region bounded by the curves : y =4 —2% |y =2+2, 2= -3
, x = 0 and find its area.

Solution :

y = 4 — 22 is a parabola opens downwards with vertex (0, 4)

y = x + 2 is a straight line passing through (0,2) with slope equals 1.

x = —3 is a straight line parallel to the y-axis and passing through (-3, 0)

x = 0 is the y-axis.

13



=3
* y=4-x2 y=xX+2

x=0

Points of intersection of y =4 —z2 andy =2 + 2 :
r+2=4-2> = 224+2-2=0 = (z+2)(z-1)=0
— rz=-2,2x=1

Note that —2 € [—3,0] while 1 ¢ [-3,0]

0

Area:/_ [(z+2) — (4—2%)] dm—i—/ [(4—2%) = (z+2)] dz

-3 -2

:/2(ac2+x—2) dx+/0 (—2* —z+2) do

-3 -2

[ fo-eon- (-9

9 90-32-27 31
6=15—— = ——— = —
* 2 6 6

Find the volume obtained by revolving the region bounded by the curves
y=—22+2,y =1 about the line of equation = = 3.

Solution :
y = —x? 4 2 is a parabola opens downwards with vertex (0,2)

y = 1 is a straight line parallel to the z-axis and passing through (0,1)

14



D\
[\
AREAWE

Points of intersections of y =2 — 22 and y =1 :

1=2-22 = 22 -1=0 = (z-D(z+1)=0 = z==+1

Using Cylindrical shells method :

1 1

(B-=z)[(2-2%) 1] da::27r/ (3—2)(1 —2?) dx

-1

Volume = 27r/

-1

:277/(3—3x2—x+x3) dx:27r/(x3—3x2—x+3) dx
on [T T g R T L3 Lol
=47 | — — _—— = _ _ = — — —_ = —
R P AV 2 1 2

)oY o) o

(c) Setup an integral for the volume obtained by revolving the region in part
(b) about the line of equation y = 4.

Solution :

~_ |1

15



Q5.

Using Washer Method :

Volume:w/l [(4—1)2—(4—(2—;,;2))2} dzzﬂ'/

-1 -1

1

1

:7r/1 [9— (2* +22° +4)] dx:w/ (—a* —22% +5) da

-1 -1
(3+3+3 Marks)

O\ 2
Find the length of the curve given by r = <cos <2>> ,0<0< .

Solution :

i=20(3) (- (3) 3) = (5) o (3)
e o (5)
S @) - (==
[
/ Ve [cosz @)= )

(D) o= [(eos(2) a2 [[eon(2) (1)
:2{sm<2>r 2{sm<§>—sm<o>}2<1—0>=

0

Sketch the region R that lies inside the curve r = 1 —sin 0 and outside the

curve r = 1 and find its area.

Solution :

0
r=r=1—sinf is a cardioid , symmetric with respect to the line § = 5

r = 1 is the unit circle.
Points of intersection of r =1 —sinf andr=1:

1=1-sinf — sinfd=0 — O6=x, 0 =27

16

[(3)2 —(®+ 2)2} dx



1 2m ) 9 ) 1 2m ) oy
Areazi [(l—sm9) —(1)} df = - [1—2sin6 +sin®6 — 1] do

1 27 1 27 1— )
:5/ [sin29—281n9] de:i/ [(CQOSG) —QSinH] db

27 . 2
/ {1(:082025,1119] d0;[§sm29+20059]

2 2 4

™

-$leorn= (G0 - (re- )
D

(c¢) Find the area of the surface obtained by revolving the curve r = 2cos@ ,
0<o< % about the y-axis.

. dr .
Solution : 7 —2sin6

S.A= 27r/4 |2 cosf cos) \/(2 cos 0)® + (—2sin ) db
0

= 27T/Z ’2c0529| \/4cos29—|—4sin29 do = 27‘(/1200829\/4 (00829+sin29) do
0 0

:27r/4200829(2) d9:47r/42<H(;OS29) d0:47r/4 (14 cos26) db
0 0 0

. z 1
- {9+3m29} :47r[(”+>—(0+0)}=7r2+2w
2 |, 1732

17



M 106 - INTEGRAL CALCULUS
Solution of Home Work No. 1
Second semester 1441 H
Dr. Tarig A. Alfadhel

r 4
Q.1 If/ g(t) dt = . —fl and ¢ is continuous on [0, o), find g(1).
0

Solution :

Using Fundamental Theorem of Calculus

d [* d 4z
— t) dt = —
dx/og() da:(x+1)

Az +1) - (N4 dr+4—-4x 4
o | LA F | Rl ey
4 4

15
Q.2 Find the value of a so that »  (k* — ak) = 990.

k=5
Solution :
15 15 4
> (K —ak) =990 = > (K —ak) - Y (k- ak) =990
k=5 k=1 k=1
4
— ZkQ—aZk—<Zk2 aZk)z
k=1 k=1
15
= (Zk2 Zk2>+a< k Zk =
k=1 k=1
. (15><166><31+4><5><9> 15 16 4><5>a:99O
— (1240 — 30) + (10 — 120)a = 990
—220

= 1210 — 110a =990 = — 110a = —220 = a:Tw:

Q.3 Find the value of ¢ in the mean value theorem for f(zr) = Vo +1 on
[—1,8].

Solution :

Using the formula (b — / f(z

18



Q.4

Q.5

where f(z) = Vz+1 and [a,b] = [-1,§]

8

8
(8 —(-1)) \/c—l—l:/ \/x—i-ldx:/ (z+1)% da

—1

9Ve+1= [; (x+1)

(SIS

_2

}8_1:2 07 =03

3

(27) = 18

= 9Ve+1=18 = Ve+1=2 = ¢+1=4 = ¢=3¢€(-1,8)

If y = e” (cos x)‘rZ , find 3’ .

Solution :

T z2 x z?
Injy| =1n|e” (cosz) ‘:ln|e |+ln’(c0sx) ‘

In|y| =zlne+2*In|cosz| = x + 2% In | cos z|
Differentiating both sides with respect to z :

/ o
y:1+(2x)ln|cosx|—l—x2< ST
y cos T

/

y =y [1+2zIn|cosz| — 2” tanz]

y = e” (cos:v)m2 [1+2zIn|cosz| —2? tanz]

Evaluate the following integrals :

(a) /Wd

Solution :
z? _ 2 3\~ 3 _ 1
2 2
1 (-6 (1-6a)F
__T8 T+C__T+C

3

(b) / 572°" dx

Solution :

In5 In2

. 1 . 1 25
/53725 dxzm/? (5%1Inb) de = — — +¢

\/E
(© /m de

19

) =1+ 2zIn|cosz| —

z?sinz

COS ™

(—1822) dx



Solution :

7\/5 dr = v dx = 1 s 2 dx
V14 4z 3 3 )

rNITe — 16
SOhl(lOIl .
122
d:C

dz 1
/J:\/xﬁ —16 / e /(@)2— @2 ) 222 J(2%)? - (4)2 e

_1 i d—ll‘ec*1 v + iec1 Ij—&-
" 3) 23 )2 (42 T30 1)’ 1)

) m

Solution :

/\/W /\/72L / \/7%
/ 2 — (—1 csch™ 1<€5))+c

dr =

20



M 106 - INTEGRAL CALCULUS
Solution of Home Work No.2
Second semester 1441 H
Dr. Tarig A. Alfadhel

Q.1 Find lim (sinz)*
z—0t

Solution : lim_(sinz)*  (0°
olution xi%l+(blnx) (0%)

Put y = (sinz)** <= Inly| = 1n’(sinm)2w’ =2z In|sinz|

lim 1 = lim 2z In|si 0.(—
i Inly| = Tim 22 Infsine]  (0.(~o0))
: . . . 2In|sinz| —00
lim In|y] = lim 2z In|sinz| = lim T
0+ 0+ e—0+ (1) 00

Using L’Hopital’s rule

CS)SZE _2 2
lim In |y| = lim (suiq«) — lim w
z—0+ z—0+ (_ P) o0+ SN
g (72w o cose (0)-(1).(1)

. . \2x
Therefore, lim (sinz)™ =€’ =1
z—0+

Q.2 Evaluate the following integrals :

(1) /gﬂ In || do

Solution : Using integration by parts.

u=1Inlz| dv=2%dx
1 z3

du=—d =

U T v=-g
3 31 3 1

/x2 ln\x|dac:x—ln\x|7/m—fdx:x—ln|x|77/x2d:c
3 3 x 3 3

x31|| 1:53Jr x31|| x3+

=— Injzg|-z—=+c=— Inlzg| - —+¢

3 33 3 9

(2) /sin4x cos® & dx

Solution : Using the substitution u = sinz

du = cosx dx
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. . . 2
/sm4 x cos®z dx = /sm4 x cos*z cosz dr = /sm4x (0052 x) cosx dx

:/Sin4x (1—si11236)2 CcosS T da;:/u4 (1—u2)2 du:/u4 (1—2u2+u4) du

5 7 9 5

. .7 .9
4 6 8 u u u sinx 2sin‘x sin”x
= —2 du=——2—4—+c= - n
/(u W) du= Sl bgte= g 7 9

22
3 / — dzx
6 [ =
Solution : Using Trigonometric substitutions.
Put £ = 3sinf = sinf = g

dx = 3cosb db

dr — (3sin#)? 3cosd d@—/ 33sin% 0 cos b

Vel TR
V9 - 9sin®6 9(1 — sin?0)

3 qin?2 3 sin?

33sin® 6 cosf :/M d0:9/511129 do

v9cos? 0 3cosf
9 [ sin29} 9 [ 2sin 0 cos@}
+ f——— | +¢

1

[ 7=

:g(ﬂ—sine cosf) + ¢

X
7]
9 —x?
9 _ 22
From the triangle : cosf = g
Note that sin 6 = g — 9 —sin! (%)
2 9 9 — ;2
/xidx:f sin‘l(f)_f Q +e
V9 — a2 2 3 3 3

224+ 3x+8
4 —d
()/ 3 + 4z o

Solution : Using the method of partial fractions.
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2243z +8 x2+3x+8_A Bx +C

2 +dr x(224+4) a2 +4

2 + 3z +8=A(2* +4) + (Bx + C)x = Ax® + 4A + B2® + Cx
22 4+324+8=(A+ B)x? + Oz +4A
By comparing the coefficients of the two polynomials in both sides :

A+B=1 — (1)
Cc=3 — (2)
4A =38 — (3)

From Equation (3) : 44=8 = A =2

From Equation (1): A+ B=1 = 24+ B=1 = B=-1
z? 4+ 3z + 8 2 —z4+3
/ 23 + 4z dx_/<x+x2+4) d
/ dx+/ 4—i dx
+4 2 +4
2[5 [ ey [ d
B 2ra T e eE

1 3
=2In|z| — 5111(332 +4)+ Qtan_l (g) +ec

) [ e

Solution : By completing the square.

/%/¢_<x2_d62+9)+9/¢9_cgi_3>2

— / B _1(x =57 dx =sin™* (x3—3) +c

dx
6 -
(6) /4—|—5cosx

Solution : Using Half-angle substitution.

1—u? 2
Put v = tan (£> , then cosz = v and der = —— du
2 1+ u? 1+ u?

/ dz _/ 1 2 _/ 1+ u 2
4+ 5cosw 4+5<1 u2> T+uz ™7 41+ u?) +5(1 —u?) 14 u? “
2 2 1
= = R :2 - @@
/4+4u2+5—5u2 du /9—u2 du /(3)2—(u)2 du
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=2 B tanh ™! (g)} +c= %tanh71 (; tan (;)) +c

oo
Does the integral / o converge? Find its value if it does.
o (1+22)3

. * [t a
Solution : /0 m dr = tl—l)I£10 ) m dzx

t 2\—217t
= lim 1 2¢ (14 22)7%) = lim 1 w
t—o00 2 0 t—o0 2 —2 0

= lim (—i [MK) = Jim (‘i [(1 +1t2)2 S +10)2D

e 1
Hence, the improper integral /o (14_1:72)3 dx converges to 1

Sketch the region bounded by the graph of the curves x = y? — 2y + 2 ,
x =y + 2 and calculate its area.

Solution :

r=y>-2y+2=(y*—-2y+1)+1=(y—1)2+1is a parabola opens to
the right with vertex (1, 1)

r=y+2 = y=x—2is a straight line passing through (2,0) with
slope equals 1 .

Points of intersection of # = y? — 2y +2and z =y + 2 :

Y —2y+2=y+2 = 32 -3y=0 = y(y-3)=0 = y=0,y=3
3 3

Areaz/ [(y—|—2)—(y2—2y+2)] dy:/ (3y—92) dy

0 0

b5 S 603 -eon-T oo
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