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Outline

Weekly Objectives

Week 2: Summation Notation and definite Integrals.

The student is expected to be able to:
@ Become familiar with the summation notation.
@ Know the definition of definite integral with Riemann Sum.

© Properties of the definite integral.
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Sums and sigma notation

and sigma notation

@ A series can be represented in a compact form, called
summation or sigma notation.
@ The Greek capital letter, > , is used to represent the sum.
@ The series 4 + 8 4+ 12 + 16 + 20 + 24 can be expressed as
6
Z 4n
n=1
@ The expression is read as the sum of 4n as n goes from 1 to 6 .
@ The variable n is called the index of summation.
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Sums and sigma notation

Sums and sigma notation

last value
formula for

ofn
\ the terms
¥
4n
" =
Index of first value
summation ofn

n
Soif aj,ap,...,an € R, then > aj=a1+a+ -+ a,
i=1
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Sums and sigma notation

Sums and sigma notation

Theorem 2.1
Ifc,a1,ap,...,an, b1, bo,..., b, €R, Then,
n
Q@ > C==0n

i=1
n n
9 Z Ca,- = C Z aj
i=1 i=1
Zn:(a,-j:b,-): Zn: a,-j: Zn: b,'
i=1 i=1 i=1

_ n(n+1)
- 2

o
Qi
i=1
o Z": _ nn+1)(2n+1)
0 i

( n n+1) )
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Sums and sigma notation

Sums and sigma notation (Examples)

Example 2.1

Use the properties in the theorem 2.1 to find the value of:

d (K —k+2)

Solution 1

4 4 4

Yk —k+2)= Zk3 Zk+22—2k3 Sk+2>
i=1 i=1

i=1
— (4ey2 _ (4+1) +(2x 4) o8

\
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Sums and sigma notation

Sums and sigma notation ( Exercises )

Exercise 1

Using the formulas and properties from above determine the value
of the following summations.

100

0 > (3-2i)? 1293700
i=1

Q i ~1 1)? 1
nL”SOI;ﬁ(’_ ) 3

" 5k

Q lim il g

n—>ook:1n
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Riemann Sum

Riemann Sum: Regular Partition

In this section we assume that the function f(x) > 0 on the
interval [a, b].

Definition 3.1

The set {a = xo,x1,...,xn = b} is called a regular partition of
the interval [a, b]

if xi =xp + iAx forevery i =1,2,...,n, and Ax = %.

This regular partition divides the interval [a, b] into n subintervals
of the form [x;_1,x;] where i =1,2,... n.
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Riemann Sum

Riemann Sum: Area under the graph of a function

- Area under the graph of a function :
If f(x) > 0 on the interval [a, b] and {xg = a,x1,...,xp = b} is a

regular partition of [a, b], then the area under the graph of f(x)
can be approximated by n rectangles using the formula:

A = Z f(x;)Ax
k=1
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Riemann Sum

Riemann Sum: Exemple

Approximate the area under the graph of f(x) = 2x — 2x2 on the
interval [0, 1] using 10 rectangles .

fx)y=2x-2x2
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Riemann Sum

Riemann Sum: Exemple

solution
_1-0 _
Q@ x=0,x1=01,x%=02,...,.x0 =09,x0=1

10 10
Q A= f(x)Ax =3 (2x — 2x?)0.1
i=1 i=1

Q A=
0.1[0.18+0.32+0.42+0.48—|—O.5+0.48+0.42—|—0.32+0.18+0]

@ A;p=0.1(3.3)=0.33
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Riemann Sum

Riemann Sum: Definition

Definition 3.2

Let {xo = a,x1,...,x, = b} be a regular partition of the interval
[a, b] with Ax = %. Pick points c1, ¢, ..., c, where ¢; is any
point in the subintrval [x;—1,x;],i = 1,2,...,n.

The Riemann sum is:
n
Ry =Y f(ci)Ax
i=1
The area under the curve of f(x) is the limit of the Riemann sum.

n—00 n—00 4

A= lim R, = lim > f(c)Ax
i=1
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Riemann Sum

Riemann Sum: Exemple

Find the area under the curve of the function f(x) = 3x + 1 on the
interval [1, 3] using Riemann sum and c; is the middle point of the
subinterval.
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Riemann Sum

Riemann Sum: Exemple

_ b—a __ 2
Q Ax = na_; .
Q xozl,x;:Xo—FiAx:l—Fz—n’foreveryi:1,2,...,n
© For every
i=1,2,...,n¢ € [xi— 1,x,-]c,:%:1+@‘

O R,= z f(c)Ax = z[3(1+ 2ic1y 4912 — g4 et 6
@ The deS|red area A is:
A= lim R,= lim 8+ 671 nrtl) _ 6 _ 14

n—o00 i
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Riemann Sum

Riemann Sum: Exercise

Do the last example where c; is the end point of the subinterval.
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The definite Integral

The definite Integral: Definition

Definition 4.1

For any continuous function f defined on the interval [a, b] the
definite integral of f from a to b is:

n

b
/f(x)dx = n||_>ngo % = nll_)ngoz f(ci)Ax,
“ i=1
whenever the limit exists.
(where c; is any point in the subintrval [x;—1,x;],i =1,2,...,n ).
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The definite Integral

The definite Integral: Remarks

Remark 4.1

@ Rieman Sum is the same for any choice of the points
C1,C,...,Cp

@ When the limit exists we say that the function f is integrable.

Remark 4.2

If the function f is continuous on [a, b] and f(x) > 0 for every
x € [a, b] , then

b
o /f(x)dx >0

b
(2} / f(x)dx = The area under the curve of f

a
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The definite Integral

The definite Integral: Example

Example 4.1

3
/(3x + 1)dx = Area under the curve of f

1
and from 3.2 we have A= |lim R, =14, so
n—oo

3
/(3x +1)dx — 14
1
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The definite Integral

The definite Integral: Exercises

Exercise 3

Estimate the area of the region between the function and the
x-axis on the given interval using n = 6 and using, the midpoints
of the subintervals for the height of the rectangles.

O f(x)=x3-2x2+4o0n|[1,4] A = 33.40625
Q g(x)=4—-vVx*+2o0n[-1,3] A = 8.031494
© h(x) = —xcos (’;) on [0,3] A = —3.449532

Observation

In the last exercise, do not get excited about the negative area
here. As we discussed in this section this just means that the
graph, in this case, is below the x-axis.
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The definite Integral

The definite Integral: Theorem

Theorem 4.1

If the function f is continuous on the interval [a, b] then f is
integrable on [a, b] .
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The definite Integral

The definite Integral: Properties of the definite integral

(1) /kf(x)dx = k/f(x)dx for every k € R.

b b b
) / [F(x) £ g(x)]dx = / F(x)dx + / g(x)dx

b c b
© For every c € [a, b], /f(x)dx: /f(x)dx+/f(x)dx
Q If f(x ) g(x) for evgry x € [a, b]a ‘

then/ dx</g
) /f(x / F(x)dx
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The definite Integral

The definite Integral (Examples)

2 7
2} /3(><2 —3)dx = -3 /(x2 — 3)dx =
7 2
5 7
-3 /(x2 —3)dx — 3/(x2 — 3)dx = —290
2 5
1 1 5
X
Q x> Xﬁi4 then, /x2dx > / x2+4dX
-1 -1
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