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e Hyperbolic Function
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Outline

Weekly Objectives

Week 5: The Inverse trigonometric, Hyperbolic and The Inverse
Hyoerbolic Functions.

The student is expected to be able to:

© Find the derivative and integrals The Inverse trigonometric
functions.

@ Find the derivative and integrals Hyperbolic functions.

© Find the derivative and integrals Inverse Hyperbolic functions.
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The Inverse trigonometric Functions

Definition 2.1

The inverse sine function is denoted by sin~* and it is defined as
y=sin"!x & x=siny, wherex € [-1,1] and y € [-3,3

The domain of the inverse sine function is [—1,1]

The range of the inverse sine function is [-75, 5].

sin”

Graph of sin 'z
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The Inverse trigonometric Functions

Definition 2.2

The inverse cosine function is denoted by cos™' and it is defined as
y =cos ! x & x = cosy, where x € [-1,1] and y € [0, 7]

The domain of the inverse cosine function is [—1, 1]

The range of the inverse cosine function is [0, ].

cos Ly

Graph of cos™
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The Inverse trigonometric Functions

Definition 2.3

The inverse tangent function is denoted by tan~! and it is defined
asy =tan"lx & x =tany, wherex c Randy € (-2, %
The domain of the inverse tangent function is R

The range of the inverse tangent function is (—%5, % ).

Graph of tan™!
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The Inverse trigonometric Functions

Definition 2.4

The inverse cotangent function is denoted by cot™' and it is
defined as cot™! x = 53— tan~! x, where x € R

The domain of the inverse cotangent function is R

The range of the inverse cotangent function is (0, 7).
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The Inverse trigonometric Functions

Definition 2.5

The inverse secant function is denoted by sec™' and it is defined as
y =sec”!x < x =secy, where y € [0, 5) ifx > 1, and

y €[m3) ifx < -1

The domain of the inverse secant function is (—oo, —1] U [1, 00)
The range of the inverse secant function is [0, %) U (5, m].
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The Inverse trigonometric Functions

Definition 2.6
The inverse cosecant function is denoted by csc™' and it is defined
1 -1

ascsc ' x = 5 — sec” *x, where |x| > 1
The domain of the inverse cosecant function is (—oo, —1] U [1, 00)
The range of the inverse cosecant function is [-%,0) U (0, 5].
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The Inverse trigonometric Functions

Derivatives of the inverse trigonometric functions

. N |

Q Lsin x= where |x| <1
d a1y — =1

Q@ jcos” x = =, where x| <1
d g -1, _ 1

o ax tan X = 1o
d cop—1 ~1

Q oot X =370

Q@ Lseclx=—1—, where x| >1
dx xV1-x2"'

QO Lcsclx= =L where x| > 1
dx

x2—1"'

Dr.Maamoun TURKAWI INTEGRAL CALCULUS (MATH 106)



The Inverse trigonometric Functions

Integration of the inverse trigonometric functions
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The Inverse trigonometric Functions

Integration of the inverse trigonometric functions
(Examples)

°/5+x6 3/([ )2dxzé}ta”

° /XW"X‘/W
° /ﬁdx_/evxi

x = sin"*(Inx) + ¢

- sec 1(%) +c
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The Inverse trigonometric Functions

Integration of the inverse trigonometric functions
(Exercises)

Exercise 1

Solve the fo//owing integrals :

o /x+sm x
V31— x2

X—I—l
e/ 2+1
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Hyperbolic Function

The hyperbolic sine function

Definition 3.1

It is denoted by sinh x and it is defined as sinh x = exf2e_x

Notes:

@ The domain of sinh x is R and the range of sinh x is R.
@ It is an odd function and sinh(0) =0
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Hyperbolic Function

The hyperbolic cosine function

Definition 3.2

It is denoted by cosh x and it is defined as cosh x = L;_X

Notes:

@ The domain of cosh x is R and the range of cosh x is [1, o0].

@ It is an even function and cosh(0) =1
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Hyperbolic Function

Definitions :

© The hyperbolic tangent function is denoted by tanh x and it is

. H X _a—X
defined as tanh x = jg‘s?]i = :X+2—X for every x € R

@ The hyperbolic cotangent function is denoted by coth x and it
is defined as coth x = Soshx — _€4€* for every x € R — {0}

sinh x eX—eX
© The hyperbolic secant function is denoted by sech x and it is
defined as sech x = coslhx = ﬁ for every x e R
€ e

@ The hyperbolic cosecant function |s denoted by csch x and it

is defined as csch x = 1~ = == for every x € R — {0}
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Hyperbolic Function

Q cosh? x — sinh? x = 1 for every x € R
@ 1 — tanh® x = sech® x for every x € R
© coth? x — 1 = csch? x for every x € R — {0}

Dr.Maamoun TURKAWI INTEGRAL CALCULUS (MATH 106)



Hyperbolic Function

Derivatives of the hyperbolic functions

(1] d% sinh x = cosh x, and %sinh(f(x)) cosh(f(x))f'(x)
@ 2 coshx =sinhx, and < cosh(f(x)) = sinh(f(x))f’(x)
© Ztanh x = sech® x and Ztanh (f(x)) = sech? (f(x))f'(x)
Q . d coth x = —csch? x and
Hcoth (f(x)) = —csch? (f(x))f'(x)
o di sech x = —sech x tanh x and
I sech (f(x)) = —sech (f(x)) tanh (f(x))f'(x)
(6 di csch x = —csch x coth x and
dicsch (f(x)) = —csch (f(x)) coth (f(x))f'(x)
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Hyperbolic Function

Integration of the hyperbolic functions

o /sinhx dx = coshx + c,
/ sinh(F(x))F'(x)dx = cosh(F(x)) +
o /coshx dx = sinhx + ¢,
/ cosh(F(x))F'(x)dx = sinh(F(x)) + ¢
. /sechzx dx = tanhx + ¢
/ sech?(F(x))F'(x)dx = tanh(f(x)) + ¢
. /csch2x dx = —cothx + ¢
/ esch?(F(x))F/(x)dx = — coth(F(x)) + ¢
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Hyperbolic Function

Integration of the hyperbolic functions

° /sech xtanhx dx = —sech x + ¢

/ sech(F(x)) tanh(F(x))F'(x)dx = —sech (F(x)) + ¢
. / csch x coth xdx = —esch x + ¢

/ esch (F(x)) coth (F(x))F'(x)dx = —csch F(x) + ¢
. /tanhx dx = In| cosh x| + ¢

/tanh(f(x))f’(x) dx = In | cosh(F(x))| + ¢
. /cothx dx = In|sinh x| + ¢

/coth(f(x))f’(x) dx = In | sinh(£(x))| + ¢
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Hyperbolic Function

Integration of the hyperbolic functions (Examples)

1 1
° /x2 cosh x® dx = 3 /cosh x3 (3x?)dx = gsinh 3+
° /(eX — e ¥)sech®(eX + e ¥)dx = tanh(e* 4+ e ¥) + ¢
sinh x B / smhx / sinh x dx
1+ sinh? x cosh? x cosh x cosh x

= /sech xtanh x dx = —sech x + ¢

/ 1 / cosh x
o
sech x 4—smh2 \/(2)2 — (sinh x)2

inh
— sin_l(sm2 X) +c
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The Inverse Hyperbolic Functions

Definitions

@ The inverse hyperbolic sine function is denoted by sinh™! and
it is defined as y = sinh™! x < x =sinh y, where x € R and
yeR

@ The inverse hyperbolic cosine function is denoted by cosh™?
and it is defined as y = cosh™! x < x = cosh y, where
x € [1,00) and y € [0, 00)

@ The inverse hyperbolic tangent function is denoted by tanh™?
and it is defined as y = tanh™! x < x = tanh y, where
xe[-1,1]and y e R
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The Inverse Hyperbolic Functions

Definitions

@ The inverse hyperbolic cotangent function is denoted by
coth™! and it is defined as y = coth™! x < x = coth y, where
Ix| >1and y € R.

@ The inverse hyperbolic secant function is denoted by sech™?
and it is defined as y = sech™'x < x = sech y, where
x €[0,1] and y € [0, o0)

@ The inverse hyperbolic cosecant function is denoted by csch™!

and it is defined as y = csch™'x < x = csch y, where x € R
and y € R — {0}
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The Inverse Hyperbolic Functions

Derivatives of the inverse hyperbolic functions

° di sinh™1 x = \/117,
d ¢ inh™! f(x) = fiix)
dx V1+((x))?
° d‘icosh lx = \/ﬁ,wherex>1
4 cosh™ f(x) = ﬁ, where |f(x)| > 1

d -1, _ 1
o . tanh™" x = 1=, where |x| > 1

4 tanh ™ f(x) = %, where|f(x)| > 1
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The Inverse Hyperbolic Functions

Derivatives of the inverse hyperbolic functions

d 1, _ -1
o J.coth™'x = ;= where [x| > 1

[y

4 coth™1f(x) = 1:(';((;()))2 where |f(x)] > 1
° disech_lx = X\/iT where 0 < x <1
—f'(x
I sech™1f(x) = MI—E&(XW where 0 < f(x) < 1
d _ -1
° d—csch X = A v/vherex;éO
L esch™1f(x) = X)Iz/fﬁ’ where f(x) # 0
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The Inverse Hyperbolic Functions

Derivatives of the inverse hyperbolic functions (Examples)

Q Find f'(x) if f(x) = tanh™!3x?
f/(X) = 1—(33x)2 = 1—39x2
@ Find f'(x) if f(x) = sinh~ {/x?
1

! _ 2/x _ 1
© Find f/(x) if f(x) = sech™1(cos 2x)?
’ o —(—25sin2x) o 2sin 2x
f (X) B cos2x\/1—(cos2x)2 B COS2X\51*COS2 2x
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The Inverse Hyperbolic Functions

Integration of the inverse hyperbolic functions

/azfl((:()x))zdx = itanh_l(f(ax)) + ¢, (|f(x)] < a)
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The Inverse Hyperbolic Functions

Integration of the inverse hyperbolic functions

/ fix) dx = —Esechfl(@) +c,
f(x)y/a — (f(x))? ? ?
(0 < f(x) < a)
° /X\/ﬁdx = —gcsch_l(—) +c, (x#0)
/ i) dx = ——csch 1(f—x))—i-c, (f(x) #0)
x1/(f(x))? + a2 a a
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The Inverse Hyperbolic Functions

Integration of the inverse hyperbolic functions

(1) /1eezxdx:/(1)2€(ex)2dx:tanhl(ex)+c
1

LV S N, S

° /\/de 2/ (2)2+(\/;)2d

:2sinh_1(\§?)+c

X

1 e
(3] /751)(: ——dx
V14 e2x eX\/1 + e2x

= —csch (&) + ¢
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