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Outline

Weekly Objectives

Week 7: Trigonometrics Integrals and substutions.

The student is expected to be able to:
@ handles with Integrals Involving Trigonometric Functions.

@ Applying Trigonometric substitution to integrals.
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions

First :Integrals of the forms

/sin ax cos bx dx, /sin axsin bx dx, /cosaxcos bx dx

Wher a,b € Z
@ The integral [ sinaxcos bx dx can be solved using the

formula
sin ax cos bx = 3[sin(ax + bx) + sin(ax — bx)]

@ The integral /sin ax sin bx dx can be solved using the formula
sin ax sin bx = 3[cos(ax — bx) — cos(ax + bx)]
© The integral /cos ax cos bx dx can be solved using the

formula
cos ax cos bx = 3[cos(ax + bx) + cos(ax — bx)]
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions (Examples)

1
(1) /sin 3x cos2x dx = 5 /[sin 5x + sinx]dx =

1/'5d+1/'d—1 5x — = cosx +
> SIn oX adx 5 SiInX ax = 10 COS IX 2COSX (o

1
Q /sinxsin 3x dx = 5/[cos2x — cos4x]dx =

1 1 1 . 1 .
5/cos2x dx—E/cosllx dx—Zsm2x—§sm4x+c

1
(3] /cos 5x cos 2x dx = 5 /[cos 7x + cos 3x]dx =

1 1 1
5/cos7x dx+/cos3x dx:Zsin7x+6sin3x+c
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions

Second :Integrals of the forms
/sin”xcosmx dx, /sinh”xcoshmx dx, Where n,m € N

The above two integrals can be solved by substitution if n or m is
odd.
@ If nis odd: The substitution u = cosx can be used to solve
sin” x cos™ x dx
The substitution u = cosh x can be used to solve
sinh” x cosh™ x dx
@ If mis odd: The substitution u = sin x can be used to solve
sin” x cos™ x dx
The substitution u = sinh x can be used to solve
sinh™ x cosh™ x dx
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions (Examples)

Example 2.1

Evaluate | = /sin5xcos4 xdx
/sin5 x cos* xdx = /(sin2 x)? cos* x sin xdx
= /(1 — cos? x) cos* x sin x dx
to solve this integral put
u = cosx = —du = sin x dx
| = —/(1 — v?)?utdu = —/u4 —2u® + uBdu

:_[u;_g_i_u;]_’_C:_[cos;x_ 2co757x+c0599x]_|_c
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions (Examples)

Example 2.2

7

Evaluate | = /sin cos® x dx

sin’ cos® x dx = /sin7 x(1 — sin® x) cos x dx

to solve this integral put

u=sinx = du = cos x dx

8 10

/:/“7(1_‘12)dU:/U7—u9du:u§—Li—0+c
7sin8x_sin10+c
-8 10
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions (Examples)

° /sinh3xcosh2x dx to solve this integral put

u = cosh x = du = sinh x
sinh® x cosh? x dx = [ (cosh? x — 1) cosh? x sinh x dx =
5 3

/(U2—1)u2dU:/(u4—u2)du:%_%+C

B cosh®x  cosh3 x 4
5 3

Special cases :
1

1
o /sinzx dx = 5/[1—cos2x] dx = E[X_

1 1
Q /coszx dx = 5/[1+c052x] dx = §[X+

sin 2x

2
sin 2x
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions

Third :Integrals of the forms

/sec"xtanmx dx, /csc”x cot™ x dx,

/sech”xtanhmx dx, /csch”x coth™ x dx

The above four integrals can be solved by substitution if n is even
or m is odd.
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions

Q If nis even:
The substitution v = tan x can be used to solve
sec” x tan™ x dx.

The substitution v = cot x, u = tanhx and u = coth x can be
used to solve the other three integrals respectively.

Q If mis odd:
The substitution v = sec x can be used to solve
sec” x tan™ x dx.

The substitutions u = csc x, u = sech x and u = csch x can
be used to solve the other theree integrals respictively.
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions (Examples)

Example 2.3

Evaluate | = /tan3 xsec® x dx
to solve this integral put: u = secx = du = sec xtanx dx

= /tan3xsec3x dx = /(seczx — 1) sec® x sec x tan x dx

= (v® —1)u? du:/u4—u2 du

T
_€7?+C
_ sec®  sec?
_T_T—i_c
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Integrals Involving Trigonometric Functions

Integrals Involving Trigonometric Functions (Examples)

Example 2.4

Evaluate | = / tanh3x sech x dx
to solve this integral put: u = sech x = —du = sech x tanh x dx
i = / tanh®x sech x dx = /(1 — sech®x)sech x tanh x dx

3

:—/(1—u2)du:—u+%—|—c
sech3x
= —sech x + c
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Trigonometric Substitutions

Trigonometric Substitutions

If the integrand contains a term of the form
Va2 — x2,v/a2 + x2 or v/x2 — a2 where a > 0,
then trigonometric substitutions can be used to solve the integral.

© An integral involving v/a? — x? use the substitution
x = asin () where —7 < § < 7 to solve the integral.

@ An integral involving v/ a% + x2 use the substitution
x = atant/ where —% < 6 < 7 to solve the integral.

© An integral involving v/x? — a2 use the substitution
x = asect) where 0 < < 5 to solve the integral.
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Trigonometric Substitutions

Trigonometric Substitutions (Examples)

Solve the following integral: /
& & x2\/ 16 — x2
—dx = / —dx,
/x2\/16—7x2 x2,/(4)2 — x2

Put x =4sinf = dx = 4cosfdb 4 x
4cosf

16sin20+1/16 — 16sin 0 # u
4 cosf ” V16 -x2

16sin2 0 4 cos b

1 1
1 _ 2 _
= 716/7sin20d9_ —16/csc 0do = 16 cotf + ¢

/ 1 d 1 V16 — x2
— dx=——-"""
x24/16 — x2 16 X

Cc
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Trigonometric Substitutions

Trigonometric Substitutions (Examples)

Solve the following integral:

1
/ 5 dx
[x2 + 8x + 25]2
. 1

= dx
[0+ 472+ 373
Put x +4 = 3tanf = dx = 3sec? 6 df

1 20
. dX:/?’seC3 do
[x2 + 8x + 25]2 (9tan20 +9)2 B

_/ 3sec? 4o — 3sec?d
= —= — [ 2> 7

(9 seic2 0)3 . 27sec30
_1 _ i
=3 sec@de 9sm9+c

1 1 x+4
| gl xra
[x2 + 8x + 25]2 9v/x2+8x+25



Trigonometric Substitutions

Trigonometric Substitutions (Examples)

o x2 — 4
Solve the following integral: /72 dx
X
Put x = 2secl = dx = 2secfHtanf db
Vx2 —4 Vhsec? —4 2sechtanf
- dx:/ do
X2 4sec?f
_/(2tan0)(2sec9tan0)d0
N , 4sec? () , g ¥4
:/tan Hdez/sec 9_1d9
sec29 sec 2
sec” 0
= do — | ——db
/sec9 /secH
sec9d9—/cos€d9
=In|secf +tanf| —sinf + ¢
Ve Ny SN g
/ dx =In |— 5 | — +c
X
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